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Preface

Sometimes in mathematics a simple-looking observation opens up a new
road to a fertile field. Such an observation was made independently by
Garrett Birkhoff [25] and Hans Samelson [192], who remarked that one can
use Hilbert’s (projective) metric and the contraction mapping principle to
prove some of the theorems of Perron and Frobenius concerning eigenvectors
and eigenvalues of nonnegative matrices. This idea has been pivotal for the
development of nonlinear Perron—Frobenius theory.

In the past few decades a number of strikingly detailed nonlinear exten-
sions of Perron—Frobenius theory have been obtained. These results provide
an extensive analysis of the eigenvectors and eigenvalues of various classes of
order-preserving (monotone) nonlinear maps and give information about their
iterative behavior and periodic orbits. Particular classes of order-preserving
maps for which there exist nonlinear Perron—Frobenius theorems include sub-
homogeneous maps, topical maps, and integral-preserving maps. The latter
class of order-preserving maps can be regarded as a nonlinear generalization
of column stochastic matrices, whereas topical maps generalize row stochastic
matrices

The main purpose of this book is to give a systematic, self-contained intro-
duction to nonlinear Perron—Frobenius theory and to provide a guide to various
challenging open problems. We hope that it will be a stimulating source for
non-experts to learn and appreciate this subject. To keep our task manageable,
we restrict ourselves to finite-dimensional vector spaces, which allows us to
avoid the use of sophisticated fixed-point theorems, the fixed-point index, and
topological degree theory. The material in this book requires familiarity only
with basic real analysis and topology, and is accessible to graduate students.

Classical Perron—Frobenius theory was developed in the early 1900s. In
fact, Perron published his work [179, 180] on eigenvalues and eigenvectors
of matrices with positive coefficients in 1907. His results were generalized by
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Frobenius, in a series of papers [70-72] a few years later, to irreducible matri-
ces with nonnegative coefficients. Their collective results and subsequent work
are known today as Perron—Frobenius theory and are considered one of the
most beautiful topics in linear algebra. The theory has numerous applications
in probability theory, game theory, information theory, dynamical systems
theory, mathematical biology, mathematical economics, and computer science.

In a seminal paper, Krein and Rutman [117] placed the Perron—-Frobenius
theorem in the more general context of linear operators that leave a cone in a
Banach space invariant. Their work has led to numerous studies of the spec-
tral theory of positive linear operators on Banach spaces, including work by
Bonsall [29-32] and Schaefer [193—-195]. A detailed account can be found
in Schaefer’s book [196]. In their work Krein and Rutman combined analytic
methods with geometric ones. Among other methods they applied the Brouwer
fixed-point theorem to find a positive eigenvector of a nonsingular matrix that
leaves a cone invariant. Their geometric ideas are another source of inspiration
for nonlinear Perron—Frobenius theory.

The book contains nine chapters and two appendices. The first four chapters
contain preliminaries to Chapters 5, 6, 7, 8, and 9, which form the core of the
book. The main objective of Chapter 1 is to introduce the reader to a variety
of questions in nonlinear Perron—Frobenius theory. To this end we recall the
classical results from Perron—Frobenius theory. Some of their proofs are given
in Appendix B and are nonlinear in spirit. We also introduce various classes
of nonlinear order-preserving maps for which there exist nonlinear Perron—
Frobenius theorems and provide motivating examples.

Chapter 2 develops the relation between order-preserving maps and non-
expansive maps. It shows how various classes of order-preserving maps are
non-expansive under Hilbert’s metric, Thompson’s metric, or a polyhedral
norm. At the heart of these results lies the observation by Birkhoff and Samel-
son. In addition, several results concerning the geometry and topology of
Hilbert’s and Thompson’s metric spaces are collected.

Chapter 3 covers several useful topics on the iterative behavior of non-
expansive maps including w-limit sets, fixed-point theorems, horofunctions,
and horoballs. It also contains a discussion of “Denjoy—Wolff type” theorems
for fixed-point free non-expansive maps on metric spaces whose geometry
resembles that of a hyperbolic space, which are due to Beardon [18, 19] and
were further developed by Karlsson [99].

Chapter 4 focuses on the dynamics of sup-norm non-expansive maps.
A characteristic property of sup-norm non-expansive maps is that either all
orbits are unbounded or each orbit converges to a periodic orbit. More-
over, there exists an a-priori upper bound for the periods of their periodic
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points in terms of the dimension of the underlying space. These results are
a key ingredient in the analysis of the iterative behavior of order-preserving
subhomogeneous maps on polyhedral cones. In addition, the dynamics and
periodic orbits of topical maps are discussed.

Chapter 5 deals with eigenvectors and the cone spectral radius of order-
preserving homogeneous maps on closed cones in a finite-dimensional vector
space. The cone spectrum and the cone spectral radius are analyzed. Among
other results it is shown that there exists an eigenvector in the cone corre-
sponding to the cone spectral radius. The chapter also treats the continuity
problem of the cone spectral radius and discusses nonlinear generalizations of
the classical Collatz—Wielandt formula for the spectral radius of nonnegative
matrices.

Chapter 6 is mainly concerned with the question whether there exists an
eigenvector in the interior of the cone for a given order-preserving homo-
geneous map. It appears that this problem is irreducibly difficult. Several
general principles are discussed that are helpful when faced with this problem.
These principles and their limitations are illustrated by analyzing particular
order-preserving homogeneous maps involving means.

In Chapter 7 we illustrate how the results from Chapters 5 and 6 can be
applied to finding solutions to various matrix scaling problems. We follow the
fixed-point approach, as pioneered by Menon [143]. Among other matters we
discuss the elegant solution, independently discovered by Sinkhorn and Knopp
[206] and Brualdi, Parter, and Schneider [39], of the classic DAD problem:
Given an n x n nonnegative matrix A, when do there exist positive diagonal
matrices D and E such that DAE is doubly stochastic?

In Chapter 8 we derive a variety of results for order-preserving subhomo-
geneous maps on finite-dimensional cones. A central question is the behavior
of the iterates of such maps. We provide a detailed analysis of the periodic
orbits of order-preserving subhomogeneous maps on polyhedral cones. We
also discuss “Denjoy—Wolff type” theorems for order-preserving homogeneous
maps which do not have an eigenvector in the interior of the cone.

Chapter 9 is devoted to nonlinear Perron—Frobenius theorems for order-
preserving integral-preserving maps on the standard positive cone. Such maps
are non-expansive under the £i-norm. It is shown how the dynamics of
order-preserving integral-preserving maps is related to the dynamics of lower
semi-lattice homomorphisms. This connection yields a complete combinatorial
characterization of the set of possible periods of periodic points of order-
preserving integral-preserving maps in terms of periods of so-called admissible
arrays. This characterization allows one to compute the set of possible periods
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of periodic points of order-preserving integral-preserving maps on the standard
positive cone in finite time.

This book does not attempt to be an encyclopedic coverage of nonlinear
Perron—Frobenius theory, even for finite-dimensional spaces. The expert reader
may note that the following topics have been omitted: applications to the theory
of ordinary differential equations [87,88,115,164,228], the cycle time problem
[36,51, 152], and the spectral theory of order-preserving convex maps [3, 4].
However, the authors believe that an understanding of the material in this book
will leave the reader well equipped to master the existing literature on these
topics.

Nonlinear Perron—Frobenius theory is related to monotone dynamical sys-
tems theory. In the theory of monotone dynamical systems one considers
discrete and continuous dynamical systems that are strongly order-preserving
or strongly monotone. Pioneering work in this field was done by Hirsch [87]
who showed, among other results, that in a continuous time strongly mono-
tone dynamical system almost all pre-compact orbits converge to the set of
equilibrium points. For discrete time strongly monotone dynamical systems
one has generic convergence to periodic orbits under appropriate conditions;
see [182]. An extensive overview of these results was given by Hirsch and
Smith [89]; see also Smith [207]. In monotone dynamical systems theory,
emphasis is placed on strong monotonicity. If, however, one only assumes the
dynamical system to be monotone, most of the theory is not applicable. In non-
linear Perron—Frobenius theory one usually considers discrete time dynamical
systems that are only monotone (order-preserving), but satisfy an additional
assumption such as subhomogeneity, additive homogeneity, or the integral-
preserving condition. Another notable difference between the two theories is
that in monotone dynamical systems theory one usually assumes the system to
be differentiable. In nonlinear Perron—Frobenius theory, the discrete dynamical
system is often only continuous. These different assumptions on the dynami-
cal system require different methods and give the two theories a very different
character. We hope that this book will also be a valuable addition to the existing
literature on monotone dynamical systems theory.

Acknowledgment

We are grateful to our wives Elizabeth and Joyce for their patience and
continued support during the long process of writing this book.



What is nonlinear Perron—Frobenius theory?

To get an impression of the contents of nonlinear Perron—Frobenius theory, it
is useful to first recall the basics of classical Perron—Frobenius theory. Classi-
cal Perron—Frobenius theory concerns nonnegative matrices, their eigenvalues
and corresponding eigenvectors. The fundamental theorems of this classical
theory were discovered at the beginning of the twentieth century by Per-
ron [179, 180], who investigated eigenvalues and eigenvectors of matrices
with strictly positive entries, and by Frobenius [70-72], who extended Per-
ron’s results to irreducible nonnegative matrices. In the first section we discuss
the theorems of Perron and Frobenius and some of their generalizations to
linear maps that leave a cone in a finite-dimensional vector space invariant.
The proofs of these classical results can be found in many books on matrix
analysis, e.g., [15,22,73, 148, 202]. Nevertheless, in Appendix B we prove
some of them once more using a combination of analytic, geometric, and alge-
braic methods. The geometric methods originate from work of Alexandroff
and Hopf [8], Birkhoff [25], Krein and Rutman [117], and Samelson [192]
and underpin much of nonlinear Perron—-Frobenius theory. Readers who are
not familiar with these methods might prefer to first read Chapters 1 and 2
and Appendix B. Besides recalling the classical Perron—Frobenius theorems,
we use this chapter to introduce some basic concepts and terminology that will
be used throughout the exposition, and provide some motivating examples of
classes of nonlinear maps to which the theory applies.

We emphasize that throughout the book we will always be working in a
finite-dimensional real vector space V, unless we explicitly say otherwise.

1.1 Classical Perron—Frobenius theory

Ann x n matrix A = (a;;) is said to be nonnegative if a;; > 0 for all i and j.
It is called positive if a;; > O for all i and j. Similarly, we call a vector x € R"
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nonnegative (or positive) if all its coordinates are nonnegative (or positive).
The spectrum of A is given by

o(A) ={A € C: Ax = \x for some x € C" \ {0}}.
Recall also that the spectral radius of A is given by
r(A) = max{|A| : L € 0 (A)},

and satisfies the equality r(A) = limg_ o ||A¥||'/*. Notice that the limit is
independent of the choice of the matrix norm, or norm on R”Z, as they are all
equivalent; see Rudin [190]. The following result is due to Perron [180].

Theorem 1.1.1 (Perron) If A is a positive matrix, then the following assertions
hold:

(i) r(A) > 0, and r(A) is an algebraically simple eigenvalue of A and the
corresponding normalized eigenvector v is unique and positive.
(ii) Any nonnegative eigenvector of A is a multiple of v.
(iii) For each eigenvalue A € o (A) with A # r(A) we have that |A| < r(A).

In a series of papers Frobenius [70-72] extended Perron’s theorem to
so-called irreducible matrices. Ann x n nonnegative matrix A = (a;;) is called
reducible if {1, ..., n} can be partitioned into two non-empty sets / and J such
thata;; = Oforalli € I and j € J. In other words, A is reducible if and only
if there exists a permutation matrix P such that

T B C
PTAP = [ b ] ,
where B and D are square matrices and O is the zero matrix. A nonnegative
matrix is said to be irreducible if it is not reducible. In particular, any nonnega-
tive 1 x 1 matrix is irreducible. Frobenius proved the following generalization
of Perron’s result.

Theorem 1.1.2 (Perron-Frobenius) If A is a nonnegative irreducible n x n
matrix, then the following assertions hold:

(i) r(A) is an algebraically simple eigenvalue of A and the corresponding
normalized eigenvector v is unique and positive. Moreover r(A) > 0, if
A # [0].
(ii) Any nonnegative eigenvector of A is a multiple of v.
(iii) 1If, in addition, A has exactly q eigenvalues A with |A| = r(A), then these
eigenvalues are given by r(A)e*™*/1 for 0 < k < q.

The integer g in Theorem 1.1.2 is called the index of cyclicity of A.
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Nonnegative matrices leave the cone of nonnegative vectors in R” invariant.
This is a crucial property of nonnegative matrices. In fact, a major part of the
Perron—Frobenius theory can be generalized to linear maps that leave a cone
in a vector space invariant. We will discuss this important fact in greater detail
now. Let V be a finite-dimensional real vector space. A subset K of V is called
acone ifitis convex, u K C K forall © > 0,and K N(—K) = {0}. Itis said to
be a closed cone if it is a closed set in V with respect to the standard topology.
Given a subset S C V, the interior, closure, and boundary of S with respect
to the standard topology on V are denoted, respectively by int(S), cl(S), and
aS. A cone is said to be solid if it has a non-empty interior. Basic examples of
solid closed cones include the standard positive cone,

R} ={(x1,...,x,) e R": x; > 0for 1 <i <n},
and the Lorentz cone,
Apgr ={(x1, oo xpp) € R xf —x3 — . —x2,, > Oand x; > 0}.

Other interesting examples arise in spaces of matrices. For example, if V is the
space of real n x n symmetric matrices, then the set of positive-semidefinite
matrices, IT,(R), is a solid closed cone in V.

We write V* to denote the dual space of V and define the dual cone of K by

K*={p e V*:¢(kx)>0forallx € K}.

A face of a closed cone K in V is a non-empty convex subset F of K such that
ifx,ye KandAx + (1 —X)y € F forsome 0 < A < 1,thenx,y € F. Note
that K itself and {0} are faces. These two faces of K are called improper faces.
All other faces of K are said to be proper. The relative interior of a convex
set C C V, denoted relint (C), is the interior of C, regarded as a subset of the
affine hull of C in V. It is known (see [186, theorem 6.2]) that c1(C) and relint
(C) are non-empty and convex if C is a non-empty convex subset of V. We
can use this to show that each face of a closed cone is closed. Indeed, given a
face F of K, let z be a point in the relative interior of F'. Now note that, for
each x € cl(F) with x # z, there exists y € cl(F) such that z is in the relative
interior of the straight-line segment from x to y, and hence x € F.

A face F of K is called an exposed face if there exists ¢ € K* such that
F=KnN{x eV:gpx) =0} In general not every face of a cone is exposed.
However, each face of a polyhedral cone is exposed. A cone K in V is polyhe-
dral if it is the intersection of finitely many closed half-spaces, i.e., there exists
@1, ..., Pm € V*such that

K={xeV:gix)>0forall <i <m}.

A face F of a polyhedral cone K is called a facet if dim(F) = dim(K) — 1.
Here dim(F) denotes the dimension of the linear span of F. The following
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basic result from polyhedral geometry [201, section 8.4] will be useful in the
sequel.

Lemma 1.1.3 [f K C V is a polyhedral cone with N facets, then there exist
N linear functionals V1, . . ., ¥y such that

K={xeV:yijx)=>0foralll <i < N}Nspan(K)
and each linear functional \; corresponds to a unique facet of K.

The functionals ¥, ..., ¥y in Lemma 1.1.3 are called facet-defining func-
tionals of the polyhedral cone. For example, R’| has 2" faces, F; = {x e R :
x;i > Oifandonlyifi € I} for I C {1, ..., n}, and n facets corresponding to
those I with |[I| =n — 1.

A cone K in V induces a partial ordering < on V by

x<gyify—xeKk.

If K has a non-empty interior, then we write x <g y if y —x € int(K). We
also write x <g yifx <g yand x # y. We simply write x < y, x < y, and
x < y if K is clear from the context. In the special case where K = R/} we
note that x < y if and only if x; < y; forall 1 < i < n. Note that a linear
map A : V — V leaves a cone K invariant if and only if 0 <x Ax for all
O0<gxinV.

There is a natural way to generalize the concept of irreducibility to linear
maps that leave a solid closed cone invariant.

Definition 1.1.4 A linear map A : V — V that leaves a solid closed cone K
invariant is said to be irreducible if no proper face of K is left invariant by A.

It is a simple exercise to show that a nonnegative matrix A is irreducible in
the sense of Definition 1.1.4 if and only if it is irreducible in the usual sense.
Another equivalent way to define the notion of irreducibility is given in the
following proposition.

Proposition 1.1.5 A linear map A : V — V that leaves a solid closed cone K
invariant is irreducible if and only if L\ — A)~Y(K \ {0}) C int(K) for some
A > r(A).

Proof Suppose, for the sake of contradiction, that A is irreducible and
there exists z € K \ {0} such that (Al —A)~'z ¢ int(K) for all A >r(A).
Write u= (Al —A)~'z. By the Hahn-Banach separation theorem [186,
Theorem 11.6] there exists ¢ € K* \ {0} such that ¢ () = 0 and ¢(x) > O for
all x € int(K). Define ¥ € V* by
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o
Y(x) =@(d — A 'x) =) A lpaby),
k=0
and remark that ¥ (x) > O for all x € int(K). Obviously ¥ (z) = 0 and hence
F ={x € K : ¥ (x) = 0} is a proper (exposed) face of K. Moreover, for each
x € F we have that

0 < ¥(Ax) = (] = A)~H(Ax) = Y 2 p(a )
k=0

o0
=21 2 ek < ap ) =o0.
k=1
This implies that ¥ (Ax) = O for all x € F. Thus, A leaves the proper face F
invariant, which is impossible.

To establish the equivalence, suppose that for some A > r(A) we have that
(M — A7z e int(K) for all z € K \ {0}. Now if there exists a proper face
F of K such that A(F) C F, then it follows from the identity, (A — A)~! =
Yore o 2kt AK that (A1 — A)~!(F) C F, which is impossible. O

Note that the proof of Proposition 1.1.5 also shows that a linear map A is
irreducible if and only if it leaves no proper exposed face of K invariant.

As mentioned earlier the theorems of Perron and Frobenius can be general-
ized to linear maps that leave a cone invariant. This important observation was
made by Krein and Rutman in their pioneering work [117], in which they stud-
ied linear operators that leave a cone in a possibly infinite-dimensional normed
space invariant. As we are only concerned with finite-dimensional spaces in
this book, we give a finite-dimensional version of their theorem here.

Theorem 1.1.6 (Krein—Rutman) If A : V — V is a linear map that leaves a
solid closed cone K invariant, then r(A) is an eigenvalue of A and r(A) has
an eigenvector in K.

Just as for the Perron—Frobenius Theorem 1.1.2 we have uniqueness of the
eigenvector if A is irreducible.

Theorem 1.1.7 If A : V — V is an irreducible linear map that leaves a solid
closed cone K invariant, then the following assertions hold:

(i) r(A) is an algebraically simple eigenvalue of A and the correspond-
ing normalized eigenvector v is unique and lies in int(K). Furthermore,
r(A) >0, if A # [0].

(ii) Any nonnegative eigenvector of A is a multiple of v.
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The third part of the Perron—-Frobenius Theorem 1.1.2 cannot be extended
to arbitrary closed cones. Simply consider the Lorentz cone A3 and the linear
map A : R? — R3 given by

X1 1 0 0 X1
Al x = 0 cos?? —sin?d X2
X3 0 sind cosv X3

Clearly A(A3) € Az and o(A) = {1, e*?}. If ¥ is an irrational multiple
of 27, then ¢'¥ is not a root of unity. The third part of the Perron-Frobenius
Theorem 1.1.2 can, however, be generalized to polyhedral cones (see [117,
section 8]).

Theorem 1.1.8 If A : V — V is a linear map that leaves a solid polyhedral
cone K with N facets invariant, then for each A € o (A) with |A| = r(A) there
exists 1 < g < N such that

A = r(A).

Theorem 1.1.8 can be used to prove the following result concerning the
iterative behavior of linear maps that leave a polyhedral cone invariant; see
Appendix B for details.

Theorem 1.1.9 If A : V — V is a linear map that leaves a solid polyhedral
cone K with N facets invariant, then there exists an integer p > 1 such that
lim A*x
k— 00
exists for each x € K with (| A*x|)x bounded. Moreover, p is the order of a
permutation on N letters.

For linear maps A : V — V the condition that A(K) € K is equivalent
to x <k y implies Ax <g Ay for x,y € V. Given cones K C V and
K' CV/i,amap f: X — X',with X € V and X’ C V’, is said to be order-
preserving if x <k y implies f(x) <gs f(y) for x,y € X. It is said to be
strongly order-preserving if x <k y implies f(x) <g’ f(y). Moreover, we
say that f : X — X' is order-reversing if x <g y implies f(y) <g/ f(x) for
x,y € X.

Nonlinear Perron—Frobenius theory is primarily concerned with order-
preserving maps and treats questions like:

o Is there a sensible definition of the spectral radius for order-preserving maps
f : K — K, and does there exist a corresponding eigenvector?

e When does an order-preserving map have an eigenvector in the interior of
the cone, and when is it unique?
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e How do the orbits
X, f), £20) = F(F@), 2 = FUEE@), ...

of an order-preserving map f behave in the long term?
e When does an order-preserving map have the property that every bounded
orbit converges to a periodic orbit?

These questions arise in numerous applications and lie at the heart of nonlinear
Perron—Frobenius theory. They motivate much of the material discussed in this
book. As we shall see, strikingly detailed answers exist for a variety of classes
of order-preserving map.

1.2 Cones and partial orderings

Givenacone K C V and x, y € V itis often useful to use the following result
to decide whether x <g y.

Lemma 1.2.1 If K C V is a closed cone, then x < y if and only if p(x) <
o(y) forall p € K*.

Proof Note that if x £k y, then y — x ¢ K. By the Hahn—Banach sepa-
ration theorem [186, theorem 11.4] there exist « € R and y € V* such that
Y(y—x)<aand ¥ (v) > « for all v € K. Remark that, as Av € K for all
A>0andv € K, y(v) > Oforall v € K, and hence v € K*. Also note
that ¥ (0) = 0, so that « < 0. Thus, ¥ (y) < ¥ (x). The other implication is
trivial. O

We say that y € K dominates x € V if there exist o, 8 € R such that oy <
x < By. This notion yields an equivalence relation, ~g, on K by x ~g yif x
dominates y and y dominates x. It is easy to verify that x ~g y if and only if
there exist 0 < o < B such that «y < x < By. The equivalence classes in K
are called parts of the cone, and we write [x] to denote the part of K containing
x. The set of all parts of K is denoted by P (K). For instance, the parts of Ri
are {0}, int(R%_), {(x1,0) € Rﬁ_ : x1 > 0} and {(0, x») € Rﬁ_ :xp > 0}
The parts of A3 are given by {0}, int(A3), and {A(1, cos ¥, sin®}) : A > 0} for
0<?® <2m.

Lemma 1.2.2 If K C V is a closed cone, then the parts of K are precisely the
relative interiors of the faces of K.

Proof Ttis known (see [186, theorem 8.2]) that the relative interiors of the faces
of K partition K. Let [x] be the part of x in K and F) be the face of K with x in
its relative interior. Note that F) is itself a closed cone. Suppose that y is in the
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relative interior of Fy. Then there exists « > 0 such that y — ax € Fy and
x —ay € Fy. As Fy C K, we deduce that x < y < x/«, and hence x ~g y.

On the other hand, if y € K is such that x ~ y, then for § > 0 sufficiently
small, x — §y ~x yand y — dx ~g x. Asx ~k y implies Ax ~g py for all
A, > 0, we deduce for ¢ > 0 sufficiently small that

Xe=0+e)x—¢ey~xy and y.=(1+4+¢e)y—ex ~g x.

Note that x = ax, + by, fora = (1 4+ ¢€)/(1 +2¢) and b = ¢/(1 + 2¢). As
x € Fy,, we deduce that x; and y, in F}, since x is in the relative interior of F.
Asy =Ay.+ (1 —X)x for A = 1/(1 4+ ¢), we conclude that y is in the relative
interior of F. O]

It follows from Lemma 1.2.2 that a polyhedral cone has finitely many parts.
The combinatorics of the parts of a polyhedral cone will play an important
role in the sequel, especially in Chapter 8. Given a polyhedral cone K with N
facets and facet-defining functionals 1, ..., ¥y define for each x € K the
set I, = {i : ¥i(x) > 0}. Likewise, if P is a part of K we let I(P) = {i :
Yi(x) > 0 for some x € P}.

The set of parts P(K) has a natural partial ordering < given by P < Q if
there exist x € P and y € Q such that y dominates x. Equivalently, P < Q if
for each x € P and each y € Q we have that y dominates x.

Lemma 1.2.3 I[f K C V is a polyhedral cone with N facets, then the following
assertions hold:

(i) I, = Iy ifand only if x ~g y.
(ii) For P € P(K) we have

P={xeK:yix)>O0ifandonlyifi € [(P)}.

(iii) P < Q ifandonly if I(P) C I1(Q).
(iv) [P(K)| <2V

Proof Let ¥1,...,¥n € K* be the facet-defining functionals of K. By
Lemma 1.1.3 we know that x <g y is equivalent to v¥;(x) < v;(y) for all i.
This implies that I, C I, if and only if y dominates x. Therefore x ~g y is
equivalent to I, = Iy. It also shows that x € P if and only if /; = I/ (P), which
proves the second assertion.

Now suppose that P < Q. Then there exist x € P and y € Q such that y dom-
inates x. So, I (P) =1, € I, =1(Q). On the other hand, if I (P) C I(Q), then
for x € P and y € Q we know that there exists 8 > 0 such that ¥; (x) < 8y ()
for all i. Thus, by Lemma 1.1.3 we find that y dominates x and hence P < Q.
The final assertion is a direct consequence of the third one. O
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The shape of the cone plays a fundamental role in nonlinear Perron—
Frobenius theory. A distinguished class of cones is the set of so-called strictly
convex cones. A closed cone K C V is called strictly convex if, for all
x,y € dK \ {0}, with x # «y for all « > 0, we have that

Ax+ 1 =-2)y:0<A <1} Cint(K).

The Lorentz cone, A,+1, is a prime example of a strictly convex cone for
n > 2. In the sequel it will become clear that there is a marked contrast in
the theory between polyhedral cones, strictly convex cones, and cones that are
neither polyhedral nor strictly convex. An important example of the latter type
is the cone of positive-semidefinite matrices I, (R) for n > 3.

The partial ordering induced by the standard positive cone is particularly
nice. To fully appreciate this we need a few more definitions. Let K be a cone
inV.If §$ € Vandu € Vissuchthats <g u forall s € S, we say that u
is an upper bound of S. If, in addition, each upper bound v € V of § satisfies
u <gv, then we call u the supremum of S and we write u = sup(S). In a similar
way lower bounds and the infimum of S can be defined. Note that if K = R},
then sup(x, y) exists and satisfies sup(x, y); = max{x;, y;} for all i. Likewise,
inf(x, y) exists and satisfies inf(x, y); = min{x;, y;} for all i. In that case we
write x A y = inf(x, y) and x vV y = sup(x, y), so (x A y); = min{x;, y;} and
(x vV y); = max{x;, y;} for 1 <i < n. The operations A and V turn R” into a
vector lattice.

In general cones sup(x, y) and inf(x, y) need not exist for all x,y € V.
Cones for which sup(x, y) and inf(x, y) exist for all x, y € V are called mini-
hedral. It is known that a solid closed minihedral cone is essentially equal to
R:‘_. More precisely, it was shown in [117,151] that a solid closed cone K in an
n-dimensional real vector space V is minihedral if and only if K is simplicial,
i.e., there exist n linearly independent vectors x', ..., x" € V such that

K:{er:x:Zaixiwhereot,' >0forl <i <n}.
i

We conclude this section with some basic facts about dual cones and the
normality property. Recall that the dual cone of K C V is givenby K* = {¢ €
V*:@p(x) > 0forall x € K}. In general K™* need not be a cone. However, the
following is true.

Lemma 1.2.4 If K C V is a solid closed cone, then K* is a solid closed cone.
Moreover, if ¢ € int(K™*), then ¢(x) > 0 forall x € K with x # 0, and

Yo={xeK:pkx) =1}

is a compact convex subset of V.
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Proof Clearly K* is convex and AK* C K* for all » > 0. Suppose that ¢ and
—¢ are both in K*, and ¢ # 0. Then ¢(x) > 0 and p(x) < 0 forall x € K.
This implies that K € {x € V : ¢(x) = 0}, which contradicts int(K) # @.

Let K*—K*={p — ¥ : ¢, ¥ € K*}, which is the smallest subspace of
V* containing K*. For the sake of contradiction, suppose that int(K*) = 0.
We claim that K* — K* # V* in that case. Indeed, if K* — K*=V*,
then there exist linearly independent functionals in ¢y, ..., ¢, € K*, where
n= dim(V*). This implies that the convex hull of {0, ¢i,...,@,} is an
n-dimensional simplex in K* and hence int(K*) #§. Thus K* — K* # V*,
and hence there exists z € V \ {0} such that K* — K* C {p e V* : ¢(z) =0}. It
now follows from Lemma 1.2.1 that z € K and —z € K, which is impossible,
as K is a cone.

Let ¢ € int(K*) and suppose that ¢(x) = 0 for some x € K with x # 0. As
K is acone, —x ¢ K. By the Hahn—Banach separation theorem [186, theorem
11.4] there exists « € R and ¥, € K™ such that ¥, (—x) < « and ¥, (v) > «
forall v € K. Since Av € K forall A > 0O and v € K, ¥, (v) > 0, so that
Yy € K* and @ < 0. This implies that —, (x) < @ <0. As ¢ € int(K*) there
exists ¢ > 0 such that ¢ — ey, € int(K*). So, p(x) — ey (x) < 0, which
contradicts Lemma 1.2.1.

Let| - || beanynormon V and S = {x € K : ||x|| = 1}, which is a compact
set, as K is closed. Since ¢ : K — R is continuous and strictly positive on S,
there exists § > 0 such that ¢(y) > § forall y € S. Thus, for each x € X,
we have that ||x|| < §~!, which shows that X, is bounded. Obviously X, is
closed and convex, and hence compact, since V is finite-dimensional. O

If K € Vis acone and V is equipped with a norm || - ||, we say that
K is normal if there exists a constant § > 0 such that 0 < x < y implies
lx]] < 8llyll. The infimum of all such § > 0 is called the normality constant.
We call || - || a monotone norm for K if the normality constant is equal to 1. It
is a basic fact that every closed cone in a finite-dimensional normed space is
normal.

Lemma 1.2.5 Every closed cone K in (V, || - ||) is normal.

Proof For the sake of contradiction suppose that there exist sequences (xx)
and (yx) in K such that x; < y; forall k > 1 and

k
k— o0 ”'Ck”

By rescaling x; and y; we may assume |[xx|| = 1 and x; < yi forall k > 1.
This implies that yy — 0 as k — oo. Since V is finite-dimensional, we may
further assume, after taking a subsequence, that (x) converges to some x € K
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with ||x|| = 1. But this implies that yy — xy — —x as k — 00, which is
impossible, since —x & K. O

1.3 Order-preserving maps

Central objects in nonlinear Perron—Frobenius theory are order-preserving
maps f : K — K, where K is a solid closed cone in a finite-dimensional
vector space V. To decide whether a map f : K — K is order-preserving with
respect to K one can use, besides the definition, the Fréchet derivative, Df (x),
at x € int(K) of f. Recall that if U C V is open, then f : U — V is said to be
Fréchet differentiable at x € U if there exists a linear map L : V — V such
that

. Ifx+h) — f(x)—Lhl

im =

07
h—0 Al

and we denote the Fréchet derivative by Df (x) = L.

The proof of the next theorem uses some more advanced results from real
analysis. In particular, it uses Rademacher’s theorem [184], which asserts that
if f: U — V islocally Lipschitz, then f is Fréchet differentiable at x € U
for Lebesgue almost all x, and || Df (x)|| is uniformly bounded on compact
subsets of U. Moreover, the map x +— Df (x) is Lebesgue measurable. At first
reading the reader may wish to assume that f is Fréchet differentiable on K,
which simplifies the proof considerably.

Theorem 1.3.1 Let K C V be a solid closed cone and U C int(K) convex
and open. If f : U — K is locally Lipschitz, then Df (x) exists for Lebesgue
almost all x € U, and f is order-preserving with respect to K if and only if
Df(x)(K) C K forall x € U for which Df (x) exists.

Proof If x € U is such that Df (x) exists and y € K, then there exists § > 0
such that x + ¢ty € U forall0 < ¢ < § and
t J—
i LEHD =0

t—0 t

If f is order-preserving, the left-hand side of the previous equation is an
element of K; so, Df (x)(K) C K.

By Rademacher’s theorem [184] we know that D f (x) exists for Lebesgue
almost all x € U. Assume for all such x € U that Df (x) maps K into itself.
Under these assumptions we must prove that f is order-preserving. As f is
continuous, it suffices to show that w, z € U and w < z implies f(w) <g
f(z). By Lemma 1.2.4 there exists ¢ € int(K™*) such that ¢(z) = 1. Write
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Yy = {x € K : ¢(x) = 1} and recall that X, is compact by Lemma 1.2.4.
Define B;(z) = {n € U : ||z—n|| < ¢}, where ¢ > Oissuchthatw & cl(B:(z))
and cl(B:(2)) C U.LetZ = {x € V : ¢(x) = 1} be the affine hyperplane in V
containing ¥, and define Z, = {(1-t)w+tn:0 <t < l and n € ZN B, (2)}.
Remark that cl(Z,) is a compact subset of U, as U is convex.

Define U = (0, 1) x (Z N Be(z)) and let ¥ : Uz — Z, be given by

(@, n)=0—-t)yw+1tn for(t,n) € U,.

We claim that ¢ is one-to-one. Indeed, if (¢, n) = 9 (s, ¢) for (z,n), (s, ) €
U, then

I-tw+tn=(1—-s)w+ s¢.
Applying ¢ to both sides gives
pw)(s —1) = (s —1) = @(2)(s — 1).

Recall that w <k z, so that p(w) < ¢(z), and hence s =t and n = ¢.
Ifv=00-tw+tn € Zg, then p(v) = p(w) + t(1 — ¢(w)), so that
o(w) < ¢(v) < 1 and, moreover,

_ p(v) — p(w) and 1 — (I=—g)v -1 —e@)w
1 —o(w) e(v) — p(w) '

It follows that 9 ! is locally Lipschitz. Since locally Lipschitz maps take sets
of Lebesgue measure zero to Lebesgue measure zero, the set

{(t,n) € Uz : Df((1 — t)w + tn) does not exist}

has Lebesgue measure zero. Moreover there exists a constant M > 0 such that
IDf((1 —t)w +tn|| < M for all (¢, n) € U, for which Df((1 — t)w + tn)
exists.

Let E = {(t,n) € Us : Df ((1—t)w—+tn) exists}. By Rademacher’s theorem
[184], E is Lebesgue measurable and U, \ E has Lebesgue measure zero.
Fubini’s theorem implies for Lebesgue almost all n € ZN B, (z) that (¢, n) € E
for Lebesgue almost all + € (0, 1). Notice that for each n € Z N B;(z) the
map t — f((1 —t)w + tn) is Lipschitz and hence absolutely continuous for
0 <t < 1. Thus,

d
g (= Dw+1m)

exists for Lebesgue almost all ¢ € (0, 1) and

L
FOn - fw) = / 4= ow
o dr
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If n € Z N B.(z) is such that (¢, n) € E for almost all ¢ € (0, 1), then

d
Ef((l —Hw+1tn) = Df((1 —Hw +1n)(n —w)

for Lebesgue almost all ¢ € (0, 1), and

1
Fn = fw) = /0 DF (1 = Dw + 1) (5 — wdr,

Since w <Kk z, we know that, for all n close enough to z, w Kg 7. As
Df(x)(K) C K for those x for which Df (x) is defined, we see that f(n) —
f(w) € K for all n sufficiently close to z. As f is continuous, it follows that
f(z2) — f(w) € K, and we are done. O

1.4 Subhomogeneous maps

In this book we focus on several special classes of order-preserving maps. In
particular, we consider the class of order-preserving subhomogeneous maps.
Let K €V and K’ € V' be cones. Amap f : K — K’ is called subhomoge-
neous if Af (x) < f(Ax)forallx € K and 0 < A < 1. It is said to be strictly
subhomogeneous if Lf(x) < f(Ax) forallx € K\ {0}and 0 < A < 1. The
map f : K — K’ is called homogeneous of degree p if AP f(x) = f(Ax)
for all x € K and A > 0. We simply say that f is homogeneous if it is
homogeneous of degree 1.

Means and their iterates. Order-preserving subhomogeneous maps arise
naturally in the study of means. A basic example is the Gauss arithmetic-
geometric mean, f : Ri — Ri,

X1 +x
12 2,«/x1x2) forxeR%r.

In this case it is not hard to show that for each x € int(Ri) there exists A > 0
such that

f) = (

klim ) = (4, ). (1.1)

A much deeper fact, which was proved by Landen, and later independently by
Lagrange and Gauss, is the following identity:

/2 T
/ ()cl2 cos® ©+ x22 sin” <p)*1/2d<p =5 (1.2)
0

For a historic account of arithmetic-geometric mean and its applications in the
study of elliptic integrals and the computation of the digits of 7 see [33, 53].
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There are numerous variants on means and their iterates for which it is of
interest to prove analogues of (1.1). Formulas like (1.2) are, however, known
in very few cases; see [49].

For r € R\ {0} and a probability vector o € R}, so ), 0; = 1, we can
define the (r, 0)-mean of x € int(R"}) by

My (x) = (Za,-x;)l/r for x € int(R"). (1.3)

One can prove (see [82]) that

rli_r)I%)Mm(x) = l_[ x;’i for x € int(R"}),
iesupp(o)

where supp(o) = {i : g; > 0} is the support of o.
We define

Mos(x)=x" = [] x7 forx eint(RY). (1.4)
iesupp(o)

Forr =1, 0, and —1 the (r, o)-mean is, respectively, an arithmetic mean, a
geometric mean, and a harmonic mean.

The map x — M, is order-preserving and homogeneous on the interior of
R . It is easy to verify that it has a continuous order-preserving homogeneous
extension to R}, . For r > 0 the continuous extension is given by equations
(1.3) and (1.4). For r < 0 1itis given by

1/r . )
M,y (x) = (Ziesupp(o) Uixl-r) if x; > O for all i € supp(o),
0 otherwise.

It is known (see [82]) that the map x +— M, (x) is super-additive if r < 1,
and sub-additive if r > 1. For fixed 0 and x € R” , the map r — M,,(x) is
increasing, so M, (x) < Msq (x) for r < s. Furthermore,

lim M,;(x)= min x; and lim M,,(x) = max x;.
r——00 iesupp(o) r—00 iesupp(o)

Thus, it is natural to define

M_oos(x) = min x; and Mye(x) = max Xx;
iesupp(o) iesupp(o)
for x € R} and a probability vector o € R’
By using the means M,, we can define a rich class of continuous order-
preserving homogeneous maps f : R’} — R’} as follows. For 1 <i < n let
I'; be a non-empty finite set of pairs (r, o), where r € [—00, co]and o € R’i is
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a probability vector. For each (r, o) € I'; let ¢;;» > 0 be a positive real. Now
let f: R’} — R’ be given by

i)=Y ciroMyo(x) (15)
(r,o)elly
forl <i <nandx eR/.

We shall write M to denote the class of continuous order-preserving homo-
geneous maps f on R’} where each coordinate function of f is of the form
(1.5) with —oo < r < o0.

For maps f € M it is interesting to understand whether there exists u €
int(R’ ) such that for each x € int(R’, ) we have

lim f*(x) = Apu,
k— 00
for some A, > 0. In Chapter 6 we will discuss this problem in detail.

Matrix scaling problems. The following matrix scaling problem in combina-
torial matrix theory [15,39] is known as a D A D problem. Given a nonnegative
m x n matrix A and positive vectors r € R™ and ¢ € R”", can we find positive
diagonal matrices D and E such that DAFE has row sums r; for | <i < m,
and column sums ¢; for 1 < j < n?

This problem arises in information theory and statistics [35, 50, 205]. For
example, suppose that we have observed a finite number of transitions of a
Markov chain with n states, but we do not know the transition probabilities
pij- The only information we have is that P = (p;;) is a doubly stochastic
matrix. In that case a reasonable approximation for P is the solution of the
DAD problem wherer =c=(1,...,1) € Rﬁ and A has entries a;; equal to
the relative frequency of observed transitions from state i to state j.

Menon [143] associated with a DA D problem a nonlinear order-preserving
homogeneous map 7 : int(R’}) — int(R}) and showed that the DAD prob-
lem has a solution if and only if T has an eigenvector in int(R”, ). The map T
is of the form

T(x) = (AT o R.o Ao R)(x),
where R;(x) = (b1/x1,...,by/x,) for x € int(R’). In Chapter 7 we will

see how results from nonlinear Perron—Frobenius theory can be used to solve
a variety of DA D problems.

Nonlinear matrix equations. A basic problem in matrix analysis is to
understand whether for given functions f and g the equation

F(X) = g(X)



16 What is nonlinear Perron—Frobenius theory?

has a solution in a set of matrices. A simple example is Bushell’s equation [45],
X* = BXB*,

where B is an invertible n x n matrix and X is an n x n positive-definite
Hermitian matrix. Like ordinary equations, matrix equations are often hard to
solve. In special cases, however, nonlinear Perron—-Frobenius theory can be
of help.

Let Herm(n) denote the space of all n x n Hermitian matrices. We view
Herm(n) as a real vector space. Note that Herm(n) contains the solid closed
cone, I1, (C), consisting of all positive-semidefinite Hermitian matrices. Recall
that if X € Herm(n), then there exists a unitary matrix U such that

UAU" = X,

where A = diag(Ay,...,A,) and A1 > ... > A, are the eigenvalues of X.
This allows us to give meaning to expressions like log X and X" for r > 0.
Indeed, given a continuous function f : o(X) € R — C, one defines

fQGa) 0
f(X)=U U*
0 S ()

for X € Herm(n). Basic results concerning this functional calculus can be
found in [58,215].

It is of interest to us to understand the functions f : (0, co) — R that yield
an order-preserving map. The following result by Lowner [135] provides an
answer. A detailed exposition of Lowner’s theory can be found in [24,57].

Theorem 1.4.1 (Lowner) If f : (0,00) — R is a continuous function with
an analytic extension to C \ {z € C : Im(z) = OandRe(z) < 0}, and
f(Hy) C Hy, where Hy = {z € C : Im(z) > 0}, then f : int(I1,(C)) —
Herm(n) is order-preserving.

Basic examples include f(x) = logx and f(x) = x" for0 < r < 1. For
f(x) = x" with 0 < r < 1 there exists the following direct argument, which
illustrates the workings of the partial ordering induced by IT, (C) on Herm(n).
We need the following lemma.

Lemma 1.4.2 The map f : int(I1,(C)) — int(I1,(C)) with f(X) = X! for
X € int(I1,(C)) is order-reversing.

Proof Note that if A, B € int(I1,(C)), then A < B if and only if I <
A~12B A2 which is equivalent to G(A_I/ZBA_l/z) C [1, o0). Thus, by
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the spectral mapping theorem, o (A'/2B~1A'/2) C (0, 1]. This implies that
AY2B=1AY2 < | and hence B! < A1, O

There exists the following integral representation for A” (see [102, p. 286]):

. o0
Arzmmmﬂf M TLAGT + A) 7, (1.6)
T 0
for A € int(IT,(C)) and 0 < r < . As AAI + A~ = A '+ D71t

follows from Lemma 1.4.2 that themap A — A(AI+A)"!is order-preserving
for all A > 0. Thus by (1.6), A < B implies A" < B" for0 <r < 1.
Also remark that f(X) = X" is subhomogeneous for 0 < r < 1, as

AMX) =M f(X) = f(X)

for0 < A < 1and X € int(IT, (C)).

In particular, we see that positive-definite solutions of Bushell’s equation,
X? = BXB*, correspond to fixed points of the order-preserving subhomog-
neous map X > (BXB*)!/2, where X € int(I1,(C)). Other interesting
equations of this type related to Riccati equations are Stein’s equation,

X = A+ BXB*,
and the discrete algebraic Riccati equation,
X=A+B(C+ X HlB*

where A, C € I1,,(C), B is an invertible matrix, and X € int(I1, (C)).

1.5 Topical maps
A map f : R" — R" is said to be additively homogeneous if
Fx+Al)=f(x)+ 211l forallx € R" and 1 € R.
Here 1 = (1,...,1) € R Itis called additively subhomogeneous if
fx+ A1) < f(x) +A1 forallx € R" and A > 0,

where the ordering is induced by R’ . If f : R" — RR” is additively homoge-
neous, respectively additively subhomogeneous, and f order-preserving with
respect to R”, then f is called a topical map, respectively a sub-topical map.
Topical maps are closely related to order-preserving homogeneous maps on
R’ . To see this, consider the map E : R" — int(R’} ) with

E(x)=(e",...,e™) forx = (x1,...,x,) € R".



18 What is nonlinear Perron—Frobenius theory?

The inverse, L : int(R'j_) — R", of E is the coordinatewise logarithm, so
L(x) = (logxy,...,logx,) forx = (xi,...,x,) €int(RY).

It is easy to verify thatif f : R” — R” is a (sub-)topical map, then the log-exp
transform g : int(R" ) — int(R’}) of f given by

g(z)=(Eo foL)(z) forzeint(R") (1.7)

is an order-preserving (sub)homogeneous map.

Max-plus maps. Important examples of topical maps are so-called max-plus
maps, which arise in optimal control and scheduling theory. To introduce these
maps let Rpox = R U {—o0} denote the max-plus semi-ring, meaning that the
addition operation @ is taking maximum, and the multiplication operation ®
is addition. For instance, 2@ 3 =3and2® 3 =5.Let A = (a;j) beann x n
matrix with entries from Rpax and suppose that for each i there exists j such
that a;; # —oo. A max-plus map f4 : R* — R" is defined by

fa)i = (A®x); =max{a;; +x;} forxeR"and1<i<n. (1.8)
j

It easy to verify that max-plus maps are topical. Max-plus maps are linear maps
over the max-plus semi-ring. The analogy with linear algebra is very powerful
and gives rise to a rich theory for max-plus maps; see [11,47, 162].

To see how max-plus maps naturally arise in scheduling theory we imagine
a network of n interconnected machines, each of which has a single task to
perform. Typically a machine cannot start a fresh cycle of activity until cer-
tain that other machines have completed their current cycle. This happens, for
instance, when a machine requires inputs from certain other machines. Let a;;
be the number of time units machine i has to wait before it can start its k-th
cycle, after machine j has started its (k — 1)-th cycle. If i does not need to
wait for j to finish, we put a;; = —oo. The number g;; can be thought of as
the time needed for machine j to produce the input for machine i. If we let x{‘
denote the earliest time at which machine i can start its k-th cycle, then

Xt = max{a;; + x5} for1<i<nandk > 1.
J

Thus the evolution of cycles in the machine network can be modeled by a
discrete dynamical system,

= A b,

where f4 : R” — R” is a max-plus map. In the context of machine scheduling
it is particularly interesting to understand the cycle time vector,
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po A L A T T - —x

k—oo k k— 00 k ’

(1.9)

which is a measure of the speed of the network.

The machine network in the previous paragraph is a typical example of a
discrete event system. Roughly speaking a discrete event system is a system
consisting of repeated events that depend on each other. For such systems it is
often natural to assume that if the execution of an event is delayed, then the
time of the next execution of any other event cannot be brought forward. In
addition, if each event is delayed by the same amount of time A, then the next
execution of each event will also be delayed by . Such discrete event systems
are usually modeled by topical maps; see [80].

Markov decision processes. Other interesting examples of topical maps arise
in Markov decision theory [224], which provides a framework for studying
decision-making in random processes whose outcomes can be partly con-
trolled by the decision-maker. For example, imagine a system with finite
states S={1, ..., n}. Periodically the decision-maker observes the current
state i € S of the system and selects an action « from a finite set A; of possible
actions. On performing the action two things happen:

e The decision-maker receives a reward ri* € R.
e The system moves from the current state i to a new state j with probabil-
ity pf;
After a predetermined number of stages, k, the decision-maker receives a ter-
minal reward xj? depending on the final state j of the process. The goal of the
decision-maker is to maximize the total expected reward.
Fori € §, let vf denote the optimal expected reward of the process con-

sisting of k stages and initial state i. Then the following recursion relation
holds:

n
okt = max r¢ 4+ Z piivs, (1.10)
j=1

where 10 = x* € R" is the terminal pay-off vector. This is a backward recur-
sion relation in the sense that if you know which decisions to make for a k-stage
process, you can use it to determine the first action in a (k + 1)-stage process.

The recursion relation (1.10) provides an effective way to compute the
optimal expected reward. This dynamic programming method is known as
value iteration and goes back to Bellman [21] and Howard [92]. Note that
the recurrence relation (1.10) gives rise to a topical map f : R" — R”", where
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n
A — o a . n
ﬁ(x)_(rxré%ri +X;p,.jxj forl <i <nandx € R", (1.11)
]:
since 3 ; pj; = 1 foralli.

Stochastic games. Stochastic games are two-player zero-sum games with
finite states and multiple stages, and go back to Shapley [203]; see also
[23, 152,208]. At each stage both players select an action. The current state
and the chosen actions determine a reward that one player receives from the
other player and the transition probability from the current state to the next
state. Stochastic games generalize Markov decision processes in the sense that
a Markov decision process is a stochastic game, where one of the players is
a “dummy” having only one action available in each state. The dynamic pro-
gramming method for computing the value of a stochastic game also leads to
a topical map.

Denote the two players by P; and P> and the finite set of states by § =
{1, ..., n}. Suppose that the game terminates after k stages. At each stage each
player P,, m = 1,2, selects an action from a finite set of possible actions
Ay, (i), which may depend on the current state i of the game. Suppose that P,
has selected « and P> has chosen 8. Then the following happens:

e P; receives a reward ri(a, 8) € R from P,. (Note that r;(«, 8) can be
negative.)
e The game moves from the current state i to a new state j with probability
pij(a, p).
After k stages P; receives a terminal pay-off x? € R from P, which depends
on the final state j of the game. The vector x* € R” is called the pay-off vector.
A fundamental problem in game theory is to understand how P; and P,
should play to maximize the total expected reward and minimize the total
expected loss, respectively. To analyze this problem further the notion of a
strategy is needed. A strategy for P in a k-stage stochastic game with pay-off
vector x € R" is a sequence 0 = (s1, ..., Sk), where each s,, is a function
which assigns to each i € § a probability distribution 7, (i), on A1(i). In the
same way strategies for player P> can be defined. Following the dynamic pro-
gramming set-up players use their strategies as follows. If after g stages the
game has reached state i, € S, then player P; uses probability distribution
7k—q(ig) to select an action from A;(i,). In the same way player P, applies
his strategy.
We denote by V; (o, t) the total expected reward for player P; when the
game starts in state i € S and player P; uses strategy o and P applies strat-
egy t. As this is a zero-sum game, V; (o, t) is also the total expected loss for
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P,. A stochastic game with initial state i € § and k stages is said to have a
value Vl.k if P has a strategy o* and P, has a strategy t* such that

Vi(o, %) < VF < Vi(a*, 1),

for all strategies o of Py and t of P,. Thus, Vik is the expected amount P;
can secure to win, whatever strategy P> may apply. On the other hand, it is
also the minimum expected amount P, can secure to lose, whatever strategy
P; may use.

As in Markov decision processes the value of a game can be determined
using a dynamic programming method. Before we can give the dynamic pro-
gramming operator, we need to introduce several more definitions. To begin
we call a function » which assigns to each i € § a probability distribution on
A (1) a policy for player P,,, m = 1,2. Giveni € § and policies s for P; and
t for Py, define L;(s,t) : R" — R by

n
Lits, D)= Y st@]i) Y (B i)[ri(a, B+ pijle, ﬂ)xj],
acA() BeA2(i) Jj=1

for x € R". Here s(« | i) denotes the probability that « is chosen from A (i)
and (B | i) denotes the probability that 8 is selected from A (i).

Note that L; (s, t)x is the expected reward for P of the one-stage stochastic
game with initial state i € S and pay-off vector x € R", when P; applies policy
s and P; uses policy t. The Shapley operator ¥ : R* — R" is defined by

V; (x) = max mtin Li(s,t)x
N

fori € S and x € R". Here the maximum is taken over all policies s of Py,
and the minimum is taken over all policies ¢ of P,. Note that ¥ : R” — R" is
order-preserving with respect to R’} and satisfies W(x + A1) = W(x) + A1 for
all L € Rand x € R”. Thus, W is a topical map.

To see how the Shapley operator relates to the value of the k-stage stochastic
game, we first note that foreachi € S and x € R"” we have an |A{(i)| x |A2(i)]
matrix A = (aqp), where

aop =ri (@, B)+ Y pij(t, B)x;.
J

If we think of A as the pay-off matrix of a zero-sum two-player game, then we
know from von Neumann’s minimax theorem (see for example [208, p. 155])
that there exist optimal strategies, i.e., probability distributions, p} on A;(i)
and ¢ on A3 (i) such that

maxmin p] Ag; = (p)T Ag} = minmax p! Ag;,
pi qi qi pi
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where the maximum is taken over all probability distributions p; on A1(i)
and the minimum is taken over all probability distributions g; on A3 (i). The
probability distributions p, for i € S, make up a policy s* for P;. Likewise,
the probability distributions ¢;* give a policy t* for P». So,

W(x); = L;(s*, t%)x.

Now form =1, ..., k define w” = W(w™ ") where w® = x° (the pay-off
vector). Furthermore, let s} be a policy for P and 7, be a policy such that

W (w™hy = Li(s), t5)w™ !

for each i € S. So, the i-th component of the policies s and ¢ are optimal
mixed strategies of the zero-sum two-player game where the entries of the
pay-off matrix are given by

aap = rile, B) + Y pijle, Hwl ",
J
We can now prove the following result.
Theorem 1.5.1 A stochastic game with pay-off vector x° € R" and k stages

has value w* and optimal strategies o* = (sp,...,sy) for player Py and
™ = (t), ..., 1)) for player P,.

Proof By definition of o* and t* we have that V (o*, 7*) = w*. We now show
by induction on & that

Vi(o, ™) < Vi(o™, %)

for all strategies o of P; and i € S. The case k = 1 follows directly from
the definition of o* and t*. Given a strategy ¢ = (Sk+1, Sk, - - -, §1) We write
o = (s, ...,s1). Note that

Vi, ™= Y sl Y B 10| s+

acAq(i) BEA2()
> i BV @, 7]
j=1
= Y sn@ld Y Bl s+

acA;(i) BeAL (D)

> bl V@]

j=1
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= Y sl Y qaB1]n@s) +

acA(i) BeA2(i)

n
> pijle HY; @, 7]
j=1
= Vi(o™, ).
The first inequality follows by induction, whereas the second inequality
follows from the definition of o* and 7*. In the same way it can be shown that

Vi(o*, ) < Vi(o¥, 7)
for all strategies T of P, and i € S. O

In the context of stochastic games it is of interest to understand the behav-
ior of the value as the number of stages k becomes large, which amounts to
analyzing the iterates of the Shapley operator.

1.6 Integral-preserving maps

An interesting class of nonlinear maps that preserve the ordering induced by
R’ arises as generalizations of linear diffusion processes on finitely many
states, or simply Markov chains. In a linear diffusion process with finite states
{1,...,n} afixed fraction 0 < p;; < 1 of the mass in state i is moved to state
Jj after each time unit for all 1 < i, j < n. The movement of mass is described
by alinear map P : R, — R’ where

n
(Px)j = Zpifxi forl <j<nandxeR/.
i=1
Clearly if we start with more mass in one of the states, we end up with more
mass in the states, and hence P is order-preserving with respect to R’, . Note
also that, as no mass is lost, the total amount of mass is preserved in the
process, so

D (Px)i=) xi forallx € R].
i i

We say that f : X — R", with X C R", is integral-preserving if
Y f)i=) x forallxeX.
i i

Linear diffusion processes have other characteristic properties. First, the
amount of mass that is moved from state i to state j is independent of the
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amount of mass in state j. Second, the mass at the top of the pile in state i is
treated in the same way as the mass at the bottom of the pile. There are many
natural examples of diffusion processes that lack one of these properties.

Nonlinear diffusion processes. Consider the following process, which one
can imagine playing on the beach. Let Cq, .. ., C,, be n containers, each having
an amount of sand x; for 1 < i < n at time zero. With each container C;
a sequence of buckets (b;;)jeN is associated. Let a;; denote the volume of
bucket b;;. Assume for convenience that jenaij = ocoforalll =i =n
and that each container C; has an infinite volume. After each time unit the
following steps are performed. For each 1 < i < n, sand from container C; is
poured into bucket b;; until either b;; is full or C; is empty. If b;; is full the
remaining sand in C; is poured into b;»> until either b;; is full or C; is empty.
This process is repeated until C; is empty and all the sand is distributed over
the buckets. The amount of sand in bucket b;j is given by

k—1
M;;(x) = min (max{xi — Zaif’ 0}, aik>.
j=1

Subsequently the sand is poured back into the containers using a fixed rule
y :{l,...,n} x N— {1, ..., n} in the following way. The contents of b;y is
poured into container Cy ; x) for each 1 <7 < n and k € N. The total amount
of mass in container C; after the procedure is given by

yi= Y Mgx). (1.12)

y(@.k)=j

This process is described by a nonlinear map f : R — R’,, where f(x); =
y;j and y; is given by (1.12) for 1 < j < n. The map f is called a sand-shift
map with rule y. In this diffusion process mass on top of the pile in a state
(container) may be treated differently from mass at the bottom of the pile. It
is easy to verify that every sand-shift map is order-preserving and integral-

preserving.
There exist many other maps that possess these two properties. To give
another set of examples, we let o and 7 be two one-to-one maps of {1, ..., n}

onto itself. Define 4 : R’} — R’ by
h(x)i = @Xo@iy VD + iy A1) =1 forl <i<nandx e R].
The map 4 is order-preserving and integral-preserving. In addition, it satisfies

h(A1) =21 forall A > 0. (1.13)
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Maps that satisfy (1.13) are called sup-norm decreasing. The terminology
is motivated by the following lemma. (Recall that the sup-norm is given by
lx]loo = max; |x;| for x € R"™.)

Lemma 1.6.1 If f : RN — R’ is order-preserving and integral-preserving,
then f is sup-norm decreasing if and only if || f (x) |0 < lIX|loo for all x € R}

Proof Clearly x < (max; x;)1 and hence f(x) < (max;x;)1, as f is sup-
norm decreasing. This implies that || f(x)]lcoc = max; f(x); < max;x; =
lxlloo, as x and f(x) are in R’,. On the other hand, if f : R} — R/ is
integral-preserving, then nd = ) ;A = ) ; f(A1); for all A > 0. But also
fOL); < AforallA >0and1 <i < n,as [|[f(AD)|eo < [[AM]loc = A.
Therefore f(A1); = Aforall A > 0and 1 <i < n, and we are done. O

Considering these nonlinear diffusion processes one might wonder how the
iterates of order-preserving integral-preserving maps behave. In particular, one
might ask if each initial distribution still converges to a periodic distribution as
in the linear case.
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Non-expansiveness and nonlinear
Perron—Frobenius theory

Order-preserving maps possessing one of the additional properties discussed
in Chapter 1 are non-expansive under some metric. As we shall see later
the non-expansiveness property is a powerful tool in the analysis of non-
linear eigenvalue problems and in the study of the iterative behavior of
order-preserving maps. It lies at the heart of many arguments in nonlinear
Perron—Frobenius theory. The purpose of this chapter is to discuss the relation
between order-preserving maps and non-expansive maps. In addition, we shall
introduce Hilbert’s metric and Thompson’s metric, and review some of their
geometric and topological properties that will be useful in the next chapter.

2.1 Hilbert’s and Thompson’s metrics

In this section we shall show how order-preserving (sub)homogeneous maps
are related to maps that are non-expansive under Hilbert’s (projective) metric
and Thompson’s (part) metric. We start with the definition of Hilbert’s metric
on a cone. Let K be a cone in a finite-dimensional real vector space V. For
x,y € K withx ~g yand y # 0, define

M(x/y; K) =inf{f > 0:x < By}
and
m(x/y; K) =sup{o > 0:ay < x}.

When K is clear from the context we simply write m(x/y) and M(x/y).
Hilbert’s (projective) metric dy : K x K — [0, oo] is defined by

M(x/ y))
m(x/y)

i (x.y) = log (
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forall x ~g yin K with y # 0. Furthermore, we put dg (0, 0) = 0 and define
dp(x,y) = oo otherwise.

Proposition 2.1.1 If K is a cone in V, then (K, dy) satisfies:

(i) dg(x,y) > 0anddy(x,y) =du(y,x) forallx,y € K,
(ii) dy(x,z) <dp(x,y) +du(y,z) forallx ~g y ~k z, and
(iii) dy(ax, By) =dy(x,y) foralla, B > 0andx,y € K.

If, in addition, K is closed, then dy(x, y) = 0 if and only if x = Ly for some
A > 0. In that case, if X C K has the property that for each x € K \ {0} there
exists a unique A > 0 such that Ax € X and P is a part of K, then (X, dy),
where ¥ = P N X, is a genuine metric space.

Proof To prove the first assertion it suffices to consider x ~kx y and
y #0, as the other cases are clear from the definition. In that case x #0.
For each 0 <a <m(x/y) and 0 < M(x/y) < B we have that oy <x < By,
so that y < (B/a)y. This implies that §/a >1 for all 0 <o <m(x/y) and
O0<M(x/y)<pB.Thus, M(x/y)/m(x/y)>1and hence dy (x, y) > 0.

Remark that M (x/y) = infle > 0 : " 'x < y} = m(y/x)~'. A sim-
ilar argument shows that m(x/y) = M(y/x)~'. From this we deduce that
du(x,y) =du(y, x).

To prove the triangle inequality, we take x ~x y ~g z in K and z # 0. For
eachO <o <m(x/y)and 0 <y <m(y/z) we have that y <x and yz <y, so
that eyz < x. This implies that m(x/z) > m(x/y)m(y/z). A similar argument
shows that M (x/z) < M(x/y)M (y/z). From these inequalities we get that

M(x/z) - M(x/y)M(y/z)
m(x/z) — m(x/y)ym(y/z)’

sothatdy (x,z) <dp(x,y) +du(y, 2).
The third assertion follows from the fact that

M(ax/ﬂy)z%M(X/y) and m(aX/ﬂy)z%m(x/y)

forall o, B > 0.
If K is closed and x ~g y in K with y # 0, then

m(x/y)y <x < M(x/y)y, (2.1)

Thus, dy (x, y) = 0 implies that y < m(x/y) " 'x < M(x/y)m(x/y)"'y =y,
so that x = Ay for some A > 0. The reverse implication follows directly from
assertion (iii).

The final assertion can be deduced from the previous observations and the
fact that dy (x, y) < oo if x and y are in the same part of K. O
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Figure 2.1 Cross-ratio.

Note that in the second part of Proposition 2.1.1 it is necessary to assume
that K is closed. Indeed, if K = {x € R? : x; > 0} U {(0, 0)}, then x ~x y
for all x,y € K \ {0}. Moreover, M(x/y) = x1/y1 = m(x/y), so that
du(x,y)=0.

Hilbert’s metric on cones was introduced by Birkhoff [25] and Samelson
[192], and is closely related to a metric discovered by Hilbert [86]. To introduce
Hilbert’s original metric, we consider a non-empty, open, bounded, convex set
X in a finite-dimensional real affine space A. For x,y € X let £, , be the
affine line through x and y in A. Then ¢, , intersects dX at two points x” and
y’, where we assume that x is between x” and y, and y is between y’ and x; see
Figure 2.1.

For x’, x, y, y’ € A the cross-ratio is defined by

1—ys
1—1¢

t
'\ x,y,y1=-- ,
s
where x = (1 —s)x'+sy’andy = (1 —t)x’+1y’. Note thatas 0 < s <t < 1,
we have that [x’, x, y, y'] > 1. On X Hilbert defined the cross-ratio metric,
k:X x X — [0,00), by

k(x,y) =log[x’,x,y,y] forx #yeX,

and k (x, x) = O for all x € X. As Hilbert [86] pointed out in a letter to Klein,
the cross-ratio metric space is a natural generalization of Klein’s model for the
hyperbolic plane, which is obtained when X is an open disc.

To fully appreciate the relation between the two metrics k and dy,let K C V
be a solid closed cone, ¢ € int(K*), and X° = {x € int(K) : ¢o(x) = 1}.
Suppose that x # y in £°, and write « = m(x/y) and 8 = M (x/y). Remark
thata = x —ay € 9K and b = y — B~ 'x € 9K, as K is closed. Thus,
x' = a/p(a) and y = b/p(b), where x’ and y’ are the points of intersection
of £x,y and 0X°; see Figure 2.2. Note that there exist 0 > 1 and T > 1 such
that x’ =y +o(x — y)and y = x + t(y — x). So,
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Figure 2.2 Hilbert’s metric.

a X —a«
Yo —y) =x' = - Y 2.2)
v(a) -«
from which we deduce that « = (0 — 1)/o. Likewise,
b y—px
x+t(y—x) =y = = 2.3)
) 1-p7!

yields 8 = t/(r — 1).

Let ||-|| beany normon V and0 < s < ¢t < 1 be such that x = x"+s(y'—x")
and y = x" +1(y — x').

Then

and

l=s =yl _

= = = .
1—¢t fy=yI 1-1

Thus, we have shown that

_ ,3_ t 1—s _
dH(x,y)—10g5—10g<;':) =x(x,y)

for all x # y in £°. To summarize, we have the following result.

Theorem 2.1.2 If K C V is a solid cone and ¢ € int(K™*), then k and dy
coincide on £° = {x € int(K) : p(x) = 1}.
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A useful variant of Hilbert’s metric on cones was introduced by Thompson
[217]. Thompson’s (part) metric, dr : K x K — [0, 00], is defined by

dr(x,y) = log (max{M(x/y), M(y/x)})

for all x ~x y in K with y # 0. Further we put d7(0,0) = 0, and define
dr(x, y) = oo otherwise. Arguments similar to those in Proposition 2.1.1 can
be used to show that dr is a genuine metric on each part of the cone.

Hilbert’s metric and Thompson’s metric are particularly useful tools in
the study of order-preserving (sub)homogeneous maps on cones. Before dis-
cussing this in more detail, we recall several basic notions. A map f:X — Y
from a metric space (X,dx) into a metric space (Y,dy) is called non-
expansive if

dy(f(x), f(y)) =dx(x,y) forallx,ye X. (2.4)
It is called a contraction if the inequality in (2.4) is strict for all x # y in

X. The map f : X — Y is said to be a Lipschitz contraction if there exists
c € [0, 1) such that

dy (f(x), f(x)) < cdx(x,y) forallx,ye X.

Furthermore, f : X — Y is called an isometry if equality holds in (2.4) for all
x,y € X.

Proposition 2.1.3 Let K C V and K' C V' be closed cones. If f : K — K’
is order-preserving and homogeneous of degree r > 0, then

mx/y)" <m(f(x)/f(y) and M(f(x)/f(y) < Mx/y)
forallx,y € K withx ~g y.
Proof Let x,y € K with x ~g y. As K is a closed cone, m(x/y)y < x <
M(x/y)y,sothatm(x/y)" f(y) = f(x) = M(x/y)" f(y). Hence m(x/y)" <
O

m(f(x)/f(y)) and M(f (x)/f(y)) = M(x/y)".

This proposition has the following immediate consequence.
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Corollary 2.1.4 Let K C V and K' C V' be closed cones. If f : K — K’ is
order-preserving and homogeneous of degree r > 0, then

dH(f(-x)’ f()’)) =< I"dH(.x, )’)

and

dr(f(x), f(y)) < rdr(x,y) forallx,y e Kwithx ~g y.

In particular, every order-preserving homogeneous map f : K — K'is
non-expansive under Hilbert’s metric and Thompson’s metric. This observa-
tion lies at the heart of the work of Birkhoff [25] and Samelson [192], who
analyzed linear operators that leave a cone invariant. In fact, Birkhoff defined
the contraction ratio of a linear operator L on a cone K by

k(L) =inf{A > 0 :dy(Lx, Ly) < Ady(x,y)forall x ~g yin K},
and proved that
1
«(L) = tanh (ZA(L)),

where A(L) = sup{dy(Lx, Ly) : Lx ~g Ly in K} is the projective diameter
of L. Closely related results were obtained by Hopf [90, 91]. The works of
Birkhoff and Hopf are discussed in Appendix A in more detail.

Remark that it follows from Corollary 2.1.4 that if f : K — K’ is a bijec-
tive linear map, then f is an isometry with respect to Hilbert’s metric and

Thompson’s metric. Arguing as in Proposition 2.1.3, the following result can
be shown.

Corollary 2.1.5 Let K C V and K' C V' be closed cones. If f : K — K’ is
order-reversing and homogeneous of degree r < 0, then

du(f(x), f(¥) = Irldu(x,y)

and

dr(f(x), f(y) <|rldr(x,y) forallx,y € Kwithx ~g y.

Proof Suppose that x, y € K with x ~g y. As K is closed, m(x/y)y < x <
M (x/y)y, which implies M (x/y)" f(y) = f(x) and f(x) < m(x/y)" f(¥).
Therefore m(f(x)/f(y)) = M(x/y)" and M(f(x)/f(y)) <m(x/y)". Thus,

m(x/y)"

dn(F ), F) <log (T2 05

) = Irldn (. y)
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and

dr (f (), f(y)) < log (max{M(x/y)™", M(y/x)""}) = Irldr (x, )
forall x, y € K with x ~g y. O

In particular, every order-reversing homogeneous degree —1 map is non-
expansive under dy and dr.

Hilbert’s metric is particularly useful in the analysis of scaled order-
preserving homogeneous maps, as the following lemma shows.

Lemma 2.1.6 Let K C V be a solid closed cone and let f : K — K be
an order-preserving and homogeneous map such that f(x) # 0 for all x €
K \ {0}. Suppose that ¢ : K — [0, 00) is a homogeneous map with ¢(x) % 0
forallx e K\{0). If E={xe K :p(x)=1}and g : ¥ — X is given by

__f®
o(f(x)

gx) forallx € ¥,

then g is non-expansive under Hilbert’s metric on ¥ N P for each part P
of K. Moreover, if f is strongly order-preserving and homogeneous, then g is
a contraction.

Proof Letx,y € ¥ withx ~x yand writtee = m(x/y) and 8 = M(x/y). As
K isclosed, y < x and x < By, sothat af(y) < f(x) and f(x) < Bf(y).
Thus,

o(f(y) o(f ()
d
gD(f(x))g(y) <gx) and g(x) < ﬁw(f(x))

gy)-

o

This implies that

du(g(x), g(y)) < log(B/a) = du(x,y).

If, in addition, f is strongly order-preserving and x # Ay for all A > 0, then
ay < x < By implies that

af(y) € f(x) < Bf ().
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Hence there exist @ > « and T < 8 such that uf (y) < f(x) < tf(y), so that

du(g(x), g(y)) <log(r/n) <log(B/a) =du(x,y).
O

Typical examples of homogeneous functions ¢ : K — [0, c0) in Lemma
2.1.6 are ¢(x) = ||x|| for some norm || - || on V, and ¢ € int(K*).

Thompson’s metric is most useful in the analysis of order-preserving
subhomogeneous maps on the whole cone.

Lemma 2.1.7 Let K C V and K' C V'’ be solid closed cones. If | :
K — K’ is order-preserving, then f is subhomogeneous if and only if f
is non-expansive with respect to Thompson’s metric on each part of K. If
f :int(K) — int(K’) is order-preserving and strictly subhomogeneous, then
f is contractive.

Proof Suppose that f is subhomogeneous and let x, y € K with x ~g y.
Then dr(x, y) = log A for some A > 1. As K is closed, we know that y < Ax
and x < Ay. Since f : K — K is order-preserving and subhomogeneous, we
get that

M =Ty S 00 and AT ) S £ < F(). (29)
This implies that max{M (f (v)/f (x)), M(f(x)/f(y))} < A and hence

dr(f(x), f(y)) <logh =dr(x,y).

To prove the opposite implication we suppose that f is non-expansive under
dr on each part of K. Let x € K and put y = A~'x, where A > 1. Clearly
dr(x,y) = logh for x # 0, and dr(x,y) = 0 < logh for x = 0. As f is
non-expansive, we have that

log M(f(x)/f(y) =dr(f(x), f(y) <logh,

so that f(x) < Af(y). This implies that A~' f(x) < f(1~'x), and hence f is
subhomogeneous.

If £ :int(K) — int(K’) is an order-preserving and strictly subhomogeneous
map and A > 1, we get, as in (2.5),

MO K 0TI < f0) and A7) < FGTI < £
for all x # y in int(K). Therefore there exists u € [0, A) such that

max{M(f(x)/f(¥), M(f (V) /f(x)} =,
and hence d7 (f(x), f(y)) < dr(x,y) forall x # y in int(K). O
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To compute M (x/y) and m(x/y), the following observation is sometimes
useful. Given a solid closed cone K € V and u € int(K), define

Sr={peK*:pm) =1}.

Note that ¥ is a compact convex set by Lemma 1.2.4, and that ¢(u) > 0
for all ¢ € K*, as u € int(K). For example, if K = R’ and u = 1, then
Sr={peRL:Y ¢ =1}

Let £ be the set of extreme points of X*. Recall that a point z in a convex
set S C V is called an extreme point, if there exist no x # zand y # z in
S such that Ax + (1 — A)y = z for some 0 < A < 1. It is known (see [186,
corollary 18.5]) that each compact convex set is the convex hull of its extreme
points. This result was proved by Minkowski and later generalized to infinite-
dimensional vector spaces by Krein and Milman [116]. Their result, known as
the Krein—-Milman theorem, states that each compact convex set in a locally
convex Hausdorff topological vector space is the closure of the convex hull of
its extreme points.

Note that it follows from Lemma 1.2.1 that x < By if and only if ¢(x) <
Bo(y) forall ¢ € . Because X' is the convex hull of its extreme points, we
see that x < By is equivalent to ¢(x) < Bo(y) for all ¢ € &;. Thus,

M(x/y) =inf{f > 0:x < By} = sup @ (2.6)
o ()
and
m(x/y) =sup{oe > 0:ay <x} = inf @ 2.7)
pe&s 9(y)

Notice that in equations (2.6) and (2.7) any subset S* of X suffices as long as
it contains &£

In the next section we use this observation to show that Hilbert’s metric and
Thompson’s metric on polyhedral cones are closely related to the sup-norm,

lxlloc = max |x;| forx € R".
1

2.2 Polyhedral cones

For K = R’} and u = 1, we have that ¥ = {x € R, : } , x; = 1}, which
has the standard basis vectors as its extreme points. So, it follows from (2.6)
and (2.7) that

M(x/y) =inf{ > 0: x < By} = max — 2.8)
v i
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and

m(x/y) =sup{o > 0: oy < x} = min ALl 2.9)
v i

forall x, y € int(R’}). Lett : R" — R be the top function defined by t(z) =

max; z;. Similarly, define b : R” — R to be the bottom function given by
b(x) = min; x;. Now (2.8) and (2.9) can be rewritten as

log M(x/y) = max(log x; —logy;) = t(L(x) — L(y)) (2.10)
and
logm(x/y) = min(logx; — log y;) = b(L(x) — L(y)), (2.11)

where L : int(R}) — R" is the coordinatewise log function. Using this
observation it is straightforward to prove the following result for Thompson’s
metric.

Proposition 2.2.1 The map L is an isometry from (int(R}),dr) onto
R 1 Nloo)-

Proof From Equation (2.10) it follows that
dr(x,y) = max{t(L(x) — L(y)), t(L(y) — L(x))} = [[L(x) — L(}) oo

forall x, y € int(R}), as ||zlloc = max({t(z), t(—z)} for all z € R". Thus, L is
an isometry from (int(R’}), dr) onto (R", || - [l0). O

For polyhedral cones we have the following result.

Lemma 2.2.2 Suppose that K C V is a solid polyhedral cone with
facet-defining functionals Yy, ..., ¥n. Let P be a part of K and I(P) =
{i : i (x) > 0 for some x € P}. Then there exists an isometric embedding from
(P,dr) into (R™, || - ||co), Wwhere m = |I(P)].

Proof By Lemma 1.2.3, we may assume, after relabeling, that
P={xeK:yix)>O0forl <i <mandy;(x) =0 otherwise}.

Define W : P — int(R%) by W(x) = (Y1(x), ..., ¥ (x)) for x € P. Remark
that

M(x/y; K) = inf{ > 0: 4 (x) < Byi(y) for 1 <i <m}
= 1111ia<§n Yi (x) /i (y)
=MW (x)/¥(y): RY).
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This implies that dr (¥ (x), ¥ (y)) =dr(x,y) for all x,ye P, so that ¥
embeds (P, dr) isometrically into (int(R%), d7). It now follows from Propo-
sition 2.2.1 that (P, dr) can be isometrically embedded into (R™, || - [lo0). [

Notice that in Lemma 2.2.2 we can use any set of functionals {¢1, ..., ¢}
in K* that determines K ,ie., K ={x € V : @j(x) > 0forall1 < j <k}, to
obtain an isometric embedding.

For Hilbert’s metric on polyhedral cones there exists a similar result.

Proposition 2.2.3 Suppose that K C V is a solid polyhedral cone with N
facets. Let ¢ : K — [0, 00) be a homogeneous function with ¢(x) > 0 for all
x € K\ {0}, and let ¥° = {x € int(K) : ¢(x) = 1}. Then (X°,dy) can be
isometrically embedded into (R™, || - ||lo0), where m = N(N — 1) /2.

Proof Let Y1, ..., ¥y be the facet-defining functionals of K. Remark that for
x,y € int(K) we have that

M(x/y)=inf{f > 0: i (x) < fyi(y) for 1 <i < N}= max v;(x)/vi(y).

Similarly,
/m(/y) = max 500/,

and therefore
Vi (X)V;(y) )

dH(x,y) IOg( 1<i j<NW

B Vi) o i(y)
= 1<??§N<1°g v o8 wj(y>> @12
B ‘1 Yi(x) Yi(y)
— og —log
l<z<]<N ¥j(x) vi(y)

for all x,y € X° Now let ¥ : ¥£° — R™, where m = N(N — 1)/2, be
given by

Yi(2)
W;j(z) = log =
V;(z)
forallz € X°and 1 <i < j < N. From (2.12) we deduce that ¥ embeds
(X°, dp) isometrically into (R™, || - [|oo), which completes the proof. O

In the special case where K is a simplicial cone (X°, dy) is isometric to
a normed space. To show this, define on R”*! an equivalence relation ~ by
x ~ yif x = y 4+ Al for some A € R. It is easy to verify that R"*!/ ~ is an
n-dimensional vector space, which can be equipped with the variation norm,

[x[lvar = t(x) — b(x) forx e R*!/ ~ .
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The following proposition shows that if S, is an open n-dimensional simplex,
then (S,, k) is isometric to (R"*'/ ~_ | - [lvar). In the proof we denote the
standard n-simplex by A, = {x € Rﬁ_“ : Y ; xi = 1} and its relative interior
by A;.

Proposition 2.2.4 If S, is an open n-dimensional simplex in R", then (S, k)
is isometric to (R ) ~ || - [lvar)-

Proof Let xb .., x"! be the vertices of cl(S,) in R". We embed S, into
R"*+! by identifying R” with the affine hyperplane {x € R**! : x,,| = 1}.
Let K = {x e R : x = Y, oyx! withe; > Ofor1 <i < n+ 1} be the
simplicial cone in R"*! generated by cl(S,,). Remark that A : R*+! — R+1,
given by

AjQjaix)y=a; forl <j<n+1land);ax’ e R

is a bijective linear map that maps K onto RT] . As the inverse of A is a linear
map of R'}f‘ onto K, we deduce from Corollary 2.1.4 that A is an isometry
from (K, dy) onto (]R’fl, dp). As the metrics k and dy coincide on §,,, and
A(S,) = A, we conclude that (S, k) is isometric to (A}, dy).

Note that the coordinatewise logarithm, L : A7 — R"*+1/ ~ s a bijection
between A° and R"*!/ ~. Indeed, if L(x) = L(y) in R"*!/ ~ then L(x) =
L(y) + A1 = L(e*x) in R"*! for some A € R, so that e’y = x. As Y, x; =
> i Yi,» we conclude that x = y. On the other hand, for each z € R/ ~ there
exists a representative x € R”*! such that > ;i € = 1: simply take

X :z—log(ZeZ")]l.

1

Clearly u = (e*', ..., e"+1) € A and L(u) = x.
It follows from (2.10) and (2.11) that

dp(x,y) =t(L(x) — L(y)) — b(L(x) — L(y))
forall x, y € Ay, and hence (A;, dy) is isometric to (R"‘H/ ~ N lvar). O

Note that we can identify R"*!/ ~ with R” by considering representatives
x € R with x,, 41 = 0. Thus, (R"T1/ ~_ || - |lvar) is isometric to (R, |- || z),
where

Xz = max{0, t(x)} — min{0, b(x)}
for x € R”". It can be shown that the unit ball of || - ||z is a polyhedron with

n(n+ 1) facets. In particular, if n = 2, the unit ball is a hexagon, and forn = 3
it is a rhombic dodecahedron.
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2.3 Lorentz cones

From Theorem 2.1.2 we know that Hilbert’s metric on the interior of the
Lorentz cone is closely related to the n-dimensional hyperbolic space. In fact,
it is well known (see for instance [37, chapter 1.6]) that if we let

B} ={(x1,x2, ..., X41) € int(A,41) 1 x1 = 1},

then (BT, %d g ) corresponds to Klein’s model of the n-dimensional hyperbolic
space. There are several other models of the hyperbolic space, each with its
own advantages. To further analyze Hilbert’s metric on int(A,41) it is partic-
ularly beneficial to consider the hyperboloid model of the hyperbolic space,
which lives inside int(A,41). It will enable us to give explicit formulas for
M(x/y; Ay41) and m(x/y; Apyp) for all x, y € int(A,+1), and will help us
understand Thompson’s metric on int(A,+1).

To work with the hyperboloid model it is convenient to write x € R"*!
asx = (s,u) € RxR"*so,s € Randu = (uy,...,u,) € R". Let Q :
R"*! — R be the quadratic form,

Qs,u)) =7 —uj — -+ —uy =5 — (u,u),
for (s, u) € R x R". Notice that the Lorentz cone can now be expressed as
Apv1 ={(s,u) e RxR": Q((s,u)) > 0ands > 0}.

Let H" = {(s,u) e RxR" : Q((s,u)) = 1 and s > 0}. In other words, H"
is the upper sheet of the hyperboloid § = {x € R"*! : Q(x) = 1} inside
int(Ay+1); see Figure 2.3. Furthermore, let B : R x R**1 5 R be the
bilinear form,

B(x,y) =st —ujvy — - upv, = st — (u, v)

for x = (s,u) and y = (¢, v) in R x R".

Each non-zero point z = (¢, v) in the tangent space at a point x = (s, &) in
H" lies outside A,+1, when viewed as a vector acting from the origin. Indeed,
the gradient at x = (s, u) is given by (2s, —2u), so

st — (u,v) =0. (2.13)
Using the Cauchy—Schwarz inequality we find that
st — ull2llvll2 =0, (2.14)

where ||wl], = (Zl |w,~|2)1/2. Clearly if + < O, then z = (f,v) & An+1.
Furthermore, if + = 0, then z = (0, v) is also not in A1, as v # 0. So,
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H}’l

X
By
Z
By
¢(-1,0)

Figure 2.3 Isometries between different models.

assume that ¢+ > 0. It follows from (2.13), and the fact that s > 0, that u # 0.
Now substitute s = /1 + [[u|13 in (2.14) to get

which implies

2

12+ 12

2
=< llvll3-

luell3

It follows that
l‘2

2 2
B(z,z2) =1" = |vl3 = ——
llull3

One can use — B to define a Riemannian metric dhyp on H" by first defining
the length of a piecewise C! path y : [a, b] — H" by

b
L(V)=f —B(y'(1), y'(1))dr,

and subsequently

hyp(x,y) = irylfL(y),
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where the infimum is taken over all piecewise C! paths y in H" from x to y.
There exists the following nice formula for the hyperbolic distance between
points x and y in H":

coshdnyp(x, y) = B(x, y).

The metric space (H", dnyp) is the hyperboloid model of the n-dimensional
hyperbolic space. In this model geodesic lines are the intersection of planes
through the origin in R**! with H".

It is known (see [37, chapter 1.6]) that one can pass from Klein’s model to
the hyperboloid model by identifying x € B} with the point of intersection of
the straight line through the origin in R"*! and H". The resulting map is an
isometry from (B, %dH) onto (H", dhyp).

Recall that dy (x, y) = dg(Ax, py) forall A, u > O and x, y € int(Ay41)
by Proposition 2.1.1. So, we see that

1
dhyp(x. y) = 5dn (x. ) (2.15)

for all x, y € H". Later in this section we shall prove this equality in a different
way, and also show that

dhyp(x, y) = dr(x, y) (2.16)

forall x, y € H".

Another commonly used model of the hyperbolic space is the Poincaré ball
model. In this model points are elements of the open unit ball B” in R” and
the geodesic lines are the diameters and the segments of circles that meet d B”
orthogonally. The distance dp between points in B" is given by

2lu —vl3
(1= Qul3)(1 = [lv]3)

To see how one passes from the Poincaré model to the hyperboloid model
it is convenient to identify B" with By = {(0,u) € R x R" : u € B"} inside
R"*+!. The map that associates with z € By the point of intersection of the
straight line through (—1,0) € R x R" and H" is an isometry from (B, dp)
onto (H", dnyp). It is easy to verify that this map is given by the formula

coshdp(u,v) =1+ foru,v € B".

L+ July  2u )
= Jlull3” 1= ul3/

(O,u)r—)(

An extensive discussion of the various models of the hyperbolic space can be
found in [37].
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To further analyze dy on int(A;41) we follow Lim [128] and consider the
zeros of the quadratic polynomial

p(W) =22 —2B(x, YA + Q(x)Q(y),

which are

a(x.y) = B(x,y) =/ B(x, )2 = 00)Q(»)

and

Bx.y) = B(x,y) +/ B(x, y2 — Q) 0(»).

Note that «(x, y) and B(x, y) are positively homogeneous in both coordinates.
In the course of the proof of the next theorem it will be shown that B(x, V)2 —
Ox)Q(y) = 0forall x,y € H".

Theorem 2.3.1 For x,y € H" we have that M (x/y; Ay+1) = B(x,y) and
m(x/y; Ant1) = a(x, y).
Proof Clearly the equalities hold if x = y. So, suppose that x = (s, u) and
y = (¢, v) in H" are distinct. Remark that x < Ay if and only if Q(Ay —x) > 0
and At — s > 0, which is equivalent to
M=) —(v—urv—u) =22 —2AB(x,y)+1>0
and A > s/t,as Q(x) = Q(y) = 1. Thus,
M(x/y; Ayg1) =inf{A > 0: p(A) >0and A > s/t}. 2.17)
Note that
2stB(x,y) = 25217 — 2st{u, v)

> 25717 = 2st[ullzllv]2

> 25212 — 12 (u, u) — s%(v, v) (2.18)

=252 —2(sP = 1) =22 = 1)

= s2 + t2,
where equality holds if and only if # = pv for some p > 0 and #||u|| = s||v]|.
In that case tuu||v]| = s||v||, so that u = s/¢ and x = (s, u) = (s, sv/t). This
implies

2 2 s2

12’

1= 0(x) == (s/0)(v, v) = j—z(tz — () = j—zQ(y)

and hence s = t. Thus, equality holds in (2.18) if and only if x = y. (Also
notice that (2.18) implies that B(x, V)2 > (%)2 > 1= Qx)Q(y) for all
x,y € H")
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As x # y, we conclude that
§2 — 2stB(x,y) + 2 < 0,
which implies that
2p(s/t) = 2((s/1)* = 2B(x, y)s/t + 1) = s? = 25t B(x, y) + 1* < 0,

and hence p(s/t) < 0. It now follows from (2.17) that M(x/y; Ap+1) =
B(x,y) forx,y € H".
Similarly,
m(x/y; Ap+1) =sup{r > 0: Ly < x}
=sup{A >0:p(A) >0and A <s/t}

=a(x,y).
O
Theorem 2.3.1 has the following consequence.
Corollary 2.3.2 For x,y € int(A,41) we have that
M(x/y) = ﬂg(yi) and  m(x/y) = “g(y?) (2.19)
Moreover,
dy(x,y) =log (B(x, y)/a(x, y))
and
dr(x, y) = log (max {B(x, 1)/ Q). Bx, »)/QM)}).
Proof It suffices to prove (2.19). Put o = /O (x) and T = /Q(»). Then
Me/y) = T ey = B e T = LA
by Theorem 2.3.1. Likewise,
m(x/y) = %m(CFIX/T*]y) = %a(dflx, ly) = %a(x, y)-
O

It is now easy to prove (2.16). Simply remark that for x, y € H" we have
that B(x, y) = a(x, y)~!, so that

1
de(.X, y) = logIB(-x’ Y) :dT(-xv y)
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But

Blx,y) + plx, y)~! _ By +alr.y)
2 2

coshlog B(x,y) = = B(x,y),

which shows (2.15) and (2.16).

2.4 The cone of positive-semidefinite symmetric matrices

In this section we consider the vector space of n x n symmetric matrices, Sym,,,
and the solid closed cone IT, (R) consisting of all positive-semidefinite matri-
ces in Sym,,. To analyze Hilbert’s metric and Thompson’s metric on IT, (R), it
is useful to remark that the group of invertible n x n matrices, GL, (R), acts
transitively on int(IT,(R)) by conjugation, i.e., for each A, B € int(IT,(R))
there exists Q € GL, (R) such that

A= 0TBo.

Furthermore the vector space Sym,, can be equipped with an inner-product
(A, B) = tr(AB). Using the spectral decomposition for symmetric matrices,
it is easy to see that IT, (R) is self-dual under this inner-product. Indeed, note
that if B € I1,(R), then B'/?> € II,(R), and hence (A, B) = tr(AB) =
tr(B'/2AB1/2) > 0 for all A € TI,(R). Thus, B € II,(R)* in that
case. Conversely, if B € Sym,, then there exists an orthogonal matrix U
such that B=UDUT, where D = diag(A1,...,A,) and A; <Ay < ... <A,
are the eigenvalues of B. Suppose that tr(AB) = tr(A(UDUT)) =
tr(UT AU)D) >0 for each A e TII,(R). By taking A = UEUT for
some appropriate positive diagonal matrix E, we can conclude that all the
eigenvalues of D must be nonnegative, and hence B € IT, (R).

In the following lemma, I denotes the identity matrix in int(IT,(R)) and
X7 ={A eII,(R) : tr(A) = 1}.

Lemma 2.4.1 A matrix A € X7 is an extreme point if and only if it has exactly
one non-zero eigenvalue, which is equal to 1.

Proof Let £} denote the set of extreme points of ¥7, and let D be the set
of those A € X7 having exactly one non-zero eigenvalue. Suppose that A is
an extreme point of X7. There exists an orthogonal matrix U such that A =
UTDU, where D = diag(Ag, ..., Ay), 0 < A1 <... < X, are the eigenvalues
of Aand ) ; A; = 1. Thus,

A=UTDU = ZAiUTdiag(ei)U,

1
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where e; is the i-th unit vector. As A is an extreme point, we conclude that
Al =...=Ay—1 =0and A, = 1, which shows that & € D

To finish the proof we note that the group of orthogonal matrices, O (n),
acts transitively on D by conjugation. Moreover, for a fixed U € O(n) the
map A — UT AU is a linear map, which maps %7 onto itself. Hence it maps
extreme points of X} to extreme points. As £ C D is non-empty, and O (n)
acts transitively on D, we conclude that £ = D. O

It follows from Lemma 2.4.1 that £7 has infinitely many extreme points if
n > 2, and hence IT, (R) is not polyhedral. On the other hand, IT, (R) is also
not strictly convex if n > 3, as

(1—2)diag(1, 0,0, ...,0)+Adiag(0, 1,0, ...,0) € dT,(R) for0 <A < I.

The cone IT,(R) is strictly convex and identical to A3. In fact, the reader can
easily verify that the bijective linear map

a b eV}_)(a—i—c’a—c,b)eH@
c 2 2

b

maps I[T>(R) onto As.

We could use Lemma 2.4.1 and (2.6) to compute M (X/Y; I1,(R)) for
X, Y € int(I1,(R)). There is, however, a more direct way to do this, which
goes as follows. For each X,Y € int(Il,(R)) we have that X < BY
if and only if y-12xy-1/2 < BI, which is equivalent to a(Y’lX) =
o(Y~Y2xy~-1/2) C (0, B]. Thus,

M(X/Y; ,(R)) = max{r: A € o (Y ' X)}.

Similarly, Y < X if and only if a/ < Y~12xy~V2 which is equivalent to
O’(Y_IX) = G(Y_I/ZXY_I/z) C [a, 00). So, we see that

m(X/Y; ,(R)) = min{r : A € o (Y ' X)}.
To summarize, we have the following result.

Proposition 2.4.2 Suppose that X, Y € int(I1,(R)), and let A+ (X, Y) =
max{i: A eo(Y ' X)}and »_(X,Y) = min{A : A € 0 (Y"1 X)}. Then

A (X, Y))

and

dr(X,Y) = log (max{A+(X,Y), 1/A_(X, Y)}).
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Similar arguments can be used to show that the same formulas hold for
elements in the interior of the cone of positive-semidefinite Hermitian matrices
I1,(C).

2.5 Completeness

It follows from the results in Section 2.2 that Hilbert’s and Thompson’s met-
rics on parts of polyhedral cones are complete metric spaces, whose topology
coincides with the norm topology. It turns out that this is true for general closed
cones in V. A key property to prove completeness is normality of the cone.

Recall that a cone K in a normed space (V, || - ||) is normal if there exists
6 > Osuchthat 0 <x x <k y implies ||x|| < §||y||, and the smallest such
6 > 0 is called the normality constant of K in (V, || - ||). Also recall that every

closed cone in a finite-dimensional normed space is normal by Lemma 1.2.5.

Most completeness results for Hilbert’s and Thompson’s metrics discussed
in this section carry over to normal cones in infinite-dimensional Banach
spaces; see [158]. To prove that Thompson’s metric yields a complete topology,
it is useful to first establish the following inequality.

Lemma 2.5.1 Let K be a cone in (V, || - ||) and let § > 0 be the normality
constant of K. For each x,y € K with ||x|| < b and ||y|| < b, we have that

lx = ¥l < b(1 +28)(eT ™Y — 1),
Proof Put A = % ™*¥) > [, Clearly the inequality holds if dr (x, y) = oo.

Therefore we may assume that x ~k y. For each ¢ > 0, we have that
x<(A+e)yand y < (A + ¢)x. This implies that x —y < (A +¢& — 1)y
and y — x < (A + ¢ — Dl)x, and hence there exist u,v € K such that
x—y+u=ARx+e—-1lyandy—x+v = (A 4+ ¢ — 1)x. We remark
that
lull <8llu+v]| =6l +e—Dy+A+e—Dx|| <26b(A+e—1).

This implies that

lx—=yll < llx—y+ull+lull < A+e—=1)b+25b(A+e—1) =b(1+25) (A+£—1),
and we are done. ]

By using Lemma 2.5.1 we now prove that Thompson’s metric induces a
complete topology on each part of a closed cone in V.

Proposition 2.5.2 I[f K C V is a closed cone and P is a part of K, then the
metric space (P, dr) is complete.
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Proof Let (xi)x be a Cauchy sequence in (P, dr) and put oy ; = M (x/x;) for
k,1 > 1. As (x¢)i is Cauchy, there exists N > 1 such that d7 (xx, x;) < 1 for all
k,l > N.This implies that oy ; < e forall k, [ > N and therefore x; < exy <
3xy forall k > N.Let§ > 0 be the normality constant of K with respect to a
norm ||-|| on V. (Recall that a closed cone in a finite-dimensional normed space
is normal by Lemma 1.2.5.) Then ||xx|| < 3§||xy]|| for all kK > N, and hence
(xx)k is a norm-bounded sequence. Put ¢ = max{36||xy ||, maxi<g<n ||xx|}-

Next we show that (x;); is a Cauchy sequence in the norm topology. Let
& > 0 and remark that there exists u > 0 such that e < 1+ ¢/C, where C =
c(1+426). Since (xi) is Cauchy, there exists Ng > 1 such that dr (xg, x;) <
for all k,I > N;. Therefore, oy < et <1+4+¢/Candajy <et <1+4+¢/C
for all k,I > N,. This implies that x; < (1 + ¢/C)xy for all k,I > N,. By
Lemma 2.5.1 we find that

Ik — xill < c(14+28)(1+¢/C—1)=¢ forallk,i> N,.

Let u be the limit of (x;)g. To show that dr (x;,u) — 0 as k — oo, we
note that dr (xx, x;) < ¢ for all k and [ sufficiently large, so that x; < e®x; and
x; < efxy for all k, [ large. As K is closed and ||x; — u|| — 0, as k — oo,
x; < €°u and u < efxy for all k large. From these inequalities we conclude
that u € P and d7 (x, u) < ¢ for all k sufficiently large. O]

Hilbert’s metric also induces a complete topology, if the cone is closed. To
prove this, it is convenient to work with a special norm, the so-called order-unit
norm. Let P be a part of a solid closed cone K in V and let u € P. Define

E,={xeV:—au <x < au for some o > 0}.

It is easy to verify that E,, is a linear subspace of V. On E,, the order-unit norm
Il - Il is given by

x|l =inf{fe > 0: —au <x <au} forx € E,.

To see that || - ||, is a norm we note that |Ax||, = |Alllx]l, and ||x + y|l, <
lx|ly + llyll, forall . € R and x, y € E,. Moreover, | x|, = O if and only if
x = 0. Indeed, ||x||, = 0 implies that agu — x > 0 and x + axu > 0 for some
o — 0. From this it follows that x > 0 and —x > 0, as K is closed, so that
x = 0. Moreover, 0 < x < y implies ||x], < ||y]l,. In particular, we see that
if u € int(K), then || - ||, is a monotone norm on V.

Lemma 2.5.3 Let K C V be a solid closed cone and let P be a part of K. If
u €int(K)and ¥, = {x € K : ||x||, = 1}, then (X, N P,dy) is a complete
metric space.
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Proof To prove this lemma we first show that
dr(x,y) <dg(x,y) <2dr(x,y) forallx,ye X, NP. (2.20)

For x,y € ¥, N P we have that m(x/y)x <y < M(x/y)x. This implies that
m(x/y) <1< M(x/y),as| - ||, is monotone, so that

m(x/y) "M (x/y) < max{m(x/y) "% M(x/y)*} = max{M(y/x)% M(x/y)*}.
Thus, dy (x, y) < 2dr(x,y) forall x,y € £, N P. On the other hand,
max{m(x/y)~', M(x/y)} < m(x/y)"'M(x/y),

sothatdr(x,y) <dpy(x,y)forallx,y € ¥, N P.
Subsequently, we observe that X, N P is a closed subset of (P, dr). Indeed,
if x is a limit point of a sequence (xi); in ¥, N P, then |xx — x|, — O

by Lemma 2.5.1, and hence |x|, = 1. It follows from Proposition 2.5.2
that (P, dr) is complete, and hence (X, N P,dr) is also complete. The
completeness of (X, N P, dy) now follows from (2.20). O

Equipped with this lemma it is easy to prove the following completeness
result for Hilbert’s metric.

Proposition 2.5.4 Let K be a solid closed in V and ¢ € int(K*). If P is a
partof K, with P # {0}, and £ = {x € K : ¢(x) = 1}, then (¥ N P,dy) is
complete.

Proof The idea is to show that (X, N P,dy) and (X N P, dy) are isometric
for u € int(K). To see this we simply note that for each x € ¥ N P there
exists a unique 7, > O such thatt,x € ¥, N P,sothatp: X NP — X, NP,
given by p(x) = t,x for x € ¥ N P, is an isometry from (X N P, dy) onto
(Z,NP,dy). From Lemma 2.5.3 we know that (X, N P, dy) is complete and
hence (X N P, dy) is also complete. ]

Given anorm || - || on V, and p and ¥ as in the proof of Proposition 2.5.4,
there exists a constant M > 0 such that

lx =yl < Mlpx) —p(y)ll forallx,yeX.

It therefore follows from Lemma 2.5.1 and inequality (2.20) that there exists a
constant C > 0 such that

x — y|l < CE#™*Y —1) forallx,y e . (2.21)

We can also estimate dy (x, y) in terms of the norm.
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Lemma 2.5.5 Let K be a solid closed cone in (V, || - ||). If x € int(K) and
r > 0 are such that the closed ball B (x) = {z € V : ||x—z|| < r}is contained
in int(K), then

r+lx —yll
du(x,y) <log (T—YH)
and
dT(x,y)glogmax{r+”x_y”, 4 ] forall y € B, (x).
r r—llx—yll

Proof Let y € B,(x) and x # y. Then there exists 0 < « < 1 such that
12 Ix=y| = r.Indeed, take @ = r/(r+|lx—yl|). We note that x£w € int(K)
for |w]l < r, and hence x + 1% (x — y) € K. This implies that

o

x—ay=(1-a)x+ x =)
l—«
isin K, so that ¢ = par e < m(x/y). In the same fashion, it can be shown
that
’

— > M(x/y).

r—|lx—yll
Thus,

dy(x,y) <log (M)
r—x—yll
and
r+lx =yl r

dr(x,y) < logmax{ } for all y € B, (x),

r Tr—=lx =yl

which completes the proof. O

By combining the inequalities in Lemmas 2.5.1 and 2.5.5 and (2.21), we see
that the topologies induced by Hilbert’s metric and Thompson’s metric are the
same as the norm topology.

Corollary 2.5.6 If K is a solid closed cone in 'V, ¢ € int(K*), and £° = {x €
int(K) : ¢(x) = 1}, then the topologies of (£°, dy) and (int(K), dr) coincide
with the norm topology.

2.6 Convexity and geodesics

Hilbert’s metric is an example of a projective metric, meaning that straight line
segments are geodesics. As we shall see, however, straight lines are in general
not the only geodesics. Before we start analyzing the geodesics in Hilbert’s
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and Thompson’s metric spaces in more detail, we prove the convexity of the
balls.

Lemma 2.6.1 If K C V is a solid closed cone, ¢ € int(K*), and X = {x €
K : ¢(x) = 1}, then every closed ball, B,(x) = {y € X :dy(x,y) <r}, isa
convex subset of V.

Proof Let y', y? € B,(x) and remark that ajx < y! < Bix and anx < y? <
Bax, where 0 < B/, B2/ax < €". For 0 <t < 1 we deduce that

arx = (1= Nay +tax)x < (1= D)y +1y° < (1= DB1 +1B2)x = Bix,

so that
= () () = e e

Thus, we find that (1 — 7)y! + 1y € B"(x) for 0 < ¢ < 1, and hence B, (x) is
convex. O

A similar argument works for Thompson’s metric.

Lemma 2.6.2 [f K C V isa solid closed cone, then every closed ball, B, (x) =
{y € K :dr(x,y) <r}, is a convex subset of V.

Proof 1f yl,y2 € B, (x), then a1x < y1 < Bix and apx < y2 < Borx, where
max{B, l/a1} < e" and max{B;, 1/ar} < e".Let 0 <t < 1 and remark that

arx = (1 — Doy +tan)x < (1—0)y' +1y% < (1 = 1)1 + th2)x = Prx.

Clearly (1 — )81 + B2 < ¢ and (1 — t)a; + tag > e~ ". This implies that
max{f;, 1/a,} < e’,and hence (1—t)y'+1y? € B, (x) foreach0 <r < 1. O

Recall (see [42, 177]) that a geodesic path in a metric space (X, d) is a map
y : I — (X, d) such that

d(y(s),y(t)) =|s—t| foralls, tel.

Here I C R is a (possibly unbounded) interval. The image of a geodesic path
is called a geodesic. A metric space is said to be a geodesic space if for each
x,y € X there exists a geodesic path y : [a, b] — (X, d) joining x and y, i.e,
y(a) =xand y(b) = y.

Hilbert’s metric spaces are geodesic, since every straight-line segment is
a geodesic. The proof of this result goes back to Hilbert [86] and uses the
cross-ratio metric.
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Theorem 2.6.3 (Hilbert) If X is an open, bounded, convex subset of a finite-
dimensional real affine space, then the cross-ratio metric space, (X, k), is a
geodesic space and every straight-line segment is a geodesic.

Proof Letu # win X and u’, w’ € 98X be such that u is between u’ and w,
and w is between u and w’. Let 0 < @ < ¥ < 1 be such that

u=>01—-a)u' +aw and w=(1-pu'+yw.

Note thatif v = (1 — B)u’ + Bw’ anda < 8 < y, then

l —«

1-8

1—,3.

(W, u, v, w'] = and [u',v,w,w']= r
l—y B

R ™

so that

[, w0, 0] [ v, w,w'] = [u,u, w, w'.
(This is the co-cycle property of the cross-ratio.) Thus,
k(u,v) + k@, w) = k(u, w). (2.22)

Now letx # yin X.For0 < ¢ < 1define z; = (1 —¢)x+1ty. It follows from
(2.22) that k (z5, x) + k (25, 2¢) = k (24, x) forall 0 < s <t < 1. This implies
that ¢ : [0, 1] — [0, k (x, y)] with ¥ (#) = «(z;, x) is a strictly increasing map
from [0, 1] onto [0, « (x, y)].

To complete the proof we show that y : [0, k (x, y)] = (X, ) with y () =
Zy—1(y for p € [0,k (x, y)] is a geodesic path connecting x and y. Clearly
y(0) = x and y (¢ (x, ¥)) = y. From (2.22) it follows that

K(V(V), V(/J/)) = K(Z;//*l(y), le,fl(u)) = K(Zw—l(v), X)—K(Zw—l('u), X) =V—Uu
foreach0 < u < v < k(x, y), and we are done. O
Combining Theorems 2.1.2 and 2.6.3 gives the following result.

Corollary 2.6.4 If K C V is a solid closed cone, ¢ € int(K*), and ¥° =
{x e iInt(K) : p(x) = 1}, then (X°,dp) is a geodesic space and straight-line
segments are geodesics.

In general there can be more than one geodesic connecting distinct points in
a Hilbert’s metric space. A prime example is the standard positive cone R’} .
This is no surprise, as Hilbert’s metric on a simplex is isometric to a polyhedral
normed space in which there are multiple geodesics between most points.
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Proposition 2.6.5 Ler A, = {x € int(R", : Y, x; = 1}. If x # y in A, and
6 =dpy(x,y), then
x(=5/8) s/

vE) = —F——F>
(1—s/8) s/8
D% i

1

fors €0, 8] is a geodesic path connecting x and y in (A}, dy).

Proof Recall from the proof of Proposition 2.2.4 that the coordinatewise loga-
rithm L is an isometry of (A}, dy) onto R/ ~ || llvar). Every straight line
in R"*1/ ~ is a geodesic. So for u, v € R*"*/ ~ with & = ||u — v||yar > O,
the path ¢ : [0, ] — (R"*!/ ~, || - [|var) given by

Y(s) =1 —s/a)u+ (s/a)v fors € [0, o]

is a geodesic path connecting # and v.
By using the isometry L, and its inverse E, we find for x # y in A7 that the
path

y(s) = E((l — 5/8)L(x) 4 s/8L(y) — 1og(2x}—s/5yj/5)1)

B x(1=5/8) s/
- 1—s/8)_s/8°
iy
where s € [0, §], is a geodesic path connecting x and y. O

A geodesic space (X, d) is said to be uniquely geodesic if foreach x, y € X
there exists a unique geodesic connecting x and y.

Theorem 2.6.6 Let X be a bounded, open, convex subset of a finite-
dimensional real affine space. The cross-ratio metric space (X, k) is uniquely
geodesic if and only if 0X does not contain a pair of straight-line segments
that span a two-dimensional affine plane.

Proof Note that by Theorem 2.6.3 it suffices to show that
k(x,2) +k(z,y) =K(x,y) (2.23)

implies that z lies on the straight-line segment connecting x and y if and
only if dX does not contain a pair of straight-line segments that span a two-
dimensional affine plane. So, suppose that x, y, z € X are three distinct points
such that (2.23) holds. Consider the intersection of X with the affine plane
spanned by x, y, and z. Now use the notation as indicated in Figure 2.4, where
p may be at infinity.
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u X
X0
Figure 2.4 Proof of Theorem 2.6.6.
By projective invariance of the cross-ratio,
[s,x,z,t]=[x,x,Z,y] and [u,z,y,v]=[X,Z,y,¥] (2.24)

Note that
[*.x.2.5] =[x, x.2,]

and we have equality if and only if X = x" and y = y’. Likewise,
[x.2. 5. 5] = [x.Z,y.']

and we have equality if and only if X = x" and y = y’. It thus follows from
(2.24) that

k(x,z) +K(z,y) =«(x,y)

if and only if X = x’ and y = y’, which implies that the straight-line segment
connecting x” and s, and the straight-line segment connecting y’ and v, are
contained in dX. On the other hand, if there exist two straight-line segments
in 0 X that span a two-dimensional affine plane, then x, y, and z can be found
suchthatx = x" and y = y'. O

Combining the previous theorem with Theorem 2.1.2 gives the following
corollary.

Corollary 2.6.7 If K C V is a solid closed cone, ¢ € int(K*), and ° = {x €
int(K) : ¢(x) = 1}, then (X°, dg) is uniquely geodesic if and only if d2° does
not contain a pair of straight-line segments that span a two-dimensional affine
plane.

Another interesting example of a cone that gives rise to a non-uniquely
geodesic Hilbert’s metric space is the cone of positive-semidefinite matrices,
T, (R), in the vector space of n x n symmetric matrices.
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Proposition 2.6.8 Let Pos,(R) = {A € int(Il,(R)) : tr(A) = 1} and for
A, B € Pos, (R) let
o) = AV2AT2PBATI2Y A2 for0 <t < 1.

Then
@(t)
tr(p (1))

is a geodesic connecting A and B in (Pos, (R), dy).

y() = for0<t <1

Proof We shall first prove the assertion in the special case where A = 1,
and subsequently derive the general case from it. Write « = m(B/I) and
B =M(B/I). As I1,,(R) is closed,

al < B < BI.
From the spectral decomposition theorem it follows that
a’l < B <B°I forO<s <1,
so that
/3 s
dy(I, BY) < 10g< ) — sdy(l, B). (2.25)

o
Fix C € int(IT,(R)) and recall that the linear map L¢c(B) = CY/?2BC!/?
maps IT, (R) onto itself. Thus, L¢ is an isometry under dy by Corollary 2.1.4.
Taking C = B!, where t € [0, 1], we find that

dy(B',B) =dy(I,B"™") < (1 — t)dy(l, B). (2.26)

Asdyg(I, BY) +dy (B!, B) > dy (I, B), we conclude from (2.25) and (2.26)
that

du(1, B") =tdu (I, B)

forallO0 <7 < 1.

This implies that ¥ : [0, 1] — [0,dg (I, B)] with ¥ (t) = dgy(l, B") is
strictly increasing and onto. It is now easy to verify that ¢p : [0, dy (I, B)] —
(Pos,, (R), dy) with

Bv '®

_ 2.27
tr(BY ') (2.27)

p(s) =

for 0 < s <dy(I, B) is a geodesic path connecting / and B.
The general case now follows by remarking that for A, B € Pos, (R) we
have that

di(A, B) =dy (L 412(A), Ly-12(B)) = dy (I, A"'V/2BA™1/2),
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Replacing B by B = A~'/2BA~1/2 in (2.27) shows that @B, is a geodesic
path connecting 7 and A~'/2BA~1/2, As L 41,2 1S an isometry,

L 412(¢B, (5))
y(s) = AL
tr(L 412 (@B, (5)))
is a geodesic path connecting A and B. O

for0 <s <dy(I, B)) =du(A, B)

The mid-point A'/2(A=1/2BA~1/2)1/2A1/2 of the geodesic ¢ is called the
geometric mean of A and B.

We conclude this section with a short discussion on geodesics in Thomp-
son’s metric spaces, which are slightly more subtle.

Theorem 2.6.9 Let K C V be a solid closed cone. Suppose that x, y € int(K),
with x # Ly for all A > 0, and write « = m(y/x) and B = M(y/x). Then
ﬂt _ (Xt ﬂat _ Ol,Bt
t) =
y () 5 —a y+ 5—a
where 0 < t < 1 is a geodesic connecting x and y in (int(K), dr). Moreover,
if x = Ay, then y(t) = A x is a geodesic connecting x and y.

El

Proof First note that if x, y € int(K) are such that x # Ay for all A > 0,
then @ < B, so that y(¢) is well defined. To show that y (¢) € int(K) for all
0 <t < 1, we note that 0 < y (¢) is equivalent to

—(Ba' —af)x < (' —a)y.
Thus, y(t) € int(K) forall0 < ¢ < 1if

pa' —ap’
—_— <
ﬂt _ Olt
for all 0 < ¢ < 1. Note that the inequality holds, since 0 < o < .
Using the definition of @ and § we deduce that

o

ot t . pt
]/([)Z /3 o (ax)+ux2atx
B—«a B—a
and
t_ ot t _ . pt
v <P = g+ PP
B —« B—a

which implies that
dr(x,y(1) < log (max{p’, 1/a'}) = tdr(x, y).

In the same way we can use the inequalities 7'y < x < a~!y to get that

dr(y (1), y) < log (max{B'™", 1/a'™"}) = (1 — t)dr (x, y).



2.7 Topical maps and the sup-norm 55

It now follows from the triangle inequality that

dr(x,y() +dr(y(@),y) =dr(x,y)

and dr (x, y(t)) = tdr(x,y) forall 0 < ¢ < 1. The map ¢ given by (¢) =
dr (x, y (1)) is a strictly increasing map from [0, 1] onto [0, dr (x, y)]. Itis easy
to verify that ¢(s) = y(W(s)) is a geodesic path connecting x and y, and
hence the first assertion holds. We leave the case x = Ay to the reader. O

2.7 Topical maps and the sup-norm

Recall that amap f : R" — R” is topical if f is order-preserving with respect
to R}, and f(x + A1) = f(x) + Al forall x € R" and A € R. Topical maps
are closely related to sup-norm non-expansive maps as the following result by
Crandall and Tartar [54] shows.

Proposition 2.7.1 Suppose that X C R" is such that x +M1 € X forall » € R
and x € X. Amap f : X — R" is topical if and only if

tfx) = f) =tx —y) forallx,yeX.

Proof Suppose that f : X — R" is topical. For x, y € X we have that x —y <
t(x — y)1, so that f(x) — f(y) < t(x — y)1, as f is order-preserving and
additively homogeneous. This implies that t(f(x) — f(y)) < t(x — y).

Now suppose that t(f(x) — f(y)) <t(x —y)forallx,y € X.If x <y
in X, then t(x — y) < 0, so that t(f(x) — f(y)) < 0, and hence f(x) <
fO)+t(f(x) — f(»)L < f(y). To prove that f is additively homogeneous
we put y = x + A1. Then t(x — y) = —A and t(y — x) = A. This implies that
t(f)—f() < —Aandt(f(y)—f(x)) <A Thus, Al < f(y)—f(x) < Al,
so that f(y) = f(x) + A1. O

Although t is not a norm, we say that f : X — R”, with X € R", is top
non-expansive if

t(f(x)— f(y) <t(x —y) forallx,ye X.

The map f is called a top isometry if equality holds for all x, y € X. Notice
that, as ||x]lco = t(x) V t(—x) for all x € R”", Proposition 2.7.1 implies that
every topical map f : X — R” is sup-norm non-expansive.

One can also obtain this result by using the log-exp transform. Recall that if
f :int(R’}) — int(R”) is an order-preserving subhomogeneous map, then the
log-exp transform g : R” — R" of f, defined by the relation go L = L o f,
is a sub-topical map. This allows us to translate results from the multiplicative
homogeneous setting to the additively homogeneous setting and vice versa.
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For instance, Lemma 2.1.7 has the following counterpart in the additive setting
by Proposition 2.2.1.

Lemma 2.7.2 If f : R" — R” preserves the ordering induced by R, then f
is additively subhomogeneous if and only if f is sup-norm non-expansive.

2.8 Integral-preserving maps and the ¢{{-norm

It was also noted by Crandall and Tartar [54] that there exists a relation
between order-preserving and integral-preserving maps, and maps that are
non-expansive under the £;-norm. Recall that the ¢{-norm on R" is given by

bl =" lxi| forx e R".
i

In fact, we have the following result.

Proposition 2.8.1 Let X C R” be such thatx vy € X forall x,y € X. If
[ X — R"is integral-preserving, then f is order-preserving with respect to
R" if and only if f is non-expansive under the £1-norm.

Proof Let f : X — R” be an integral-preserving and order-preserving map.
Suppose that x, y € X and remark that x V' y > y. As f is order-preserving
and x Vy € X, itfollows that f(x Vy) > f(y),sothat f(x Vy)— f(y) > 0.
Similarly, x V y > x yields f(x vV y) > f(x). This implies that f(x V y) —
f() = (f(x) — f(») V0. Since f is integral-preserving, it follows that

1) = f()) VOl = Z(f(x) = f() V0

i=1

<Y VY= f

i=1

=) (VY-
i=1
=[x —y) VOIi.
From this inequality we deduce that
ILf @) = FII =11 ) = fF) VOl + 11 () = f(x)) VOl

==y VOl + Iy —x) VOl
=[x =yl

and hence f is non-expansive with respect to the £1-norm.
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To show the opposite implication assume that f : X — R” is £{-norm
non-expansive and integral-preserving. Note that for each x € R”,

n
20x VOl = llxlh + ) xi.
i=1

Now let x, y € X be such that x < y. Clearly,

21(f ) = fO) VOl = 1f(x) = fFOD Il +Zf(x)i = fOi

i=1
n
<lx=ylhi+) x—y=0,
i=1

and hence f(x) < f(y), which completes the proof. O

In particular it follows from Proposition 2.8.1 that the sand-shift maps
discussed in Section 1.6 are £1-norm non-expansive.
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Dynamics of non-expansive maps

In the previous chapter we saw that various classes of order-preserving maps
are non-expansive. Non-expansive maps are arguably the most fundamental
maps on metric spaces after isometries, and have some extraordinary proper-
ties. In this chapter we collect a number of general results for non-expansive
maps and their iterative behavior, which are relevant to nonlinear Perron—
Frobenius theory. Among other things we discuss w-limit sets and fixed points
of non-expansive maps, the iterative behavior of fixed-point free non-expansive
maps, and non-expansive retractions.

3.1 Basic properties of non-expansive maps

We begin by recalling some basic concepts from dynamical systems theory.
Let X be a topological space. A point x € X is called a periodic point of
f : X — X if there exists an integer p > 1 such that f”(x) = x. The minimal
such p > 1 is called the period of x under f.If f(x) = x, we call x a fixed
point of f. We denote by Fix s the set of all fixed points of f. The orbit of x
under f is given by O(x; f) = {f*(x) : k =0,1,2,...}. If f is clear from
the context we simply write O(x). If x is a periodic point, we say that O(x)
is a periodic orbit. If f : X — X and there exists an integer p > 1 such that
limg— 00 f kp (x) exists for all x € X, then the smallest such p is called the
period of f.

To understand the long-term behavior of the iterates of a map one has to
analyze the structure of its w-limit sets. For x € X and a continuous map
f 1 X — X, the w-limit set, denoted w (x; f) or simply w(x), is defined by

o) = ed({f" @) :m = k}),

k=0
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where cl(S) denotes the closure of S in X. It is easy to verify that each w-limit
set is a (possibly empty) closed subset of X and f(w(x)) € w(x). We shall
mainly work in metric spaces, in which case

wx)={yeX: fk" (x) — y for some sequence (k;); with k; — o0}.

The attractor of f is defined by
Q= U w(x).

xeX

The following basic result from point-set topology will be useful to further
analyze the w-limit sets.

Proposition 3.1.1 Let X be a topological Hausdorff space and (A)r be a
decreasing sequence of non-empty compact subsets of X, with intersection
Aso = NiAg.

(i) If U is an open subset of X with Aswc S U, then Ay € U for all k
sufficiently large.
(ii) If f : X — X is a continuous map, then

[ F(A0) = f(Ac).

k>1

Proof Recall from point-set topology that any decreasing sequence of non-
empty compact sets in a topological Hausdorff space is non-empty and
compact. By assumption Y = X \ U isclosed. Fork > 11let Cy = Ay NY. So,
(Cr)r is a decreasing sequence of compact subsets of X. To prove (i) we first
remark that if C,, is empty for some m, then A,, € U and hence Ay C U for
all k > m, as (Ay)i is decreasing. On the other hand, if C is non-empty for
all k, then Coo = NiCy is a non-empty subset of Ay, N Y, which violates the
assumption that Ao € U. Thus, A C U for all k sufficiently large.

To prove (i) let By = f(Ax) for k > 1. So, (By)r is a decreas-
ing sequence of non-empty compact subsets of X, as f is continuous. Let
Bso = N By, which is also non-empty and compact. We now need to show
that Boo = f(Aso). Obviously, f(Aw) S f(Ax) = By for all k, and hence
f(Ax) € Bso. Suppose, by way of contradiction, that y € Bso \ f(Ao)-
Because f(Aso) is compact and X is Hausdorff, there exists an open neigh-
borhood W of f(As) such that y € Bo \ W. So, f~ (W) is an open
neighborhood of A. By part (i) there exists m > 1 such that Ay  f~ (W)
for all k£ > m. But this implies that By = f(Ax) € W for all k > m, which is
impossible as y € By \ W for all k. O
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From Proposition 3.1.1 it is easy to derive the following property of the
o-limit sets.

Lemma 3.1.2 Let X be a topological Hausdorff space. If f : X — X isa
continuous map and O(x) has a compact closure, then w(x) is a non-empty
compact set and f(w(x)) = w(x).

Proof For k > 1 1let Ay = cl({f™(x) : m > k}) and note that (Ay)x is a
decreasing sequence of non-empty compact sets, as cl(O(x)) is compact. Also
remark that Ao, = w(x). It follows from Proposition 3.1.1 that

fl@®) = f(Aco) = M f(Ak) = M A1 = o(x). -

The following lemma shows that every point with a pre-compact orbit and a
finite w-limit set converges to a periodic point.

Lemma 3.1.3 Let X be a topological Hausdorff space. If f : X — X is
a continuous map and x € X is such that O(x) has a compact closure and

|w(x)| = p, then there exists a periodic point & € X with period p such that
limy 00 f*7(x) = & and o (x) = O().

Proof As f is continuous and O(x) has a compact closure, f(w(x)) = w(x)
by Lemma 3.1.2. This implies that each y € w(x) is a periodic point of f,
since w(x) is finite. As X is Hausdorff, we know that there exist pairwise
disjoint open neighborhoods Uy, for y € w(x). Furthermore, there exist open
neighborhoods Wy, C U,, for y € w(x), such that for each u € W, we have
that f9(u) € Uy, where ¢ is the period of y under f.

Now let cl(O(x)) be the closure of O(x). We claim that there exists an
integer m such that for each k > m we have that f kix) € W, for some
y € w(x). To show this let Ay = cl({f/(x) : j > k}) for k > 0 and recall
that Ao = MrAx = w(x). It now follows from Proposition 3.1.1 that there
exists m such that Ay € Uyeyx) Wy forall k > m.

Suppose that f™(x) € W, and z has period r under f. By definition of
W, we know that f”*"(x) € U,. As the open sets Uy are pairwise disjoint
for y € w(x), we find that f"*"(x) € W,. Repeating this argument gives
frrkr(x) e w, forall k > 1.

Now let V, C W, be any open neighborhood of z. By Proposition 3.1.1 there
exists m* > 1 such that

ac( U w)uve forallkzm.
yew(x),y#z
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It follows that f’"””(x) e V, for all k > m™*. So, limg_, f”"””(x) = gz,
and hence (f kr ok converges to f"~D™(z) as f is continuous. Thus, if we
take £ = fO=DM(z), then limg_ o ¥ (x) = & and O(£) = w(x). This also
implies that r = p. O

If, in addition, to the assumptions in Lemma 3.1.2, f is non-expansive,
then the restriction of f to w(x) is an isometry. This is a consequence of the
following result by Freudenthal and Hurewicz [68].

Lemma 3.1.4 If C is a compact set in a metric space (X,d) and f : C — C
is a surjective non-expansive map, then f is an isometry.

Proof Letx,y € C andput x! = f(x) and y! = f(y). For each k > 0 select
x ¥ and y=% in C such that f(x %) = x**1and f(y=%) = y*t1. As f is
non-expansive,

dx7*, x™™) > d(x=*=D, x=m=Dy (3.1)
and

d(y™, y™) = d(y= D, y=") 32)
for all k, m > 0. Moreover,

d(x™*, y™) = d(x=* D, y=*) (33)

for all k& > 0. The sequence (x_k)k has a convergent subsequence (x_kf)i,
since C is compact. Likewise (y~%i); has a convergent subsequence (y~'/);.
Now lete > 0. As (x7'/); and (y~'/); are convergent sequences, there exists
N > 1 such that for each rp > rq > N we have that

dix™'7,x7") <e and d(y P,y ") <e.
Pick rp > ry = N and putr = r, —r, — 1. Remark that, by (3.1) and (3.2),
dx",x") <eandd(y™", y') < e. Therefored(x ™", y™") < 2e +d(x', y!)
and hence it follows from (3.3) that
dix', yh) <d (%, y%) <26 +d(x', yh.
This implies that d( f(x), f(y)) = d(x, y), and we are done. O

A combination of Lemmas 3.1.2 and 3.1.4 immediately yields the following
result.

Corollary 3.1.5 Let (X, d) be a metric space. If f : X — X is a non-
expansive map and O(x) has a compact closure, then f restricted to w(x)
is an isometry.

The following property of w-limit sets of non-expansive maps is due to
Dafermos and Slemrod [55].
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Lemma 3.1.6 Let (X, d) be a metric space. If f : X — X is a non-expansive
map and x € X, then for each y € w(x) we have that o (x) = w(y).

Proof To see that w(y) € w(x) we let z € w(y). By definition there exist
sequences (k;); and (n;); with k;,n; — oo such that fk" (x) — y and
f"(y) — z. As f is non-expansive, we have that

d(f"i TR (x), 2) < d(fUR ), ) + (), 2)
<d(f5(x), y) +d(f" (), 2)

and hence [Tk (x) — z,asi — 00, so that z € w(x). To prove the opposite
inclusion we let z € w(x). In that case there exist sequences (k;); and (n;);
with k;, n; — oo such that % (x) — y and f"*%i(x) - z. As

d(f" (), 2) < d(f" (), 1) +d (T (x), 2)
< d(y, fh@) 4+ d(f" i (x), 2),

we find that " (y) — z asi — o0, and hence z € w(y). O

A metric space is said to be proper if every closed ball in X is compact.
The following result by Catka [48] shows that if a non-expansive map f on a
proper metric space has an orbit that has a bounded subsequence, then every
orbit of f is bounded.

Theorem 3.1.7 (Catka) Let (X, d) be a proper metric space. If f : X — X
is non-expansive and there exists z € X such that (f*(2))x has a bounded
subsequence, then O(x) is bounded for each x € X.

Proof As f is non-expansive, it suffices to show that O(y) is bounded for
some y € X.For k > 1 write * = f k (2), so (zX) has a bounded subsequence
(zFi);. There exist § > 0 such that (zki)i C Bs(z) ={x € X :d(x,2) < d}.
As (X, d) is proper, it follows that (zki )i has a convergent subsequence, with
limit y € X. We remark that y € w(z), so that y € w(y) by Lemma 3.1.6. Let
(m;); be a sequence of integers such that m; — oco and lim;_, o f™ (y) = y.
For each k > 1 write y* = f¥(y). Since f is non-expansive, we have for each

r,s > 1 that
d(y™tr, ymitsy <yt y Tt <d (v, yh)
and lim; oo d (Y™ ¥, y™i+5) = d(y", y*). Therefore
Ayt ythy =d(’, v forallr, s > 1. (3.4

Hence f is an isometry on O(y). We will show that O(y) is bounded.
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Clearly, if y™ = y for some i, we immediately obtain the theorem. So,
we can assume that y™ is unequal to y for all i. Let & > 0. As y™ — y as
i — 00, we know that

[k >1:dO%, y) < e}| = . (3.5)

Put Y = B.(y) N O(y), where B.(y) denotes the closed ball with radius
¢ around y. There exist x!,...,x? € X such that ¥ C U?ZIBSM(xi) and
By ja(x')NO(y) # P forall 1 <i < gq,as (X,d) is proper. For each i, pick
y" € Y such that y" € Bga(x'). Clearly

q
Y | Bepn™). (3.6)
i=1

By (3.5) there exists 1 < p < g such that |B;/2(y"?) N O(y)| = oco. Again, as
y™ — yasi — 00, we know that

|Bej2(y) N O(y)| = oo. (3.7

Therefore there exists ng > max{l, ny,...,ngs} and d(y"°, y) < &/2.

Put B= U?il B, (yi). To prove that O(y) is bounded, we show that
O(y) € B.Letm > 1 be fixed. If m < ng, then clearly y"* € B. So assume
that m > ng. By (3.7) there exists mg > m such that d(y™°, y) < g/2. As
d(y™,y) < &/2, we have that d(y™°, y"0) < ¢, and hence (3.4) gives

d(y"™ I, y"mI)y = d(y"™, y") <& for0 < j < n.

From this we deduce that y/ € B formg—ng < j < mgand y"0~" e B, (y)N
O(y) = Y. By (3.6) there exists | < p < g such that d(y™0~"0, y"r) < g/2,
so that

d(ymom=I yw =iy < g/2 for0 < j < minfn,, mo — no}, (3.8)

by (3.4). There are two cases: n, > mo —ng and n, < mg —ng. If n, >
mqy — ng, then yj € B for 0 < j < myg. On the other hand, if n, < my — ny,
then we set my = mo — no — n,. By definition, ng > 1, so that 0 < m; < my.
Remark that y/ € B form; < j < mg and d(y™,y) < £/2 by (3.8). Thus,
we can replace mg by m and repeat the argument until we get that y/ € B for
each 0 < j < my. O

Edelstein [60] has observed that Catka’s Theorem 3.1.7 may fail for general
metric spaces. Before discussing Edelstein’s elegant example, we make a few
general observations. Suppose that X is a reflexive Banach spaceand 7 : X —
X is a continuous affine linear map; so,

Tx)=Lx)+b forx e X,
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where b € X is fixed and L : X — X is a bounded linear map. If ||L|| = 1, or
more generally IL¥|| < M < ooforallk > 1, then every orbit of T is bounded
if and only if T has a fixed point. Indeed, it is easy to see that if T has a fixed
point, then every orbit of T is bounded. On the other hand, if 7 has a bounded
orbit O(z), then we can consider the closure of the convex hull of O(z), which
we shall denote by C. Remark that C is a bounded closed convex subset of X,
which is compact in the weak topology on X, as X is reflexive. Also note that
ifx=>7, 1i Tk (z), where Y A =1land2; > 0 forall i, then

T(x) =Y MLTY@)+b=Y MLT*@)+b) =Y nTh () ecC.

i=1 i=1 i=1

This implies that T (C) € C. Furthermore, T is continuous in the weak topol-
ogy on C. So, we can apply the Schauder—Tychonoff theorem [58] to conclude
that T has a fixed point in C.

Edelstein’s example is an affine linear map 7' on the complex sequence space
0y ={(x1,x2,x3,...) e CN : > |xi|* < oo} of the form

T(x)r =ax(xx — 1)+ 1 forallk > 1andx € ¢7,

where |ag| =1 and ai # 1 for infinitely many k. Furthermore, we assume that
dill— ax|? < oo, so that T maps £5 into itself. It is easy to see that T is an
isometry, which has no fixed point. It follows from the previous remarks that
every orbit of 7 is unbounded. In Edelstein’s example the idea is to choose the
coefficients a; € C such that (T¥(x)); has a subsequence which converges to
0. For k > 1 let a; = ¢>™i/*" In that case

Sl—aP =) 11— eHP =4 sin®(w/k!) < oo.
k k k

Also notice that

Tm(x)k — eZﬂ'im/k!(xk _ 1) + 1
for all k, m > 1. Thus, if we consider the subsequence (T”“(O))m we find that

”Tm'(o)”Z — Z |_627T1m'/(m+])’+1|2 =4ZSin2
jzl j>1

( b4
m+1)y---(m+j)

) —0
as m — 0o.
Catka’s Theorem 3.1.7 has the following consequence.

Corollary 3.1.8 If f : X — X is a non-expansive map on a proper metric
space, then the following assertions are equivalent:
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(i) Qf =0
(ii) limg— oo d(f*(x), x) = 0o forall x € X.
(iii) For each compact set C € X and x € C, there exists m € N such that
f*(x) & C forall k > m.

Proof Obviously the second and third assertions are equivalent. Suppose that
Q # (. Then there exists z € X such that (f k (2))x has a convergent sub-
sequence. By Theorem 3.1.7 the orbit of each x € X is bounded. Thus, for
each x € X there exists 8, > 0 such that f¥(x) is in the closed ball with radius
8y around x for all & > 1, which shows that (iii) implies (i). To prove the
opposite implication, we remark that if there exists z € X and C € X compact
with z € C and f% (z) € C for some subsequence (k;) with k; — oo, then
(f%i(2)); has a convergent subsequence. Therefore w(z) is non-empty, and we
are done. O

Limit sets of non-expansive maps on proper metric spaces have a transitive
abelian group of isometries. Recall that a metric space (X, d) has a transitive
group of isometries if there exists a group I" of isometries g : X — X that map
X onto itself such that I acts transitively on X, that is to say, foreach x, y € X
there exists g € I with g(x) = y.

Theorem 3.1.9 If f : (X,d) — (X, d) is a non-expansive map on a proper
metric space and Qy # ), then w(x) has a transitive abelian group of
isometries for each x € X.

Before proving theorem 3.1.9 we give, for the reader’s convenience, a
variant of the classical Arzela—Ascoli theorem,; cf. [42], [154].

Lemma 3.1.10 If (X, d) is a proper metric space and f : X — X is a
non-expansive map with Qy # ), then every subsequence of (f ke has a
convergent subsequence that converges uniformly on compact subsets of X.

Proof First note that any proper metric space is separable. Indeed, if we fix
yo € X, then for each integer n > 1 the closed ball B, (yp) with radius » and
center yg is compact. Thus, the open covering of B, (yp) with open balls with
radius 1/n around each point in B, (yo) has a finite subcover. Let Y;, be centers
of the open balls in the subcover. Clearly Y = U, Y,, is a countable dense subset
of (X, d)

Write Y = {yk k=1,2,3,...}.As f : X — X is non-expansive and
Q # (), there exists z € X such that w(z) # @. Hence (f*(2))x has a bounded
subsequence, so that (f k(x))x is bounded for all x € X by Theorem 3.1.7. As
X is proper, (f¥(y"))x has a convergent subsequence, which we denote by
(fRa(yhy);. Similarly (fki1(y?)); has a convergent subsequence (fh2(y2));.
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By repeating this argument we obtain for each m > 1 a subsequence ( fXim);
of (fk)k such that (fkl\'" (yl))l- converges for all [ < m. Now consider the
diagonal sequence (f*i-7);. This subsequence has the property that ( f%i.i (y™));
converges for each m > 1. Given x € X and ¢ > 0, there exists y € Y such
thatd(x,y) < ¢e.As f : X — X is non-expansive, we get that

d(f5 ), fR9 ) = d (e, ) +d ), A9 ()
+d (49 (), 49 ()
< 26 +d(f5 (), £ ().
Clearly the right-hand side converges to 2¢ as i, j — o0, and hence (f kii(x));
is a Cauchy sequence in X. This implies that ( f% (x)); converges, since X is
proper.
To complete the proof we need to verify that the convergence is uniform on

compact subsets of X. Let C € (X, d) be compact and let {yl, LY CY
be such that C € U_, Bs(y"). Obviously, for each x € C,

d(f5i o), 197 (0) < 26 +d (5 (), F99 ()
for some 1 < s <r.Now let I > 1 be such that, forall i, j > I,
max d(f5i(y%), f59 (%)) < e.
I<s<r
This implies that d(f%(x), f%ii(x)) < 3¢ foralli,j > I and x € C.
Therefore (f%ii); converges uniformly on C. O
We now prove Theorem 3.1.9.

Theorem 3.1.9 Let y, z € w(x). By Lemma 3.1.6 there exists a subsequence
(k;); such that fk(y) — z asi — oo. By the previous lemma we may
assume that (f%); converges uniformly on compact subsets of X to 8yz-
Clearly gy.(y) = z and gy;(w(x)) € w(x). Moreover gy, maps w(x) onto
itself. Indeed, if w € w(x), then for each k; there exists v’ € w(x) such that
fki(vi) =w, as f(w(x)) = w(x) by Lemma 3.1.2. Now let v € w(x) be the
limit point of a convergent subsequence, (i) j» of (v'); in w(x). (Recall that
w(x) is compact.) Then

d(gy:(v), w) = jlirrolod(gyz(v), £ iy
< lim d(g,:0). /% ) + (7 ). £ 01

< lim d(gy, (), £ (v) +d(v, ')
j—00
=0.
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Thus, gy;(v)=w and hence g,; maps w(x) onto itself. As gy, is non-
expansive on w(x), we deduce from Lemma 3.1.4 that gy, is an isometry
on w(x).

Now put I' = {gy; : @(x) — w(x) | y,z € w(x)}. Clearly I' acts transi-
tively on w(x) and the elements of I' commute, as the iterates of f commute.
To verify that I' is a group we remark that for each g,, € I' there exists a
constant d(gy;) > 0 such that d(gy,(u), u) = d(gy;) forall u € w(x). Indeed,

d(gyz(u), u) = d(guv(gyz (1)), guv(u)) = d(gyz(v), v)

for all u, v € w(x). This implies that gy, (z) = z for each y,z € w(x), and
therefore I contains a unit. We also find that gy_z1 = gy forall y,z € w(x),
and hence I' is a group. O

3.2 Fixed-point theorems for non-expansive maps

There are many fixed-point theorems for non-expansive maps, some of which
will be useful to us. Let us begin by recalling the classical Banach contraction
theorem [13].

Theorem 3.2.1 (Banach) Let (X, d) be a complete metric space. If f : X — X
is a Lipschitz contraction, then there exists a unique fixed point x* € X of f
such that limy_, o f¥(x) = x* for all x € X.

Proof Let ¢ € [0, 1) be the contraction factor of f. Foreach 1 < k < m we
have that

m—1
d(ff ), ) < D d(f ), )
Jj=k
m—1
<> tdx, f(x)
j=k
ck
< o, f(0).
—C

Therefore (f*(x)) is a Cauchy sequence, which converges to a fixed point
x* € X, as X is complete. To finish the proof, we remark that f has at most one
fixed point. Indeed, if x*, y* € X are two fixed points of f, then d(x*, y*) =
d(f(x*), f(*)) < cd(x*, y*), where 0 < ¢ < 1, so that x™ = y*. O

For contractions on compact metric spaces there exists the following fixed-
point result.
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Theorem 3.2.2 If f : (X,d) — (X, d) is a contraction on a compact met-
ric space, then there exists a unique x* € X such that f(x*) = x* and
limg— oo fX(x) = x* forall x € X.

Proof Let x € X and remark that w(x) is a non-empty compact subset of X.
We claim that each x* € w(x) is a fixed point. Let x* € w(x) and suppose that
fki(x) — x*, asi — oo, and ki+1 > k; for all i. Then

d@*, f() < lim d(f @), f5(f @)
< Tim d(f1(F ), fAH 2 00)
<d(f@"), £20M).

As f is non-expansive, we find that d(x*, f(x*)) = 0, and hence x* € w(x) is
a fixed point of f. Since f is a contraction, the fixed point must be unique. [

Note that Theorem 3.2.2 may fail if (X, d) is not compact (e.g., take X =
[1,00) and f(x) = x + 1/x).

A fixed point x* in (X, d) of a continuous map f : X — X is said to be
locally attracting if there exists an open neighborhood U of x such that

lim f*u) = x*
k— o0

for all u € U. The following proposition shows that locally attracting
fixed points of non-expansive maps on geodesic metric spaces are globally
attracting.

Proposition 3.2.3 If f : X — X is a non-expansive map on a geodesic metric
space (X, d) and x* € X is locally attracting fixed point of f, then

lim f*(x) = x*
k— 00
forall x € X.

Proof By assumption there exists ¢ > 0 such that for each u € Bg(x*) =
{x € X : d(x,x*) < ¢} we have that limy_, o f¥(u) = x*. Now let x € X
and denote § = d(x, x*). As (X, d) is geodesic, there exists a geodesic path
y 1 [0,8] = (X,d) connecting x* and x. So, y(0) = x*, y(§) = x, and
diy(s),y@) =|s—t|forall0 <s,r <.

If § < &, we are done. Now if § > ¢, then y(¢) € B.(x™), and hence there
exists an integer k1 > 1 such that

d(f51(y(e)), x*) < d(y(e), x*)/2 = g/2.
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Since f is non-expansive and d(x, x*) = d(x, y(e)) + d(y(g), x*), we get
that

d(f51(x), x*) <d(ff 0, My E) +dfyeE), x)
<d(x,y(&) +d(y(e), x)/2
=d(x,x*) —¢/2.

Now if d( 1 (x), x*) < ¢, then f¥1(x) € By (x*), so that
lim d(f*(x), x*) = 0.
k—o0

Otherwise we replace x by f*1(x) and repeat the argument to find an integer
ky > ki such that

d(f*x), x*) < d(x, x*) — 2¢/2.

Iterating this argument yields, after finitely many steps, an integer k,, > 1
such that

d(ffm(x), x*) <d(x,x*) —me/2 < e.
Thus, f* (x) € By(x*), and we are done. O

For many metric spaces (X, d) it is true that if f : X — X is non-
expansive and f has a bounded orbit, then f has a fixed point, which in general
need not be unique. In particular, this is true for finite-dimensional normed
spaces and Hilbert’s and Thompson’s metric spaces. To see this we use Caltka’s
Theorem 3.1.7.

Proposition 3.2.4 Let X be a closed convex subset of a finite-dimensional
normed space (V, || - ). If f : X — X is a non-expansive map with Q¢ # 0,
then f has a fixed point.

Proof Let z € X be such that w(z) 7# @. Then (fk(z))k has a bounded
subsequence and hence O(z) is bounded by Theorem 3.1.7. It follows from
Lemma 3.1.2 that w(z) is non-empty compact set and f(w(z)) = w(z). Let
6 = diam(w(z)) < oo. Remark that if § = 0, then f has a fixed point, and
we are done. If § > 0, define B = Nyew(z)Bs(y), where Bs(y) is the closed
ball with radius § and center y. Let C = B N X and note that C is a compact
convex set containing w(z).

If x € C, then f(x) € X, because f(X) C X. Furthermore ||[x — y|| < §
forally € B,so || f(x) — f(y)] < d forall y € w(z). Using the fact that
f(w(z)) = w(z), we find that || f(x) — w| < § for all w € w(z). Thus,
f(x) € C,and hence f(C) € C. It now follows from the Brouwer fixed-point
theorem that f has a fixed point. O
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The example by Edelstein [60], which was discussed after the proof of The-
orem 3.1.7, shows that Proposition 3.2.4 fails for infinite-dimensional normed
spaces.

The balls in Hilbert’s and Thompson’s metric spaces are convex subsets of V
by Lemmas 2.6.1 and 2.6.2. We can therefore apply exactly the same argument
as in Proposition 3.2.4 to obtain the following result.

Corollary 3.2.5 Let K C V be a solid closed cone, ¢ € int(K*), and ¥° =
{x e int(K) : p(x) = 1}.

(i) If f : £° — X° is non-expansive with respect to dy and Q¢ # ), then
f has a fixed point.

(ii) If f :int(K) — int(K) is non-expansive with respect to dr and Q5 # 0,
then f has a fixed point.

3.3 Horofunctions and horoballs

If f: X — X is a non-expansive map on a proper metric space (X, d) and
Q¢ = 0, then every orbit of f is unbounded, by Corollary 3.1.8. In that case
one might wonder how the orbits wander off to infinity. Such situations arise
naturally in nonlinear Perron—Frobenius theory. Consider, for example, a con-
tinuous order-preserving homogeneous map f : K — K, where K is a solid
closed cone in V. If f(int(K)) € int(K) and f has no eigenvector in int(K),
then the scaled map g : £° — X° given by

J(x)
gx) =

(f(x))
where £° = {x € int(K) : ¢(x) = 1} and ¢ € int(K*), is non-expansive
under Hilbert’s metric and has no fixed point in X°. In that case Q, = ¥ by
Corollary 3.2.5, and the limit points of the orbit of each x € X° under g lie
in dX°. It is interesting to understand the structure of the set of limit points of
the orbits of g for x € X°. To analyze this problem it is useful to recall several
fundamental concepts from metric geometry; see [12,42,177].

Let (X, d) be a proper metric space and denote by C(X) the space of con-
tinuous real-valued functions on X equipped with the topology of uniform
convergence on compact sets. Fix a point y € X and define foreach x € X a
function by (x) : X — R by

for x € °,

by(x)(z) =d(z,x) —d(x,y) forzeX. (3.9

The point y € X is called the base point of by (x).
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Lemma 3.3.1 The map by(x) : (X,d) — R in (3.9) has the following
properties for each x,x',y,y', 2,7/ € X:

(i) 1by(x)(2) = by(X)(2)| = d(z, 2,
(i) |by(x)(2) — by(x")(2)| < 2d(x, x"), and
(iii) by (x)(2) = by(x)(2) — by(x)(y").

Proof These properties are easy consequences of the triangle inequality. [

Note that the map by : X — C(X) is continuous by Lemma 3.3.1(i). A
sequence (xx)x € X is said to converge at infinity if d (xi, y) — oo and by, (xy)
converges in C(X) for some y € X. Note that this definition is independent
of the base point y € X, because d(xg, y') > |d(xx, y) —d(y, y')| — oo and
by (xx) = by (xx) — by (xx)(y") by Lemma 3.3.1(ii). Two sequences (xx)x and
(xp)x in X that converge at infinity are called equivalent if

lim by(xx) = lim by(xy)
k— 00 k— 00

for some (and hence for all) y € X. The set of equivalence classes of the set
of sequences in X that converges at infinity is denoted by X (co) and is called
the horofunction boundary. Thus, for each y € X and 0 € X (o0) there is a
well-defined function by (o) € C(X), which is called the horofunction at &
based at y. The sub-level sets of by (o),

Hy(o,r) ={z € X :by(0)(2) =r},

are called (closed) horoballs and the level sets of by (o) are called horospheres
centered at o.

Proposition 3.3.2 Every unbounded sequence (xi)y in a proper metric space
(X, d) has a subsequence that converges at infinity.

Proof As (xi )i is unbounded, it has a subsequence (xy,); with d(xy;, y) — oo,
as i — 0o. Now let r be an increasing sequence of nonnegative numbers such
that ry — oo and denote by By, (y) the closed ball around y € X with radius
ri. Remark that By, (y) is compact, as (X, d) is proper. It follows from Lemma
3.3.1() that the set {by(xy,) : By, (y) — R | i > 1} is equicontinuous and
uniformly bounded, since |by (xk;)(z)| < d(y, z) for each i. Thus, we can apply
the Arzela—Ascoli theorem [58] to find a subsequence (ml.l)i of (k;); such that
(by(x,,1)); converges uniformly on B, (y). By repeating this argument, we
obtain a sequence ((x,,x))x of successive subsequences such that (by (x,«));
converges uniformly on By (). Now remark that the diagonal (x,,:); has the
property that (by(x,,i)); converges uniformly on each compact subset of X,
because r — co. Thus, (xmi;),- converges at infinity. O
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In our subsequent analysis the shape of the horoballs plays an important
role. In particular the following lemma will be useful.

Lemma 3.3.3 If X is a convex subset of an affine space and (X, d) is a proper
metric space in which the balls are convex sets, then each horoball in (X, d) is
convex.

Proof Let Hy(o,r) = {z € X : by(0)(z) < r} be ahoroball in (X, d) centerd
at 0 = (xx)k. Letu,v € Hy(o,r)and 0 < A < 1. Put w = Au + (1 — A)v.
Remark that for each ¢ > 0 there exists N > 1 such that

by(xi)(w) =dw, x;) —d(xg,y) <r+¢
and
by(xp)(v) =d(, xp) —d(xp, y) <r+e

for all k > N. This implies that # and v are in the ball around x; with radius
r+e&+d(xg, y) forall k > N. As the balls in (X, d) are convex, w is also in
the ball with radius r + & + d (xg, y) around x; for all k > N. This implies that
by(xp)(w) =d(w, x¢) —d(xg,y) <r+eforallk > N. Thus,

by(o)(w) = klim dw,xp) —d(xg,y) <r+e
— 00
for all ¢ > 0, and therefore w € Hy (o, r). O

We shall now see how these notions can be used to provide information
about the asymptotic behavior of the iterates of fixed-point free non-expansive
maps. Let (X, d) be a proper metric space and let f : X — X be a non-
expansive map with  r empty. Take x € X and putay = d(f k(x), x) for each
k > 1. We note that (ay); is sub-additive, as

Arm < d(f" @), Fm00)) +d (™ (x), x) < a + ap.

Fekete’s sub-additive lemma [64]

exists, and is independent of x € X, since
d(f* (), y) < d(fF ), L) +d(fF ), x) +dx, y)
<d(f¥x), x) 4+ 2d(x, y).

As Qy is empty, it follows from Corollary 3.1.8 that limy_ocar = oo.
Unbounded sequences in R possess the following almost obvious properties.
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Lemma 3.3.4 If (by)x € R is such that sup, by = oo, then there exists a
subsequence (by;); such that for each i we have that by < by, for all k < k;.
Moreover, if B = limsup;_, o, bx/k < 00, then for each ¢ > 0 there exists a
subsequence (by,;); such that by, — by,—x > (B — &)k forall 1 <k < k;.

Proof The first assertion is obvious. To prove the second one, we remark that
(bx — (B — e)k)i is an unbounded sequence, and hence it has a subsequence
such that

by, —(B—28)ki — by, +(B—¢)ki —k)>0 foralll <k <k;.
This implies that by, — by, > (B —e)k forall 1 <k < k;. ]
The following theorem is due to Karlsson [99].

Theorem 3.3.5 Let f : X — X be a non-expansive map on a proper metric
space (X, d) and denote A = limj_, d(fk(x),x)/k. If Qp = 0, then for
each x € X there exists a subsequence o of (f k() such that o converges at
infinity,

by (@) (f*(x)) < —Ak  forallk > 1,

and
g Br@GE@)
im ———— =
k— 00 k
Proof Let x € X and a@x = d(f*(x),x) forall k > 1. Lete > 0. As Q is
empty, (ax)x is unbounded, by Corollary 3.1.8. By Lemma 3.3.4 there exists a
subsequence such that ay, — ax,—x > (A — e)k forall 0 < k < k;. It follows
from Proposition 3.3.2 that we may assume, after taking a further subsequence,
that o = (f% (x)); converges at infinity, as (X, d) is proper. Moreover, the
following inequalities hold:

—d(f @), x) < br(@)(f* (1)
= lim d(f*), f5() —d (1" (), 0)

< 1iminfak‘.,k — ag;
i—00

—A.

< —(A —e)k.

Thus, by(0)(f¥(x)) < —(A —e)k for k > 1, as ¢ > 0 was arbitrary,
limg— o0 by (@) (f* (1) /k = —A. O

The point of Theorem 3.3.5 is that every unbounded orbit of a non-expansive
map on a proper metric space lies inside a horoball. As we shall see in the next
section, this constrains the location of its limit points in the boundary at infinity.
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3.4 A Denjoy—Wollff type theorem

In Klein’s model of the hyperbolic plane, i.e., the open disc D € R? with the
cross-ratio metric, the horoballs are tangent to d D; see Figure 3.1. Therefore
it follows from Theorem 3.3.5 that if f : (D, k) — (D, k) is a non-expansive
map and 2y = {, then each orbit of f converges to a single point in dD. In
fact, it will be shown later in this section that there exists a unique { € D
such that

lim f*(x)=¢ forallx € D.
k—00

Results of this type hold more generally for metric spaces whose geometry
resembles that of a hyperbolic space. More precisely, Beardon [19] proved that
the following two axioms suffice.

Definition 3.4.1 A metric space (X, d) is said to satisfy Axiom I if it is an open
dense subset of a sequentially compact Hausdorff topological space X and the
relative topology from X coincides with the metric topology of X. Moreover,
for each convergent sequence (xx ) in X with limit x € 90X = X \ X, we have
that d(xx, y) — oo,as k — oo forall y € X.

Note that the second condition holds either for all y € X or forno y € X,
by the triangle inequality.

Definition 3.4.2 A metric space (X, d) satisfying Axiom I is said to satisfy
Axiom II if for every two convergent sequences (xi)x and (zx)r in X with
distinct limits x and z in 9 X, respectively, we have that

d(.Xk, Zk) _maX{d(-xkv y)ﬂd(zkv y)} — 00 aSk — 00, (310)

for each y € X.

Figure 3.1 Horoballs in Klein’s model.
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It is again an easy consequence of the triangle inequality that (3.10) either
holds forall y € X or fornoy € X.

Relevant examples of metric spaces in nonlinear Perron—Frobenius theory
that satisfy Axiom I are Hilbert’s metric spaces (X, «), which are open dense
subsets of the norm closure X according to Theorem 2.1.2 and Corollary 2.5.6.
Indeed,

K (xk, y) = logx, xx, y, i1 — 00 as k — oo,

since |x; — xx| — O when (x;) converges to x € dX. (Here x; and y; are the
end-points of the chord through x; and y.) In general, however, (X, x) need
not satisfy Axiom II, as the following example shows.

Example 3.4.3 Let X = (0,1) x (0, 1) be an open square in R?. If x; =
(1/3,1/k) and zx = (2/3, 1/k) for all k > 1, then

2/3 23
1/3 173

for all k£ > 1, so that (3.10) cannot hold for any y € X.

K (xx, zx) = log ( ) =log4

It will be shown in Section 8.3 that (X, «) satisfies Axiom II if X is strictly
convex. The following lemma lists some elementary properties of metric
spaces that satisfy Axioms I and II.

Lemma 3.4.4 [f (X, d) is a proper metric space that satisfies Axioms I and II,
then the following assertions hold:

(i) If (xx)k and (zx)i are convergent sequences in X with distinct limits x
and z in 0 X, respectively, then d(xy, zx) — 00 as k — oo.

(ii) If (xi)r and (zx)r are sequences in X such that xp — x € 90X and
d(xk, zk) < M forallk > 1, then z; — x as k — oo.

Proof The first assertion is a direct consequence of Axiom II. Now suppose
that (i) does not hold. As X is sequentially compact, (zx)x has a convergent
subsequence with limit z # x in X. If z € X, then

lim d(xg,z) < lim d(xg, zx) +d(zx, 2) < M,
k—o00 k—o00

which contradicts Axiom I. On the other hand, if z € 9X, then it contradicts
the first assertion. O

The hyperbolic nature of metric spaces that satisfy Axioms I and II implies
that each horoball in X meets d X in exactly one point.
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Lemma 3.4.5 If (X, d) is a proper metric space that satisfies Axioms I and 11
and H is a horoball in X, then there exists { € 0X such that each limit point
z € 0X of a sequence (z)x C H satisfies 7 = ¢.

Proof Let H = {x € X : by(0)(x) < r} be a horoball with radius r, centered
at o = (x)x, and base-point y. As X is sequentially compact, we may assume
that x; — ¢ € 0X as k — oo. Suppose that (zx)x is a convergent sequence in
H with limit z € dX. Fix & > 0 and recall that

by(o)(x) = lim d(x, x¢) — d(xg, y).
k—00
Therefore for each m > 1 there exists k,, > 1 such that
d(zm, xx) —d@Gg,y) <r+e

for all k
Clearly

v

ki and k, > k,,—1. Consider the subsequence (xi,, ) of (xg).

d(zm, xg,) —d(xk,,y) <r+e
for all m > 1, and hence
d(zm, Xk,) — max{d(zm, ), d(xx,, )} <r +¢
for all m > 1. It now follows from Axiom II that z = ¢. O

The following result due to Beardon [19] can be derived from Lemmas 3.4.4
and 3.4.5.

Theorem 3.4.6 Let (X, d) be a proper metric space that satisfies Axioms I
and Il If f : X — X is a non-expansive map and 2y = {, then there exists
¢ € 0X such that

lim f*(x)=¢ forallx € X
k— 00
and the convergence is uniform on compact subsets of X.

Proof Let x,z € X and remark that there exist horoballs H, and H, in X
such that O(x) € H, and O(z) € H; by Theorem 3.3.5. As (X,d) is a
proper metric space satisfying Axioms I and II and Q2 = ¢, it follows from
Lemma 3.4.5 that w(x) = {¢¢} € X and w(z) = {¢.} € 3X. As X is sequen-
tially compact this implies that limy_, oo f¥(x) = ¢, and limy_ o0 f*(2) = ¢,.
Note that d(f*(x), f¥(z)) < d(x, z) for all k > 1. It therefore follows from
Lemma 3.4.4(ii) that {, = ;.

To see that the convergence is uniform on compact sets we need to show
that if U C X is an open neighborhood of ¢ € X and B is a closed ball in
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(X, d), then there exists K > 1 such that fk(x) € U forall x € B and
k > K. Suppose by way of contradiction that such K does not exist. Then
there exists a sequence (xx); € B such that fk(xk) ¢ U forall k > 1. As
X \ U is sequentially compact, (x;); has a convergent subsequence with limit
£ #+ ¢.Butd(f*x), ff(xx)) < d(x,x;) forall x € Band k > 1, as f is
non-expansive. This contradicts Lemma 3.4.4(ii). O

Theorem 3.4.6 can be viewed as a generalization of the classical Denjoy—
Wolff theorem [56,226,227] concerning fixed-point free holomorphic maps
on the open unit disc in C, which asserts the following: If f : D — Disa
fixed-point free holomorphic map on the open unit disc D € C, then there
exists { € dD such that

lim fk(x) =¢ forallx € D,
k— 00

and the convergence is uniform on compact subsets of D. To see how the
Denjoy—Wolff theorem fits the framework one first notes that a holomorphic
map on the open unit disc is non-expansive under the Poincaré metric by
the Schwartz—Pick lemma. Secondly, the open unit disc with the Poincaré
metric is a proper metric space that satisfies Axioms I and II; see [19]. The
idea to generalize the Denjoy—Wolff theorem to metric spaces is due to Bear-
don [18-20] and was further developed by Karlsson [99], Karlsson and Noskov
[101], Lins [130, 131], and Nussbaum [168]. In Sections 8.3 and 8.4 we will
discuss Denjoy—Wollff type theorems for non-expansive maps on Hilbert’s met-
ric spaces and their application to the asymptotic behavior of the iterates of
order-preserving homogeneous maps that have no eigenvector in the interior
of the cone.

3.5 Non-expansive retractions

To analyze the iterates of non-expansive maps f : X — X it is useful to
understand the geometry of the attractor, and the way f acts on it. Intuitively
one may expect that €  is the range of a non-expansive retraction on X, i.e., a
non-expansive map r : X — X such that r(X) = Qy and rz(x) = r(x)
for all x € X. The purpose of this section is to prove the existence of such a
retraction under appropriate conditions on the metric space and show that f
acts as an isometry on 2 ¢. In particular, we shall see that this result holds if
X is a closed subset of a finite-dimensional normed space, from which we can
deduce various geometric properties of 2 ¢.
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Let us first prove the existence of a non-expansive retraction onto €2 ¢.

Theorem 3.5.1 If (X, d) is a proper metric space and f : X — X is a
non-expansive map with Q¢ # 0, then the following assertions hold.:

(i) There exists a subsequence (m;); such that the mapr : X — X defined by
r(x) = lim f™(x)
1—> 00

for x € X is well defined, and (f™); converges uniformly to r on
compact subsets of X.

(ii) The map r : X — X is a non-expansive retraction onto Q.

Proof By Lemma 3.1.10 we know that (f*); has a convergent subsequence
(f%);, which converges uniformly on compact sets. By taking a further sub-
sequence we may assume that k;11 — k; — oo asi — oo. If we apply
Lemma 3.1.10 again we may also assume that ( f%i+17%); converges uniformly
on compact sets in X. Now define

r(x) = lim fhi+v=ki(x) (3.11)

for all x € X. This proves the first assertion.

It follows from the definition of  : X — X that r is non-expansive. Let us
now show that r is a retraction that maps X onto Q. Clearly r (X) C Q. Let
y € Q. From Lemma 3.1.6 we know that y € w(y) and hence (f*(y)) has
a bounded subsequence. It therefore follows from Theorem 3.1.7 that O(x) is
bounded for each x € X, and, as (X, d) is a proper metric space, the closure
of O(x) is compact for each x € X. Thus, we deduce from Lemma 3.1.2 that
for each k > 1 there exists y* € w(y) such that f¥(y*) = y. Let g denote the
pointwise limit of (f kiy; and let (ykii ) j be a convergent subsequence of (ykf )i,
with limit z € w(y). Then

d(ff 51y, g(2)) — 0,

as j — oo, since (f kij )j converges uniformly on compact subsets to g. This
implies that g(z) = y. Now consider the equality

i@ = et @)

for all i > 1. Clearly the left-hand side converges to g(z) and the right-hand

side tor(g(z)), as (fk"+' —kiy, converges uniformly to » on w(y). Thus, r(y) =
y and hence r is a retraction onto €2 f. U
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Next we show that f is an isometry on .

Corollary 3.5.2 If (X, d) is a proper metric space and f : X — X is a non-
expansive map with Q¢ # {, then the restriction of f to Qy is an isometry
and

lim d(f*(x),Q27) =0 forallxcX.
k—o00

Proof Let r be the non-expansive retraction defined in (3.11). For each
x,y € Qy we have that

d(x,y) =d@r(x),r(y)) =d(f(x), f(y) =d(x,y),
so that f is an isometry on 2. Let x € X and remark that
d(f* ). Qp) = d(ff @), TG @) < d(FTR @), @),
for all k > k;4+1 — k;. This implies that d(f*x), Q) — 0,as k — oo. O

Ranges of non-expansive retractions often possess some special geometric
properties, especially when X is a closed subset of normed space. For instance,
if X is a closed convex subset of a vector space V equipped with a strictly
convex norm, then €2 ¢ is convex for each non-expansive map on X. Recall that

anorm || - || is strictly convex if the unit sphere does not contain any straight-
line segments, or, equivalently, ||x + y|| = ||x|| + ||yl and y # O implies
x = [xll/ylly-

Lemma 3.5.3 If X C V is closed and convex, and f : X — X is non-
expansive with respect to a strictly convex norm, then Q s is convex.

Proof Let r : X — X be the non-expansive retraction defined by (3.5.1)
in the proof of Theorem 3.5.1. Take x,y € Qf and 0 < A < 1. Note that
z = Ax+(1—A)y is the unique point that satisfies ||x —z|| = (1—X)||lx—y| and

ly —zll = Allx — y|l, as || - || is strictly convex. This implies that ||[x — r(2)| <
(1 —=M]x —y| and ||y — r(2)|| < Allx — y||, as r is non-expansive. Thus,
lx —r@)I| + lIr(z) — ¥l = ||x — y|l and hence r(z) = z. 0

If, in addition, f : X — X is order-preserving, then the retraction r :
X — X in (3.11) is also order-preserving. If the underlying norm is strictly
monotone, meaning that ||x|| < ||y| for all 0 < x < y, then we have the
following result.

Lemma 3.5.4 Let X C V be a lattice and f : X — X be order-preserving
with respect to a minihedral cone K < V. If f is non-expansive under a
strictly monotone norm, then Fix y and Q ¢ are both lattices.
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Proof Let x,y € Fixy. As f is order-preserving, f(inf(x,y)) < f(x) and

fnf(x,y)) < f(y), so that f(inf(x,y)) < inf(f(x), f(y)). Suppose that
f(@nf(x, y)) < inf(f(x), f(y)). By strict monotonicity we get that

ly —inf(x, y)II = || f(y) — f(@nf(x, y) |l
> || f(y) —inf(f(x), fFONI
= |ly —inf(x, y)||,

which is a contradiction. Thus, f(inf(x, y)) = inf(f(x), f(¥)) = inf(x, y).
In a similar way it can be shown that f(sup(x, y)) = sup(f(x), f(y)) =
sup(x, y) for all x, y € Fix ¢, and hence Fixy is a lattice.

By applying the first statement to the order-preserving non-expansive
retraction defined in Theorem 3.5.1 we deduce that Q¢ is a lattice. O

A prime example of a strictly monotone norm for the standard positive cone
is the £1-norm. So, we can deduce from Lemma 3.5.4 that Fixy and Q are
lattices if f : R — R’ is an order-preserving map which is non-expansive
under the £1-norm. This observation plays an important role in Chapter 9,
where we examine the iterative behavior of such maps.
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Sup-norm non-expansive maps

In Chapter 2 it was shown that order-preserving (sub)homogeneous maps are
non-expansive under Hilbert’s metric or Thompson’s metric. We also saw that
if the underlying cone is polyhedral, Hilbert’s and Thompson’s metric spaces
can be isometrically embedded into (R", || - ||o0), as long as #n is sufficiently
large. Therefore sup-norm non-expansive maps play a special role in nonlinear
Perron—Frobenius theory. The main purpose of this chapter is to prove that
the iterates of sup-norm non-expansive maps have some striking properties.
Among other facts it will be shown that every bounded orbit of a sup-norm
non-expansive map converges to a periodic orbit, and, moreover, there exists
an a-priori upper bound for the periods of its periodic points in terms of the
dimension of the underlying space. Consequently, every bounded orbit of a
sub-topical map converges to a periodic orbit. In the final section it will be
shown that the period of each periodic point of a sub-topical map on R” does
not exceed (Ln'/'2 J), which is a sharp upper bound.

4.1 The size of the w-limit sets

In this section an upper bound for the size of w-limit sets of sup-norm non-
expansive maps is given in terms of the dimension of the underlying space. To
begin we recall that w(x) has a transitive abelian group of sup-norm isome-
tries by Theorem 3.1.9, if O(x) is bounded. Sets that have an abelian group of
isometries enjoy the following basic property.

Lemma 4.1.1 If (X, d) is a metric space with a transitive abelian group T" of
isometries, then for each g € T there exists a constant d(g) > 0 such that
d(x,g(x)) =d(g) forall x € X. Moreover, | X| = |T|.

Proof Let g € T and note that, as I' is abelian, d(x, g(x)) = d(f(x),
g(f(x))) for all f € I'. This implies that d(x, g(x)) is constant for all x € X,
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since I" acts transitively on X. To see that | X| = ||, we fix x € X and con-
sider ¢, : ' — X given by ¢, (g) = g(x) for g € I'. As I" acts transitively,
@y 1s onto. The map ¢, is also injective. Indeed, g(x) = f(x) implies that
f_l(g(x)) = x, so that f(y) = g(y) forall y € X by the first assertion of the

lemma. We conclude that | X| = |T'|. O
A sequence x', x%, ..., x™ in a metric space (X, d) is called an additive
chain if

m—1
dx', x™) = Zd(xk,xk+l).
k=1

An additive chain has length m if it consists of m distinct elements. Using
Lemma 4.1.1 the following property of additive chains can be derived.

Proposition 4.1.2 Let (X, d) be a metric space with a transitive abelian group

2 .., x™isan additive chain of lengthm in (X, d) and

T of isometries. Ifx', x
fr € Tis such that fi.(x*) = x*T! for 1 < k < m, then for every permutation

mwon{l,2,...,m}andevery x € X the sequence

X, fay@X), fz@ o faay®), ooy fam—1) 00 faa)(x)
is an additive chain of length m.

Proof Let f = fm—l 0:++0 f] and remark that f = fﬂ(m_l) 0:++0 fn(l)» as
I" is abelian. For simplicity write z¥ = fr—1)0--- 0 fry(x) for2 <k <m
and put z! = x. From Lemma 4.1.1 it follows that

m—1 m—1 m—1
d@Z', 2" =d' x™) = d(fi) =) d(frw) = y_d*, 2,
k=1 k=1 k=1

and hence z1, 72, ..., z" is an additive chain of length m. O

We now consider the case where the metric is induced by the sup-norm.
As the sup-norm is a polyhedral norm, the assumption that x, y, z forms
an additive chain need not imply that y lies on the straight-line segment
connecting x and z. In fact, in a sup-norm metric space there are usually
infinitely many geodesics connecting two distinct points. To determine whether
a sequence is an additive chain with respect to the sup-norm it is conve-
nient to introduce for each 1 <i <n a partial ordering <; on R” by x <; y
if |x — ylloo = yi — x;. A sequence x!, X2, 0, x™in (R, || - |leo) is called an
i-chain if either x! <; x2 << xMorxM<; --- < x2 <; xL Itis easy to
verify that x!, x2, ..., x™ is an additive chain in (R", || - ||so) if and only if it
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is an i-chain for some i. Moreover, if x!, x2,..., x™ is an additive chain in

R, || - llso) and [|x" — x™|loo = |x} — x|, then it is an i-chain.

Another useful concept is the notion of an extreme pair. A pair {x, y} in a
metric space (X, d) called an extreme pair in X if there exists no z € X such
that z, x, y or x, y, z form an additive chain of length 3. Using the extreme
pairs the following upper bound for the size of compact sets in (R”, | - ||0)

that have a transitive abelian group of isometries can be proved.

Theorem 4.1.3 If X is a compact set in (R", || - ||so) and X has a transitive
abelian group of isometries, then

n
|X| < max 2¢( ).
I<k<n k
Before proving this theorem we isolate a combinatorial lemma concerning
anti-chains in a certain finite partially ordered set. Recall that a subset A of a

partially ordered set (S, <) is called an anti-chain if there existno x,y € A
with x < y and x # y. Let < be the partial ordering on {0, 1, 2}" given by

a < bifa; = b; for all i for which b; € {0, 1}.

It is easy to verify that < is reflexive, anti-symmetric, and transitive. Using a
standard method from extremal set theory to derive a so-called LYM inequal-
ity [28, section 3], we prove the following upper bound for the cardinality of
anti-chains in the partially ordered set ({0, 1, 2}", <). (LYM stands for Lubell
[136], Yamamoto [229], and Meshalkin [146], who independently discovered
this method.)

Lemma 4.1.4 If A is an anti-chain in ({0, 1, 2}", <), then

n
Al < 2k .
| I_mlgx <k)

Proof We call a chain a® < al < ... < a" amaximal chain in({0, 1, 2}", x)if
it consists of n + 1 distinct elements. There are n!2" maximal chains. Indeed,
to obtain a maximal chain one has to select a point a® such that a® has no
coordinates equal to 2. There are 2" possibilities. Subsequently we change,
one by one, the coordinates of a® to 2. There are n! ways to do this. Thus, in
total we have n!2" maximal chains.

Given an element a in A with k coordinates equal to 2, we now determine
how many maximal chains a® < al < ... < a" contain a. Clearly there are
k12% chains a° < ... < a*~! < q, with k + 1 distinct elements, and each of
these can be extended in (n — k)! ways to a maximal chain. Thus a is contained
in k!(n — k)!2% maximal chains.
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To finish the argument we let m; denote the number of elements in 4 with
k coordinates equal to 2. Obviously |A| = Y j_,my. As A is an anti-chain,
each maximal chain contains at most one element of .A. Therefore

n
> mikin — k)2t < 12",
k=0

which yields the (LYM) inequality

n n -1
kazk—" (k) <1.
k=0

From this it follows that

n
Al = ka < max ok <Z> = max 2k (Z)

k=0
O

Remark that the upper bound in Lemma 4.1.4 is sharp, as the collection of
points in {0, 1, 2}" with exactly n — k coordinates equal to 2 is an anti-chain
containing 2~ (Z) elements. It can be shown, using Stirling’s formula, that there
exist constants 0 < §; < &> such that

813" /+/n < max 2"(2) < 83"//n foralln e N.

1<k<n
Let us now prove Theorem 4.1.3.

Proof of Theorem 4.1.3 Suppose that |X| > max; 2%(}). Then there exists & >
0 and X, € X such that ||x — y|looc > ¢ for all x # y in X, and |X,| >
maxy 2 (7). We call z!, 22, ..., 2 an g-additive chain if it is an additive chain
and ||zF — Xt || > e forall 1 < k < m. We say that {x, y} is an -extreme
pairin X if ||x — y|lco > ¢ and there existsno z € X such thatz, x, yorx, y, z
is an g-additive chain.

Define ¢: X, — {0, 1,2}" by

0 if there exists y € X with {x, y} an g-extreme pair in X
and ||lx = ylloo = yi — Xi,
c(x); = 1 if there exists y € X with {x, y} an e-extreme pair in X
and [[x — ylloo = Xi — Yis
2 otherwise,
forall1 < i < nand x € X,. We claim that ¢ is well defined. Indeed, if

c(x); = 0 and c(x); = 1, then there exist y, z € X such that {x, y} and {x, z}
are g-extreme pairs in X with ||x — y|lcoc = ¥; — x; and ||x — z|lcc = Xi — Z;-
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This implies that z <; x <; y, so that z, x, y is an ¢-additive chain. But this
contradicts the fact that {x, y} is an e-extreme pair in X.

Next we show that c(y) # c(x) forall x # y in X,. Let x # y in X, and
let F be the collection of g-additive chains z!, zz, ...,z in X with z! = x
and z2 = y. As X is a compact set in (R”, || - ||co), it is bounded and hence
there exists an e-additive chain, z!, 2, ... ,z", in F with maximal length r.
We claim that {z!, 7"} is an e-extreme pair in X. Indeed, clearly there exists
no u € X such that z!, 7", u is an e-additive chain, as r is maximal. On the
other hand, if there exists u € X with u, z!, 7" an e-additive chain, then
7, f(Z"), where f € T is such that f(u) = 7!, is also an e-additive
chain by Proposition 4.1.2 and Lemma 4.1.1. Thus, {zl, 7'} is an e-extreme
pair in X.

There are two cases: ||z} — z"lloo = 2/ — 2z} and [z} — 2"lloc = 2! — 2.
In the first case c(x); = 0. We now argue, by contradiction, that c¢(y); # 0 in
that case. If ¢(y); = 0, then there exists u € X such that {y, u} is an e-extreme
pairin X and ||y — ullos = u; — yi. As 2! — 2 [les = 2/ — 2z}, we know that
lx — ylloo = ¥i — xi, sothat x <; y <; u. Thus, x, y, u is an e-additive chain
of length 3, which is a contradiction. In the second case we have that c(x); = 1
and it can be shown, in the same fashion, that ¢(y); # 1 in that case. Therefore
c(y) £ c(x), and hence ¢(X;) is an anti-chain in ({0, 1, 2}"*, <) whose size
exceeds maxy 2X (Z), which contradicts Lemma 4.1.4. O

1 r

From Theorem 4.1.3 it is easy to deduce the following upper bound of
w-limit sets of bounded orbits of sup-norm non-expansive maps.

Theorem 4.1.5 If f: X — X, with X C R", is a sup-norm non-expansive
map and x € X has a bounded orbit, then |w(x)| < maxy 2k (Z)

Proof As O(x) is bounded, its closure is compact. Therefore it follows from
Theorem 3.1.9 that w(x) has a transitive abelian group of sup-norm isometries,
so that |w(x)| < maxy 2% (7) by Theorem 4.1.3. O

4.2 Periods of periodic points

A combination of Theorem 4.1.5 and Lemma 3.1.3 immediately gives the
following result for the iterative behavior of sup-norm non-expansive maps.

Theorem 4.2.1 If X € R”" is closed and f: X — X is a sup-norm non-
expansive map, then either all orbits of f are unbounded, or for each x € X
there exist an integer p > 1 and a periodic point &€ € X of f with period p
such that
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lim f*(x) =&
k—00
and p < max; 25(}).

Theorem 4.2.1 shows that the period of each periodic point of a sup-norm
non-expansive map f: X — X, with X C R", does not exceed maxy 2k (Z) It
is believed, however, that this upper bound is not optimal. In fact, Nussbaum
[160] has made the following conjecture.

Conjecture 4.2.2 (Nussbaum) The optimal upper bound for the periods of
periodic points of sup-norm non-expansive maps f: X — X, with X € R",
is 2",

At present the conjecture is proved for n = 1, 2, and 3 only. The case n =3
is already nontrivial and was established by Lyons and Nussbaum [137]. The
upper bound in Theorem 4.2.1 is due to Lemmens and Scheutzow [123] and is
currently the strongest estimate. Other upper bounds were obtained in [27, 140,
160, 204]. Evidence supporting Conjecture 4.2.2 is provided by the following
result of Lyons and Nussbaum.

Theorem 4.2.3 A sup-norm non-expansive map f: X — X, where X C R",
cannot have a periodic point whose period p is prime and satisfies p > 2".

Proof Let & € X be a periodic point with period p of a sup-norm non-
expansive map f: X — X, where X € R”. Suppose that p is prime. Let
g denote the restriction of f to O(&). Clearly, O(&) consists of p points and
I' = {g": 0 < k < p} is a transitive cyclic group of sup-norm isometries on

O©).

For1 < i < n,let]; = min;eoe)zi and u; = max;eoe)zi. Putl =
(I1,...,ly)and u = (uy, ..., u,). Let Q be the parallelepiped with vertex set
{(xq, ..., xy) € R": x; = [; or x; = u;}. (It is not hard to show that O(§) is

contained in the boundary of Q, but we shall not need that here.)

The proof uses the idea of a maximal tight subset. A subset T of O(§) is
called tight if the (sup-norm) diameter of T is strictly smaller than the diam-
eter of O(&). It is said to be a maximal tight subset of O(§) if it is tight and
not properly contained in another tight subset of O(£). Now let T be a maxi-
mal tight subset of O(£). We claim that T, g(T), ..., g?~!(T) are all distinct.
Indeed, if g¥(T) = g™ (T) for some 0 < k < m < p, then g"*K(T) = T.
But as p is prime, there exists ¢ > 1 such that g(m — k) = 1 mod p, so that
g(T) = g4"=k(T) = T. This implies that T = Uy g"(T) = O(&), which is
a contradiction, as 7T is tight. We also remark that 7', g(T), ..., gp_l(T) are
all maximal tight subsets of O(&), as g is an isometry of O(&) onto itself. To
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complete the proof it suffices to show that the number of maximal tight subsets
of O(&) does not exceed 2". To see this we associate with each maximal tight
subset S of O(&) a vertex v5 of the parallelepiped Q as follows: viS = [; if
there exists s € S with s; = [; and vl.S = u; otherwise. We claim that vS =+~ ol
if § and T are distinct maximal tight subsets of O(&). Indeed, if S # T, then
there exist s € S and ¢t € T such that ||s — #]|coc = diam(O(£)), as S and T
are distinct maximal tight subsets. We know that |s; — ;| = diam(O(§)) for
some i. This implies that either s;, = [; and t; = u; ors; = u; and t; = [;. In
the first case viS = [;, but Ul-T # l;, as T is a tight subset. In the second case,
viT =/; and vltS # [;, as S is a tight subset. As Q contains at most 2" vertices,
we are done. O

It is easy to see that one cannot expect to do better than 2" in Conjecture
4.2.2. Simply consider the set of vertices of the n-dimensional cube, H, =
{Cxr,...,xp) € R':x; = £1forl < i < n}. As |[x — yllooc = 2 for all
x # yin H,, any cyclic permutation o of the elements of H,, of order 2" is a
sup-norm isometry, and each point of H, has period 2" under o.

It is known [223, chapter III] that every sup-norm non-expansive map
g: X — R" with X € R™, admits a sup-norm non-expansive extension to the
whole of R™. This is a special case of the so-called Aronszajn—Panitchpakdi
theorem [10]. In fact, for sup-norm non-expansive maps there exists the
following explicit construction.

Lemma 4.24 Ifg: X — R" with X C R"™, is a sup-norm non-expansive
map, then G: R"™ — R”" given by

Gi(2) = sup (&) = Ix = 2ll) forz € R
xeX
is a sup-norm non-expansive extension of g.
Proof To see that G;(z) < oo for all i and z € R™ we take x* € X fixed.
Remark that
8i(x) =[x — zlloo < &i(x) = [lx = x™lloo + [¥* — zlloo
< &) —llg(x) — g(x")lloc + lIx* = zlloo
< &™)+ 1x" = zlleo,
for each x € X, so that G;(z) < oo.
Clearly for each z € X we have that G(z) > g(z). On the other hand, if
z € X and 1 <i < n, then for each ¢ > 0 there exists x € X such that
Gi(z) —e = gi(x) — [lx — zlloo = &i(x) — lIg(x) — g2 lloo = 8i(2).
Thus, G(z) = g(z) forall z € X.
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To show that G is sup-norm non-expansive, let ¢ > 0 and y,z € R™.
Assume, without loss of generality, that ||G(y) — G(2)|lecc = Gi(y) — Gi(2).
There exists x € X such that

IG(y) = G(@)lloo = Gi(y) — Gi(2)
<) = x = Yloo+e&—(gix)—llx = zlloo)
<y —zlloo + &,

which completes the proof. U
As
X = zlloo = max{t(x — z), t(z — x)} = —min{b(z — x), b(x — 2)},

we see that if X is a finite set, the sup-norm non-expansive map G in Lemma
4.2.4 is of the form

Gi(2) = m)fixmjn (ri(x, J) :IZZJ'),
J

where r; (x, j) € R. Special examples are so-called Boolean maps. A Boolean
map is a map h: R" — R" where each coordinate function is a finite min
or max combination of expressions of the type x; or 1 — x;, e.g., the map
h:R3 — R3 given by

X (2 Ax3) V(1 —x1)
fl x | = x1 V(1 —=x3) for x € R3.
X3 (T =x2) A (1 —=x3)) VX

They are called Boolean maps because the restriction of each coordinate func-
tion 4; (x) to {0, 1} is a Boolean sentence with variables xi, ..., x,, where
min is interpreted as AND, max as OR, and (1 — x;) as NOT x;. It is clear that
a Boolean map leaves {0, 1}" invariant and that each of its periodic points in
{0, 1}" has period at most 2". Boolean maps also leave {0, 1/2, 1}" invariant.
The value 1/2 may be interpreted as a fuzzy value when one is not sure. It is
unknown if each of its periodic points in {0, 1/2, 1}"* has period at most 2", as
is predicted by Conjecture 4.2.2.

Theorem 4.2.1 has consequences for the dynamics of other non-expansive
maps as well.

Corollary 4.2.5 Let (X, d) be a complete metric space that can be isometri-
cally embedded into (R", || - o). If f: X — X is non-expansive, then every
bounded orbit of f converges to a periodic orbit whose period does not exceed
maxy 2K (Z)
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Proof Let ¢ be the isometric embedding of (X, d) into (R”, || - ||) and put
Y = ¢(X). We remark that Y is a closed subset of (R”, || - ||o0), as (X, d) is
complete. Define g: ¥ — Y by g = ¢ o f o ¢~ !. As f is non-expansive,
g is sup-norm non-expansive. It thus follows from Theorem 4.2.1 that every
bounded orbit of g converges to a periodic orbit whose period does not exceed
maxy, 2K (']:) The same is true for f,since g =@ o fog L. O

In Chapter 2 we encountered various complete metric spaces that can be iso-
metrically embedded into (R", || - ||oo). In particular we saw that (int(R’}), dr)
is isometric to (R”, || - ||eo)- We also showed that if K C V is a solid polyhedral
cone with N facets and X° = {x € int(K): ¢(x) = 1} where ¢ € int(K*),
then (X°, dy) is a complete metric space that can be isometrically embedded
into (R™, || - ||eo) for m = N (N — 1)/2 by Proposition 2.2.3. Other interesting
examples of metric spaces that can be isometrically embedded into (R™, ||-||c0)
are finite-dimensional normed spaces with a polyhedral norm; that is to say, its
unit ball is a polyhedron.

Lemma 4.2.6 If || - || is a polyhedral norm on R" with N facets, then (R", || - ||)

can be isometrically embedded into (RN/2, || - ||s0).
Proof Let B denote the unit ball of the polyhedral norm || - ||. As B has N
facets, there exist N linear functionals ¢y, ..., ¢x on R" such that

N

B = ﬂ{x eR": ¢i(x) < 1}.
i=1
Since B is symmetric, we know that N is even and we may assume that
¢i=—@iyny2 for 1 < i < N/2. Now define &: R" — RN/2 by ®(x); =
pi(x) for 1 < i < N/2. We claim that ® is an isometry from (R”, || - ||)
into (RV2,|| - lloo). As @ is linear, it suffices to show that | ®(x)]c = 1
for all x € R" with ||x|| = 1. Note that ||x|| = 1 implies that there exists
1 <i < N/2 such that ¢;(x) = £1 and |p;(x)| < 1 for all j # i. Therefore
1P (xX)|loo = |@i(x)| = 1, and we are done. O

An important example of a polyhedral norm on R" is the £{-norm, whose
unit ball is the cross-polytope, which has 2" facets. So, we can combine Corol-
lary 4.2.5 and Lemma 4.2.6 to derive an upper bound (in terms of n) on the
periods of the periodic points of £;-norm non-expansive maps f: X — X,
where X can be any subset of R". Although this upper bound significantly
improves old results by Misiurewicz [149], it is believed to be far from sharp;
see [121]. In Chapter 9, however, we shall see that much stronger results are
known for £1-norm non-expansive maps f: X — X, with f(0) = 0, if one
assumes that X = R’} or X = R".
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4.3 Iterates of topical maps

Special examples of sup-norm non-expansive maps are topical maps. Topical
maps are not only non-expansive under the sup-norm, but also under the top
function by Proposition 2.7.1. To find a suitable upper bound for the periods of
periodic points of topical maps f: R" — R", we remark that if x is a periodic
point of f, then O(x) is an anti-chain in (R”, <), where < is induced by the
standard positive cone. Moreover, the restriction of f to O(x) is a top isometry,
since f is top non-expansive. This implies that O(x) has a transitive cyclic
group of top isometries. Conversely, if X is a finite set in R” with a transitive
cyclic group of top isometries, then there exists a topical map g: R” — R” that
has X as one of its periodic orbits. Indeed, we have the following proposition,
which is similar to Lemma 4.2.4.

Proposition 4.3.1 If X € R" and h: X — R" is a top non-expansive map,
then the topical map H : R" — R", defined by

H;(z) = sup (hi(x) —t(x — Z)) forz e R",

xeX

extends h.

Proof The proof is identical to the proof of Lemma 4.2.4 and is left to the
reader. O

Thus, to find a suitable estimate for the possible periods of periodic points
of topical maps on R", it suffices to find a sequence O x! . xP 7 in R?
such that the map x* +— x¥+1m0d P j5 3 top isometry, or, equivalently,

tK T — x5y =t(x™ — x%)  forallk,m > 0.

(Here the indices are counted modulo p.) We note that if X is an anti-chain
in the partially ordered set ({0, 1}, <), where < is induced by R, then
t(x —y) = 1 for all x # y in X. Hence any cyclic permutation of the ele-
ments of X is a top isometry in that case. An obvious example of an anti-chain
of size (r"'l) is the set {x € {0, 1}": ) ; x; = m}. It is a classic result in com-
binatorics that the maximal size of an anti-chain in ({0, 1}, <) is (Ln72 J)' This
result is known as Sperner’s theorem [209] and is usually formulated as follows

(cf. [28, section 3]).

Theorem 4.3.2 (Sperner) If A is a collection of subsets of {1, . . ., n} such that
there areno A, B € Awith A C B and A # B, then |A| < (Ln72J)'

Proof The proof of this theorem is classical and uses the LYM technique. We
call a chain A9 € A; C ... € A, a maximal chain in the partially ordered
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set ({1,...,n},C)if |A;| = i forall 0 < i < n. We note that there are n!
maximal chains. If we consider A € A and |A| = k, then A is contained in
k!(n — k)! maximal chains. Indeed, there are k! chains Ag C ... C A;,_1 C A
with k + 1 distinct elements, and each of these can be extended in (n — k)!
ways to a maximal chain. Now let m; denote the number of elements of A
with size k. Clearly |A| = )", mi. As A is an anti-chain in ({1, ..., n}, ©),
each maximal chain contains at most one element of A. Therefore

-1
n
E k'(n — k)! < n!, that E <1.
4 mik!(n N <n so thal 4 mk(k) <

From this (LYM) inequality it follows that

n n
A= ;m" = M (k) = (Ln/2J>'

O

By using the anti-chain {x € {0, 1}" : Y}, x; = (Ln%J)}’ we see that there
exists a topical map on R” which has a periodic point with period (Ln72 J)' For
instance, for n = 4 the map

X1 (X1 Ax2) V (x1 Ax3) V(X3 A X4)
¥ 2 | | GrAxd V(2 AxX3) V(X3 A xg)
x| | (1 Ax) V(1 Axg) V(X2 Axs)
X4 (x1 A x3) V(X2 A x3) V(X2 A X4)

has (1, 1, 0, 0) as a period 6 point. Analogous to Conjecture 4.2.2 it seems rea-
sonable to hypothesize that (Lnr/l2 j) is the optimal upper bound for the periods
of periodic points of topical maps on R”, and this turns out to be true.

To prove this, we use arguments similar to the ones used in Section 4.1,
but instead of the sup-norm we use the top function. To begin, we need the
notion of a top-additive chain. A sequence x5 x2, ..., x™ in R” is called a

top-additive chain if
m—1
t! —x™) =)tk — ),
k=1

We say that the top-additive chain has length m if it consists of m distinct
points. Note that if x!, x2, ..., x™ is a top-additive chain, then x™, ..., x2, x!

need not be a top-additive chain, as t(x) # t(—x) in general.

Lemma 4.3.3 A sequence xLx2 . x"inRisa top-additive chain with

te! —x™) = xil —x" if and only itk —xktly = xf—xf“foralll <k <m.
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Proof First we remark that if xbx2, ., xMisa top-additive chain and t()cl —
x™ = xi1 — x}", then
m—1 m—1
1 k k+1 k k+1 1 1
t(x —xm):Zt(x —x )szi—xi =x; —x" =tx —x™),
k=1 k=1

so that t(xk — xkt1) = xk — x*1 for 1 < k < m. On the other hand, if

i i
t(k — k) = x;‘ — xf‘H for 1 < k < m, then

m—1 m—1
1 m 1 m k k+1y _ k k+1 _ 1 m
xp —x <tx —x") < E " —x") = E xXp—x; ' =x; —x.
k=1 k=1

O

The following basic property can be proved by an argument analogous to
the proof of Lemma 4.1.1.

Lemma 4.3.4 If X C R" has a transitive abelian group T of top isometries,
then for each g € T there exists a constant d(g) such that t(x — g(x)) = d(g)
forall x € X.

By arguing as in Proposition 4.1.2 we deduce the following result.

Proposition 4.3.5 Let X C R" and suppose that X has a transitive abelian
group T of top isometries. If x, y, 7 is a top-additive chain in X and g € T is
such that g(x) =y, then v, z, g(2) is also a top-additive chain in X.

Proof Let f € T be such that f(y)=z. As I' is abelian, it follows
from Lemma 4.3.4 that t(y — g(2)) =t(y — f(g(y))) =t(x — f(g(x))) =t(x —
y)+ 1y —2)=t(z—g(@) +1t(y —2). Thus, y, z, g(2) is a top-additive chain
in X. O

We also need the analogous notion of an extreme pair for the top function.
An ordered pair (x, y) € X x X, with x # vy, is called a fop-extreme pair in
X if there exists no z € X such that z, x, y or x, y, z is a top-additive chain
of length 3 in X. Remark that (x, y) being a top-extreme pair need not imply
that (y, x) is a top-extreme pair. This asymmetry is useful and allows us to
consider ordered pairs instead of unordered pairs. We also need the following
proposition.

Proposition 4.3.6 Let X be an anti-chain in (R", <), where < is induced by
RY. If X has a transitive abelian group T' of top isometries, then (x,y) €
X x X, with x # vy, is a top-extreme pair if and only if there exists no z € X
such that x, y, z is a top-additive chain of length 3 in X.
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Proof One implication follows directly from the definition. To prove the other
one we suppose that (x, y) € X x X, with x # Yy, is not a top-extreme pair
in X. Then there exists z € X such that either z,x,y or x,y, z is a top-
additive chain of length 3 in X. If x, y, z is a top-additive chain of length 3
we are done. On the other hand, if z, x, y is top-additive chain of length 3, then
x,y,8g(y), where g € I is such that g(z) = x, is also a top-additive chain by
Proposition 4.3.5. To see that it has length 3 we observe that 1 (u — v) > 0 for
all u # v, as X is an anti-chain in (R”, <). Thus, t(y — g(y)) =t(z — x) > 0,
asz #x,and t(x — g(y)) =t(z — y) > 0, as z # y. Therefore x, y, g(y) has
length 3. O

By using these preliminary observations we now prove the following result.

Theorem 4.3.7 If X is a finite anti-chain in (R", <), where < is induced by
R, and X has a transitive abelian group T' of top isometries, then

IXIS( " )
1n/2)

Proof The proof is quite similar to the proof of Theorem 4.1.3. Define a coding
c: X - {0, 1} by

1 if there exists y € X such that (x, y) is a top-
c(x)i = extreme pair in X and t(x — y) = x; — y;, 4.1)
0 otherwise,

for 1 <i < nand x € X. By Sperner’s Theorem 4.3.2, it suffices to show
that c(x) £ c(y) forall x # y in X. So let x # y in X and consider a top-
additive chain z!, z2, ...,z  in X, with z! = x and 7% = v, of maximal length
r. We claim that (z', z") is a top-extreme pair in X. Indeed, if we suppose,
for the sake of contradiction, that (z1 ,Z") is not a top-extreme pair, then there
exists u € X such that z!, 7, u is a top-additive chain of length 3 in X by
Proposition 4.3.6. This implies that 2L 7 uis a top-additive chain. To
obtain the contradiction we show that it has length » + 1. If u = z, then

1 <k <rand

' —u) =t =25+t =)+t —w)
=t(z! —u) +tu — ")+t —u),

so that t(z" — u) + t(u — z") = 0. This contradicts the fact that t(z" — u) > 0
and t(u — z") > 0, as z” # u and X is an anti-chain in (R", <). Thus, (z!, z")
is a top-extreme pair in X.

We know t(z! — ") = 7} — z;. for some j, so that c(x); = 1. We claim
that ¢(y); # 1. If c(y); = 1, then there exists v € X such that (y, v) is

~
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top-extreme pair in X and t(y —v) = y; — v;. As tz' — 7)) = Z} -

follows from Lemma 4.3.3 that t(x — y) = x; — y;. Applying Lemma 4.3.3
once more gives that x, y, v is a top-additive chain in X. This additive chain
has length 3, as x = vimplies y; —x; = y; —v; =t(y —v) =t(y —x) > 0,
which contradicts the fact that x; — y; = t(x — y) > 0. Now note that x, y, v
cannot be a top-additive chain of length 3, since (y, v) is a top-extreme pair in
X. Hence c(y); # 1 and therefore c¢(y); = 0. By interchanging the roles of
x and y, there also exists 1 < i < n such that c(y); = 1 and c(x); = 0. This
implies that c¢(x) £ c(y), and we are done. O]

z;-, it

As each periodic orbit of a topical map f: R” — R” has a transitive cyclic
group of top isometries, Theorem 4.3.7 has the following consequence.

Corollary 4.3.8 The optimal upper bound for the periods of periodic points of
topical maps f: R" — R" is (Ln72J)'

It turns out that this result can be generalized to sub-topical maps. Recall
that a map g: R” — R” is sub-topical if it is additively subhomogeneous and
order-preserving with respect to R, . Any sub-topical map g: R* — R" can
be turned into a topical map G : R**! — R"*! by adding one extra coordinate
in the following way. Define

G( x ) _ ( Xnp1 L+ g = Xn g1 1) > for < x ) e RML
Xn+1 Xn+1 Xnt1

4.2)
The map G has the following properties.

Lemma 4.3.9 If g: R" — R”" is sub-topical and G : R"T! — R**1 s given
by (4.2), then

(i) G is topical, and
(ii) if x € R" is a periodic point of g with period p, then (x, 0) is a periodic
point with period p of G.

Proof 1t is clear from the definition that G is additively homogeneous. To see
that G is order-preserving, assume that (x, x,+1) < (¥, Yn+1). Note that

Ont1 =X DL+ gy — Y1) — g(x —xp1 1) > g(y — %11 1)
—g(x —xp,111) >0,

as g is additively subhomogeneous and order-preserving. So, G is order-
preserving.

Obviously, Gk (x,0)=(gk(x), 0) for all k> 1 and therefore (x, 0) is peri-
odic point of G with period p, if x is a periodic point of g with period p. [
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Using the map G it is easy to prove the following generalization of
Corollary 4.3.8.

Theorem 4.3.10 The optimal upper bound for the periods of periodic points
of sub-topical maps g: R" — R”" is (Ln72j)'

Proof Let & € R" be a periodic point of a sub-topical map g: R" — R”,
with period p. Let G: R"*! — R"*! be given by (4.2). It follows from
Lemma 4.3.9 that G is a topical map, which has (&, 0) as a periodic point with
period p. Let X C R"t! denote the periodic orbit of (&, 0) under G. As G is
order-preserving and non-expansive with respect to the top function, X is an
anti-chain in (R"*!, <) and X has a transitive abelian group of top isometries.

Now define c: X — {0, 1}**! as in (4.1). We know from the proof of
Theorem 4.3.7 that ¢(X) is an anti-chain in ({0, 1}*11, <) of size |X|. We
also know that c¢(x),4+; = O for all x € X, as x,41 = O for all x € X. By
restricting each element of c¢(X) to the first n coordinates, we obtain an anti-
chain in ({0, 1}", <) of size |c(X)| = | X| = p. Thus, it follows from Sperner’s
Theorem 4.3.2 that p < (LJZJ). O
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Eigenvectors and eigenvalues of nonlinear
cone maps

In this chapter we will lay the foundations for the spectral theory of continuous
order-preserving homogeneous maps f: K — K, where K is a solid closed
cone in a finite-dimensional vector space V. Two sensible definitions for the
cone spectral radius, rg (f), of f are given, and it is shown that they coincide.
The main result, which generalizes the Krein—-Rutman Theorem 1.1.6, tells us
that there exists an eigenvector x € K, with x # 0, corresponding to rx ( f); so,

f ) =rx(f)x.

It turns out that the spectral radius rg (f) satisfies a “minimax” variational
formula analogous to the Collatz—Wielandt formula for the cone spectral radius
of nonnegative matrices. We will also discuss continuity properties of 7x (f),
and analyze the cone spectrum,

ok (f) ={A>0: f(x) = Ax for some x € K \ {0}}.

Before we begin developing the theory we need to clarify a practical matter
concerning continuous extensions of order-preserving maps.

5.1 Extensions of order-preserving maps

It frequently happens that we are given an order-preserving subhomogeneous
map that is defined on the interior of a closed cone. Natural examples arise
when we have a sub-topical map g: R” — R”". In that case the log-exp trans-
form of g is an order-preserving subhomogeneous map on the interior of R, .
In such situations it is often useful to know if the map admits a continuous
order-preserving subhomogeneous extension to the boundary of the cone. In
this section we discuss this problem. It turns out that polyhedral cones play a
key role in the solution.
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Let K be a solid closed cone in V and x € dK. We say that (xg) in int(K)
converges to x from above if x;p — x,as k — oo, and x <k xi forall k > 1.
Such sequences always exist if K is solid; a simple example is the sequence
Xy =x +u/k, where u € int(K).

Lemma 5.1.1 Let K C V be a solid closed cone and x € 0K. If (xp)x
converges to x from above, then there exists a subsequence (xy;); such that
Xm LK X, forallm > k4.

Proof The subsequence (xy;); is defined inductively. Put x;; =x; and sup-
pose that we have found k; <k; < ... <k; that satisfy the assertion. As
Xy, — x €1int(K), there exists a neighborhood U; of x;, — x with U; C int(K).
Now let V; be an open symmetric neighborhood of 0 such that x;, —x —v e U;
for all v € V;. Since (xx)x converges to x, there exists k;+; > k; such that
Xm—x € V; forall m > k; 1. This implies that xi, —x,, = X, —x — (X, —x) € U;
for all m > k; 1, and we are done. O

By using this lemma the following extension result from [41] is proved.

Theorem 5.1.2 If K CV and K' C V' are closed cones, where K is solid, and
f:int(K) — K' is an order-preserving continuous map, then the following
assertions are true:

(i) If (xx)x converges to x from above, then there exists y, € K' such that
lim f(x) = ys. 5.1)
k— 00

(ii) The map F: K — K’ defined by F(x) = yy is a well-defined order-
preserving extension of f to K.

(iii) If, in addition, f is (sub)homogeneous, then F: K — K’ is also
(sub)homogeneous.

Proof By Lemma 5.1.1 there exists a subsequence (xy,); such that x,, <g
Xi; for all m > k1. In particular, we get that 0 <g xi,,, <Kk xg, for all
i > 1,and hence 0 <g+ f(xg,,) <k’ f(xk;),as f is order-preserving. This
implies that there exists yy € K’ such that lim; , o f(xx,) = yx, since K" is a
normal cone.

Lete > Oandi > 1 be such that || f (xg;) — yx || < €. Suppose thatm > k;1;
0, Xy KK Xk;. As (xg;); converges to x from above, there exists j > i 4 1,
such thatxkj <k Xm.Otherwise, x,,, <g Xk; forall j > i+1,sothatx, <k x,
as K is closed. This contradicts the fact that 0 < x,, —x. Thus, foreach j > 1
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sufficiently large, we have that Xi; <K Xm <K Xk As f is order-preserving,
fxx;) <k f(xm) <k f(xg;). This implies that

1L Gem) = G < MILF ek — £ Gl

since K’ is normal. By letting j — oo, we get that

ILf em) = yxll <= ML f (xg;) — yull < Me.

Thus, (f(xx))x converges to y,, which completes the proof of the first
assertion.

To verify that F is well defined, we let (x,/c)k be another sequence
that converges to x from above. Define (zx)x by zor =xr and zox—1 :x,’{
for all k>1. Clearly (zx)x also converges to x from above. Moreover
limg 00 f(xk) = limg— o0 f(2x) = limg_ 00 f(x,’{) by the first assertion. Thus,
F is a well-defined extension of f. To show that F is order-preserving,
we remark that if x <g y, then (x + u/k); converges to x from above and
(y + u/ k) converges to y from above for u € int(K). For each k> 1 we
have that x + u/k <gy +u/k,sothat f(x +u/k) <g f(y + u/k). Thus,
limg oo f(x +u/k) <g limgp_ f(y 4+ u/k) and hence F(x) <k F(y).

Suppose that f is subhomogeneous and let x € K and 0 < A < 1.
If (xx)x converges to x from above, then (Axy)x also converges to Ax from
above. Therefore L F (x) = limg_ 00 Af (xx) <g’ limg_ o0 f(Axx) = F(AXx). A
similar argument can be given if f is homogeneous. U

In general the extension F: K — K’ given in Theorem 5.1.2 need not be
continuous, as can be seen from the following example. Let Sym,, denote the
real vector space of n x n symmetric matrices. Denote by IT, (R) the set of all
positive-semidefinite matrices in Sym, and put K = I1,(R) x IT,(R). Note
that K is a closed cone in Sym,, x Sym,, and recall that IT, (R) is a solid closed
cone in Sym,,. Consider the map f: int(K) — I1,(R) given by

f(A,B)= A"+ B H™" forall (A, B) € int(K).

It follows from Lemma 1.4.2 that g(A) = A~! is order-reversing with respect
to I, (R). Therefore f is order-preserving. It is easy to see that f is homoge-
neous. Thus, f is non-expansive with respect to Thompson’s metric, and hence
continuous on int(K). However, we shall see that even for n = 2 the extension
of f given in Theorem 5.1.2 is not continuous. Take

1 0
A—B—<O O)GGH;z(R),
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and for k € Nlet Ay=A + k~'I and By =B + k~'I. Thus, ((Ax, Bx))k
converges to (A, B) from above. By using the equality f(X,Y) =
XX+ 'Yy =YX +Y) 'Xfor X,Y € int(IT,(R)), a simple calculation
shows that

. 1/2 0
F(A,B):kll)rgof(Ak,Bk)=< (/) 0)'

On the other hand, if we consider

. (1 1k , (1 2k
Ak‘(l/k m/k2> and Bk_(Z/k 4m/k2)’

where k,m € Nand m > 1, then ((A}, B}))i also converges to (A, B), but
. 1/2 0
1 A, B, .
Jm f(Ay k)aé< 0 0)

Indeed, a straightforward computation shows that

0
lim f(A,, B =( ¢
omn, S (A B (0 0)’
where a = (5m — 5)/(10m — 9) < 1/2. Consequently F' is not continuous.
The cone I1,(R) is not polyhedral by Lemma 2.4.1. It turns out that the
extension F: K — K’ defined in Theorem 5.1.2 is always continuous, if K is

polyhedral. This is due to the following geometric property, which, as we shall
prove, characterizes polyhedral cones.

Definition 5.1.3 A closed cone K C V is said to satisfy condition Gat x € K
if, for every sequence (x;)r € K with limg_, oo xy = x andeach0 < A < 1,
there exists m € N such that Ax < x; for all k > m. We say that K satisfies
condition G if condition G is satisfied at every point in K.

Note that if K is a solid closed cone, condition G is satisfied at every point
x € int(K). However, for K to satisfy condition G at each point in d K, it needs
to be polyhedral, as the following result from [41] shows.

Lemma 5.1.4 A solid closed cone K C V is polyhedral if and only if it satisfies
condition G.

Proof If K C V is a polyhedral cone, there exist finitely many linear func-
tionals ¥1, ..., ¥y such that K = {x € V: ¢;(x) > Ofori = 1,...,N}.
Let (xz)r be a convergent sequence in K with limit x, and let 0 < A < 1.
As xy — x, we have that ¥; (x;) — ¥;(x) forl <i < m. If ¥;(x) > 0,
then ¥;(xx) — vi(Ax) — (1 — AM)Yi(x) > 0. In that case there exists
m; > 1 such that ¢;(xx) > v¥;(Ax) for all k& > m;. If ¥;(x) = 0, then
clearly 0 = v;(Ax) < ¥;(xx) for all & > 1 and we put m; = 1. Now let
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m = max{m;:i = 1,..., N}. Then ¥;(Ax) < ¥;(xx) for all k > m. This
implies that xy — Ax € K forall k > m.

To show the opposite implication, we take ¢ € int(K*) and let ¥ = {x €
K: ¢(x) = 1}. Recall from Lemma 1.2.4 that such a positive functional ¢
exists and X is a compact and convex set. Clearly K is polyhedral if ¥ is a
polyhedron. Thus, it suffices to prove that ¥ has finitely many extreme points.

Letx € ¥ and 0 < A < 1. It follows from condition G that there exists a
neighborhood U, of x such that Ax < u forallu € Uy N K. Let y # x in
UNX¥andfor0 <o < A, putz = y/(1 —a) — ax/(1 — «). Remark that
z€ X,as¢(z) =1and0 < « < A. Thus, y = (1 —«)z+ ax is not an extreme
point of X. This implies that U, contains at most one extreme point of X. As
¥ is compact, Uyex U, has a finite subcover of ¥, and hence ¥ has finitely
many extreme points. O

By exploiting property G of polyhedral cones, we now prove the following
result.

Theorem 5.1.5 Let K € V and K' C V' be closed cones and suppose that
K is a solid polyhedral cone. If f: int(K) — K’ is order-preserving and
(sub)homogeneous, then F: K — K’ given in Theorem 5.1.2 is a continuous
order-preserving (sub)homogeneous extension of f.

Proof By Theorem 5.1.2 it remains to be shown that F is continuous. As f is
non-expansive under Thompson’s metric on int(K), F is continuous on int(K).
Now let (xx)x € K be a sequence that converges to x € d K. Take an increasing
sequence (Ag)r € (0, 1) with Ay — 1. For each k > 1 there exists mj > 1 such
that Axx <k x,, for all m > my. On the other hand, there exists u € int(K)
and a decreasing sequence (y)r with §x — 0 such that

X —8u <k Xy <k x +8u forallm > my,

and hence A F(x) <g' F(Arx) <g» F(xy) <g' F(x + 8;u) for all m > my.
This implies that

0 <k F(xpm) — MF(x) <g f(x+6u) —ArAF(x) forallm > my.

and hence limy_, oo F(xz) = F(x). O]

5.2 The cone spectrum

The analysis of the eigenvalues and eigenvectors of order-preserving homoge-
neous maps on closed cones in finite-dimensional vector spaces has numerous
similarities with the classical Perron—Frobenius theory, but also some marked
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contrasts. For instance, there exist continuous order-preserving homogeneous
maps f: K — K that have infinitely many distinct eigenvalues. This may
come as a surprise, especially since K is only assumed to be finite-dimensional.
The purpose of this section is to discuss this issue in detail. Given an order-
preserving homogeneous map f: K — K we say that A > 0 is an eigenvalue
of f if there exists x € K with x # 0 such that f(x) = Ax, and denote the
cone spectrum by

ok (f) = {A = 0: Ais an eigenvalue of f}.
The following result is elementary, but useful.

Lemma 5.2.1 Suppose that f: K — K is an order-preserving homogeneous
map on a closed cone K C V and x,y € K \ {0} are such that y dominates x.
If A\x <g f(x)and f(y) <k ny, then A < .

Proof The case A = 0 is trivial. So, assume that A > 0. Note that as y
dominates x, there exists B > 0 such that x <g PBy. This implies that

My <k fR(x) <k BfE(G) <k Buty, so that

k 1
(E> y—-=-xek

A B
for all k > 1. Letting k — oo we see that if © < A, then —x/8 € K, which is
impossible. Thus, A < u, which completes the proof. O

As a consequence we derive the following result.

Corollary 5.2.2 If f: K — K is an order-preserving homogeneous map on a
closed cone K C 'V, and f has eigenvectors x and y in K with x ~k y, then
the eigenvalues of x and y are equal.

Proof Suppose that f(x) = Ax and f(y) = uy. As x ~g y, we know that
x dominates y, and y dominates x. So, it follows from Lemma 5.2.1 that A =
uw. ]

As {0} is a part of any cone K, we see that the number of distinct eigen-
values of an order-preserving homogeneous map f: K — K is bounded by
m — 1, where m is the number of parts of K. In case K = R’| it is easy to
construct an example that shows that the upper bound is sharp. Indeed, given
1 C{l,...,n},define 1/ € R% by 1! = 1ifi € I, and 1/ = 0 otherwise.
Furthermore, let A; > O be such that A; < Ay if I € J and I # J. Now
consider f: R} — R’ given by

flx) = \/ x,(r}lei?x,-)nl forx e R".
P£IC{1,...,n}
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Clearly f is a continuous order-preserving homogeneous map on R’ . More-
over, for J C {1, ..., n} with J # (J we have that

faly="\/ a1 =1’
gEICT

as Ay < Ay for I € J with I # J. Thus, we can arrange f to have 2" — 1
distinct eigenvalues.

It turns out that the upper bound, m — 1, is sharp for every polyhedral cone.
Before we prove this we introduce some notation. Let K < V be a solid
polyhedral cone with N facets and facet-defining functionals i1, ..., ¥x. For
r<0and/ C{1,..., N} non-empty, define M, (I): int(K) — [0, co) by

M, (I)(x) = (Z w,-(x)’)l/r for x € int(K).

iel

Note that M,(I) has a continuous order-preserving homogeneous exten-
sion to dK by Theorem 5.1.2. Moreover, if x € 9K and there exists i € [
with ¥ (x) =0, then M,(I)(x)=0, since r < 0. For r= — oo we let
M_(I): K — [0, 0co0) be given by

M_(I)(x) = I_niIn Yi(x) forx € K.
i€

Theorem 5.2.3 Let K C V be a solid polyhedral cone with m faces. If
f: K — K is a homogeneous order-preserving map, then |ox (f)| <m — 1.
Moreover, there exists a continuous homogeneous order-preserving map on K
with m — 1 distinct eigenvalues.

Proof It follows from Lemma 1.2.2 that if K is a polyhedral cone with m faces,
then K has m parts. Omitting the trivial part {0} and using Corollary 5.2.2 we
find that m — 1 is an upper bound for the size of o (f).

To construct an example with m — 1 distinct eigenvalues on a polyhedral
cone K with m faces, we let ¥, ..., ¥ denote the facet-defining functionals
of K. Let P(K) denote the collection of parts of K, so |P(K)| = m. Recall
that each part of K is the relative interior of a face of K; see Lemma 1.2.2.
Moreover by Lemma 1.2.3 we know that for each P € P(K) we have that

P={xeK:yij(x)>0ifandonly ifi € I(P)},

where I (P) = {i: ¥i(x) > 0 for some x € P}
For each P € P(K) with P # {0} select z¥ € P. The idea is to con-
struct a continuous order-preserving homogeneous map which has the points
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z¥ as eigenvectors with distinct eigenvalues. Let r € [—o0, 0). We will use a

continuous order-preserving homogeneous map f;: K — K of the form

fr(x) = > aeMIPHxu”  forxeK, (52
PeP(K),P#{0}

where Ap > 0 and u” € P are chosen appropriately.

Recall that P(K) has a natural partial ordering < given by P < Q if for each
y € Q and x € P there exists § > 0 such that x <g By. Furthermore recall
from Lemma 1.2.3 that P < Q if and only if /(P) € I(Q). It follows that for
eachx € Q and P € P(K) with P # {0} we have that M, (I (P))(x) > 0 if
P < Q,and M, (I(P))(x) = 0 otherwise.

We will define Ap >0 and u” € P inductively using the height of P with
respect to <. For P € P(K) with dim P =1, so that P has height 1,
take u” =z” and chose Ap > 0 such that the positive numbers up =
ApM,(I(P))(u®) are all distinct for P € P(K) with height 1. So, f(zF) =
wpz? for those parts P.

Now suppose that we have already selected u” € P and Ap > 0 for all
P < Q with {0} # P # Q. Consider

D= > aeMUAPHEOuF = Y apMI(P)EOu”
PeP(K),P#{0} PLQ,P#{0}
and write
w? = Z ApM,(I(P)(z%)u’.

PLQ(0}#P#Q

Note that for each np > O sufficiently large we have that ,quQ —w? e Q.
Take Ao > 0 and u? € Q such that

roM(1(2)@Du? = pnpz? — w?.

Recall that M, (1(Q))(z2) > 0; so, once we have fixed o >0and Ap >0
the vector u? € Q is uniquely determined.

It follows from the construction that f,(z¢) = w2 +ppz¢ —w? = uez2.
Thus, we can chose g > 0 such that f, has [P(K)| —1 = m — 1 distinct
eigenvalues. O

If —oo < r < 0, the function f we constructed in Theorem 5.2.3 is infinitely
differentiable on int(K). One could ask whether there exists a continuous
homogeneous order-preserving map on K as in Theorem 5.2.3 which is C!
on int(K) and for which Df (x) extends continuously to 0. For dim K > 1 the
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answer is trivially no: If L denotes the limit of Df(x) as x — 0, L would
necessarily have m — 1 distinct eigenvalues.

The following result shows that the cone spectrum need not be finite if the
cone is not polyhedral. To prove it we need Straszewicz’s theorem [210] (see
also [186, p. 167]), which says that the exposed points of a closed convex set
S in a finite-dimensional vector space V are dense in the extreme points of S.

Recall that a point x in a closed convex set C € V is said to be exposed
if there exists a hyperplane H € V with dim(H) = dim(V) — 1 such that
HNC ={x}.

Theorem 5.2.4 If K C V is a solid closed cone, then there exists a continuous
order-preserving homogeneous map f: K — K with infinitely many distinct
eigenvalues if and only if K is nonpolyhedral.

Proof By Theorem 5.2.3 it suffices to construct for each solid closed non-
polyhedral cone K < V a continuous order-preserving homogeneous map
f: K — K with infinitely many distinct eigenvalues.

Let # € int(K) and note that if K is nonpolyhedral, then K* is also non-
polyhedral. Define X* = {¢ € K*: ¢(u#) = 1}, which is a compact convex set
in V* by Lemma 1.2.4. As K* is nonpolyhedral, ¥* is not a polyhedron, and
hence it has infinitely many extreme points. By Straszewicz’s theorem [210],
we know that the exposed points of X* are dense in the extreme points of X*.
Therefore we can find a sequence (), in £* of distinct exposed points such
that gy — ¥ € ¥*ask — oo and ¢ # ¢ forall k > 1.

As ¢y is an exposed point of ¥*, F = {Ag : A > 0} is an exposed face of
K*. So, as K** = K, there exists x* € K with [|x*|| = 1 such that ¢ (x¥) = 0
and ¢(x¥) > 0 forall ¢ € * \ {¢}. In particular,

v(*) >0 and ¢,(%) >0 forallm # k. (5.3)

Now define f: K — K as follows:

o0
INE. )
fx) = ,; <§> Ak Wllr;léfkgom(x)x forx € K,

where (Ag)x is a bounded sequence of strictly positive reals. Note that for each
k # g we have that

A inf 7 =0,
knllr;kw(x )
as ¢4 (x?) = 0. On the other hand, if k = ¢, then

Aq inf @, (x7) > 0,
m#q
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by (5.3) and the fact that ¢y — ¢ as k — o0, ¢p # ¢, for all kK # ¢, and

Pq V.
Thus for each ¢ > 1 we have that
q e, 954
fx?) = (E) Ag ng&fq(pm(x )xd,

which shows that x¢ is an eigenvector of f. We can select 0 < A, < 1 in such
a way as to ensure that f has infinitely many distinct eigenvalues. U

The cone spectrum of the map f constructed in the proof of Theorem 5.2.4
is a countably infinite set. The following example shows that the cone spectrum
of a continuous order-preserving homogeneous map may contain a continuum,
even if the cone is finite-dimensional.

Example 5.2.5 The example we give is defined on the cone of positive-
semidefinite symmetric 2 x 2 matrices, [12(R), but similar examples exist on
IT,,(R) for n > 2. Recall from Section 2.4 that IT,(R) is a self-dual cone with
respect to the inner-product (R, S) = tr(RS). Let

10
A:(O O)eang(m{)

and define f: IT,(R) — I1>(R) by
1/2
F(X) = (tr(XA)X) for X € My (R).
Clearly if X <Y, thentr(XA) <tr(YA), as A € [1>(R). It follows that
tr(XA)X <tr(YA)X <tr(YA)Y,

which implies that f(X) < f(Y), since the map R RYZis order-preserving
on [T (R) (see Section 1.4). Note also that f is homogeneous.

ForO <o <1let
xa=< I« O)enz(R).
0 o

So, tr(XyA) =1 — o and

[ —a) 0 2 —a) 0
f(Xa) = < 0 (1 - o) ) N < 0 VA —a)a )

We see that if f(Xy) = AXy, then A = 1 and /(I — «)a = «, which is
equivalent to o« = 0 or o = 1/2. Thus, X and X > are eigenvectors of f with
eigenvalue 1. As X/, lies in the interior of the cone, it follows from Lemma
5.2.1 that the maximum eigenvalue of f is equal to 1.
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Now consider Z € 91, (R) with tr(Z) = 1. Note that Z can be written as

7 _ cos?? —sinv % cos?  sin?d
T\ sin®  cos® O\ —sin® cos®
_ cos? ¥ cos ¥ sin ¥
“\ cos®sin® sin? ¢

for some 0 < ¥ < 27m. Thus,
1/2 12
f(2) = (tr(ZA)Z) = |cos#|Z/? = | cos 9|Z,

which shows that Z € dI1>(R) is an eigenvector with eigenvalue | cos |, and
hence the cone spectrum of f is equal to [0, 1].

With regard to Example 5.2.5 we mention the following open problem.

Problem 5.2.6 Which finite-dimensional closed cones K admit a continuous
order-preserving homogeneous map f: K — K with a continuum in og (f)?

5.3 The cone spectral radius

The main part of the Perron—Frobenius theorem concerns the spectral radius
and its corresponding eigenvector. In this section we discuss generalizations
of the spectral radius to nonlinear cone maps. Initially we shall only assume
that f: K — K is a continuous homogeneous map on a solid closed cone
K in a finite-dimensional vector space V. Two natural definitions for the cone
spectral radius, denoted rg (f), are considered, and it will be shown that they
coincide. Unlike the linear case, it may happen that there exists no x € K \ {0}
such that

f&) =rg(f)x. (5.4)

In the next section, however, it will be shown that if f: K — K is also
assumed to be order-preserving, then rx (f) is an eigenvalue of f. It must
be remarked that the issue does not arise if f: K — K is linear, as f is
necessarily order-preserving in that case.

Let K € V beaclosedcloneand f: K — K be a continuous homogeneous
map. As f is continuous at 0 and homogeneous, we can define

I fllx = sup{|l f(x)]: x € K and ||x|| < 1}, (5.5)

where ||| is a fixed norm on V. Since f is homogeneous, || f (x)|| < || fllx lx]l
for all x € K. This implies that

LA™ GOl < I I ™ g el
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forall k, m > 1 and x € K, so that
LAk < LIkl f™ Ik forallk,m > 1.

By Fekete’s sub-additive lemma [64], we find that

: myl/m _ . myl/m
Jim | f g —nllgflﬂf lx - (5.6)

For linear maps f, Bonsall [32] called lim,,— || f™ ||}(/m the cone spectral
radius of f. For a continuous homogeneous map f: K — K we therefore
define the Bonsall cone spectral radius of f to be

N . 1 . 1
Fr(f) = lim "1™ = nf " (57)
m— 00 m>1
Note that 7g (f) is independent of norm, as all norms on a finite-dimensional
vector space are equivalent.

Another natural definition of the cone spectral radius of f: K — K is the

following. For each x € K with x # 0 let
g (x, f) = limsup || £ (x)[|'/™, (5.8)

m—0o0

and define the cone spectral radius of f by

rx (f) =sup{ux(x, f): x € K and x # 0}. 5.9
Note that || f™()IIY/™ < || £™1" 1x]I'/™ for all x € K with x # 0 and
m > 1. As limy, oo | /1" = 7k (f), we see that pk (x, f) < Fx(f) for

all x € K with x # 0. Thus,

rg (f) =g (f). (5.10)

By making essential use of the assumption that V is finite-dimensional, it will
be shown that rg (f) = Fg (f). In fact, the equality does not necessarily hold in
infinite-dimensional Banach spaces: see [138]. The following result is a special
case of [138, theorem 2.3].

Theorem 5.3.1 If f: K — K is a continuous homogeneous map on a closed
cone K CV, thenrg(f) = Fg (f).

Proof By inequality (5.10) it suffices to prove that 7x () < rg (f). Suppose
that rg (f) < Fx (f). For A > 0 fixed, define f; (x) = f(Ax) = Af (x). Clearly
rr (f2) = Arg(f) and Fg (f;) = APg(f). Thus, replacing f by fi, we may
assume that rg (f) < 1 and Fg (f) > 1.

Fora > 0let By = {x € K: ||x|| < a}. Asrkx(f) < 1, there exists for each
x € K aninteger m, > 1 such that f™~(x) € Bj3. By continuity, there exists
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a relatively open neighborhood V, of x in K such that || f"*(y)|| < 1/2 for all

y € Vy.
The collection {V, : x € B;}is an open covering of the compact set By, and
hence there exist finitely many x1, ..., x, € By such that By C U‘;’:l ij. For

notational convenience write V; = B1 N ij andm; = My;. So, B; = Uj.’zl V;
and || f™ (y)|| < 1/2forally € V;.

Let M = max;mj and W = Uyzofj(Bl). We claim that f(W) C W.
Ifwe W, thenw = fj(x) for some x € By and 0 < j < M. Clearly if
j < M, then f(w) = f/t1(x) € W. On the other hand, if w = f*(x), then
we can find 1 < k < p such that x € Vi. Note that f™(x) € B2 € B; and
1 < mp < M. Putting &€ = f™(x) € B; and using the fact that By C W, we
find that f(w) = fM—™+l(g) e W.

Since W is compact, there exists a constant R > 0 such that ||w| < R for
all w € W. Thus, for each x € By, we have that || f"(x)|| < R forallm > 1.
This implies that 7x (f) < 1, which is a contradiction. O

The cone spectral radius rg (f), and hence also 7x (f), has the following
basic properties.

Proposition 5.3.2 If K C V is a closed cone and g: K — K is a continuous
homogeneous map, then the following hold:

(i) For eachk > 1 we have that rg (g%) = rg (g)*.
(ii) If g% (x) = A*x for some x € K \ {0} and k > 1, then 1 < rg(g).

Moreover, if K1 C Vi and Ky C V, are closed cones, and f1: K1 — K and
fr: Ko — K are continuous homogeneous maps, then

rk, (f20 f1) =rk,(f1 0 f2).

Proof By Theorem 5.3.1 it suffices to prove the statements for 7x (g). Remark
that
k
A . 1 . 1/(mk A
Pe(e5 = lim g 1" = tim (1 1Y) = (o).
m— 00 m—0o0

To prove the second assertion let x € K \ {0} and g€(x) = AKx. Clearly
gk (x) = A% x for all m > 1, so that

= Tim [ )"0 < limsup g/ )" < rk(g).
To prove the last assertion let || - || be a norm on V; and || - ||’ be a norm
on V. Define || f1|| = sup{]lfi(x)|": x € Kjand ||x|| < 1}. Likewise let
121l = sup{ll 21 y € K2 and ||y||’ < 1}. For every integer m > 1,
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120 /)™ LI = 1 Ao D)™ (FLENI < Ao 2™ Ik, ATl
so that
120 )"k, < 1A © 2™ kAL
If || fill =0, orif || f2|| = O, then
Pk (f20 f1) =0 <7k, (f1 0 f2).

On the other hand, if both are non-zero, then

A . 1 1
Fry(f2o fi) = lim [[(f20 f)" LY

. 1 m/(m-+1)
< Tim 1 (1o 271" Al oD
= sz(fl o f2)

From Theorem 5.3.1, we conclude that rg, (f2 o f1) < rk,(f1 o f2). Inter-
changing the roles of K| and K5 shows thatrg, (f2 0 f1)=rk,(fio f2). O

It is natural to ask if the cone spectral radius of a continuous homogeneous
map f: K — K is an eigenvalue. Define

Fr(f) = sup{A > 0: g(x) = Ax for some x € K \ {0}}.

One may suspect that rx (f) = rg(f), particularly as rx(f) < rg(f)
by Proposition 5.3.2(ii). The following example, however, shows that the
inequality can be strict, even in finite dimensions.

Example 5.3.3 Consider the Lorentz cone Az = {(x1, x2, x3) € R3: x% —
x% — x32 > 0 and x; > 0}. Let Uy : R2 — R? denote the rotation through ¢
about the origin, and assume that ¥ /7 is irrational. Define fy: A3 — A3 by

1
So(x) = (Em + /x5 +x3, Up(x2,x3)) forx € As.

Itis easy to verify that f3 (A3) € A3z, and that f; is a continuous homogeneous
map. Furthermore, for each k > 1 we have that

k—1
FE0) = (/2 + JxF + 23 (1/2)7 U (x2. x3)). (5.11)
j=0

since ||(x2,x3)[l2 = ||Us(x2,x3)|l2. As ¢/m is irrational, we know that
Up(x2,x3) = A(x2,x3) for some A > 0 if and only if (x2,x3) = (0, 0).
Thus, x € Az with x # 0 satisfies fy(x) = Ax for some A > 0 if and only if
x1 > 0,x2 = x3 =0,and A = 1/2. This shows that 75, (fy) = 1/2. By taking
x = (x1, x2, x3) with x; > 0 and x12 =1/2 = x% + x% and using (5.11), we
see that ||f§||2 > 1. So, ra;(f) = 1, which shows that 7o, (fs) < ra;(f)-
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To ensure that the cone spectral radius is an eigenvalue, extra assumptions
are required. In the next section it will be shown that it is sufficient to assume,
in addition, that f is order-preserving. In fact, the following slightly more gen-
eral condition suffices. There exists a closed cone C C V with K C C such
that f: K — K is a continuous homogeneous map that is order-preserving
with respect to C. The assumption that f is order-preserving with respect to
C instead of K may seem artificial; indeed, in many natural examples f is
order-preserving with respect to K. It may, however, happen that it is easier to
prove that f preserves <c¢ even if f is K-order-preserving. To illustrate this,
consider the following example.

Example 5.3.4 For 1 <i,j < nleta;; > 0 be such that 27:1 a;j > 0 for
each i. Define f: int(R"}) — R’} by

fitx) = (i“ijx;]>_l
=1

forall 1 <i <nandx € int(R). Obviously f is continuous, homogeneous,
and order-preserving with respect to R’ . By Theorem 5.1.5 f has a continuous
homogeneous order-preserving extension to R’ .

Let K={x€eR":0<x; <x2 <...<ux,}. Weclaim that f(K) C K if
and only if

k k
Za,-jzza(m)j forl<i<nandl <k <n. (5.12)
j=1 j=1

To show this we note that, by continuity of f, f(K) is contained in K if and
only if f(x) € K forallx € K with0 < x1 < x» < ... < x,. For such
x € K, f(x) € K is equivalent to

n n
Zaijxfl > Za(i+l)jx;1 forl <i <n. (5.13)
j=1 i=1

Write y; = xj_], and note that y; > y» > ... > y, > Oand y; — 0 as

xj — 00. Thus, (5.13) is equivalent to

n n
Zaijyj = Za(i+1)jyj (5.14)
j=1 j=1

foralll <i<nandy; >y, >...>y, >0.
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For i fixed let B; = a;j — a(4+1); and define S = Zl;:l Bj and Sp = 0.
Summation by parts shows that

n n—1
D Bivi =D SOk — Y1) + Sudn- (5.15)
j=1 k=1

Asyr >y > ...>y, > 0and, by (5.12), Sy > Oforall 1 <k < n, we see
that (5.14) is satisfied.

To show the equivalence we fix 1 < k < n and consider the vector y given
by yj =1forl < j < kandy; = 0for j > k. In that case (5.14) gives
Yk yeij = Y5_ it This shows that £(K) € K if and only if (5.12)
holds.

Even though f(K) is contained in K it may happen that f is not order-
preserving with respect to K. For instance one can use Theorem 1.3.1 to show
that if

O5nn(0‘(nf])n)2 — O(n—1)n (Olnl)2 <0
then f is not order-preserving with respect to K.

We conclude this section with several useful inequalities for the cone
spectral radius.

Proposition 5.3.5 Let K C C be closed cones in V, and f: K — K and
g: K — K be continuous homogeneous maps such that

f(x) <c gx) forallx € K. (5.16)
If either f or g is order-preserving with respect to C, thenrg (f) < rg(g).

Proof We first show by induction that fk x) <c gk (x) for all x € K. The
case k = 1 is our assumption. Suppose that [ (x) <c g™ (x) forall x € K
and m < k. If f is order-preserving with respect to C, then it follows from
(5.16) that

@ = F@) <c " @) =c g(g" () = ¢ ).
On the other hand, if g is order-preserving with respect to C, then
@ = FF@) <c g(Ff ) =c g(g" () = ¢ ).

As C is a closed cone in a finite-dimensional vector space, C is normal by
Lemma 1.2.5. Thus, there exists M > O such that |[u|| < M||v| forallu,v € C
with u <¢ v. it follows that

I F5ol < M|g¥(x)|| forallx € K and k > 1.
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So, limsup,_, o | fX)|1/* < limsup,_, o [lg"(x)||'/* for all x € K, and

hence rx (f) < rx(g). O

Proposition 5.3.6 Let K C C be closed cones in'V and f: K — K be a
continuous homogeneous map. If f is order-preserving with respect to C and
there exist u € K \ {0} and p > 0 such that

pu <c fu),

then rg (f) = p. Moreover, if K has a non-empty interior, then for each x €
int(K) we have that

ri(f) = lim [Nl ] R

Proof If pu <¢ f(u), then p*u <¢ f¥(u) forall k > 1. As C is normal, we
deduce that p¥||lu|| < M| f*(u)| for some constant M > 0. This implies that

p <limsup || @)% < rg(f).
k—00
If x € int(K), then there exists a constant M’ > 0 such that y <¢ M'x for
all y € K with ||y|| < 1. Again using normality of C, we find that X1 <
M'M|| f*(x)| forall y € K with ||y|| < 1 and k > 1. This implies that

5k < MMl < MM A Dk -

As limy_, oo | P41 * = r& (f) by Theorem 5.3.1, we conclude that

Jim LN, = re ().

5.4 Eigenvectors corresponding to the cone spectral radius

As in classical Perron—Frobenius theory the cone spectral radius of a contin-
uous homogeneous order-preserving map is an eigenvalue with eigenvector in
the cone. The proof relies on the Brouwer fixed-point theorem. The idea that
fixed-point theory can be a powerful tool to show existence of eigenvectors
is an old one, and can be traced back to the works of Alexandroff and Hopf
[8, pp- 480-1] and Krein and Rutman [117].

Theorem 5.4.1 Let K C C be closed cones in V, where K has non-empty
interior, and let f: int(K) — K be a continuous homogeneous map which is
order-preserving with respect to C. Suppose that ¥ € int(C*) and u € int(K).
For ¢ > O define f.: int(K) — int(K) by
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fe(x) = f(x) +ed(x)u forx € int(K). 5.17)
The following assertions hold:

(i) The map f. is continuous, homogeneous, and order-preserving with
respect to C.
(ii) There exists x; € int(K) with 9 (xg) = 1 such that fg(x¢) = rg (fe)xe.

(iii) If 0 < n < &, then rg(fy) < rx(fe) and hence limg_org(fe) = 1
exists.

(iv) There exists a convergent sequence (xg, )i in {x: 0 < & < 1} with x,, —
x and gx — 0as k — oo, such that f(xg) — yask — coandy =rx.

Proof Let ¥ = {x € K: ¥ (x) = 1}. So, X is a convex compact set by Lemma
1.2.4. Clearly f; is a continuous homogeneous map which preserves <c, as
¥ € C*. Moreover, f.(K) C int(K), since u € int(K).

Asu € int(K) C int(C) and ¥ C K is compact, there exists M| > 0 such
that

x <c Mu forallx € X. (5.18)

This implies that f.(x) = f(x)+eu <c M1 f(u)+e¢euforallx € LNint(K).
As u € int(C), there also exists M, > 0 such that

M, f(u) <c Mau. (5.19)

Thus,
fe(x) <c (Ma+¢e)u forallx € ¥ Nint(K). (5.20)

It follows that
et () <V(fe(x)) < (My+6e)0(u) forallx € ¥ Nint(K). (5.21)

Now define g.: ¥ Nint(K) — X Nint(K) by

ge(x) = S forall x € ¥ Nint(K).
D (fe(x))
By (5.21) we know that
eu < Sfe(x)

< X).
O+ v X Ot oG K &

As C is a closed cone in a finite-dimensional vector space V/, it is normal
and hence there exists a constant M3 > 0 such that || f(x)|| < M3|u]| for all
x € ¥ Nint(K) by (5.18) and (5.19). Since f(x) € K forall x € ¥ Nint(K)
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and u € int(K), there exists a constant M > 0 such that f(x) <x Mu for all

x € ¥ Nint(K). By using (5.21) we see that
M
8:(x) <k o) + eu <k (M + e)u forall x € ¥ Nint(K).
eV (u) e (u)

Thus, there exist constants 0 < A < B such that

g (X Nint(K)) C {x € T Nint(K): Au <g x <g Bu). (5.22)

Write 2, = {x € ¥ Nint(K): dy(x,u) < log(B/A)}, where the Hilbert
metric is determined by K. So, €2 is a compact convex subset of ¥ N int(K)
by Lemma 2.6.1. The inclusion (5.22) ensures that g.(2;) € €. It follows
from the Brouwer fixed-point theorem that g.(x,) = x, for some x, € Q, C
Y Nint(K). Write A, = 9 (f:(x¢)) and note that f;(x;) = A.x. and O (x¢) = 1.
Proposition 5.3.6 implies that rx (f;) = limg_ oo ||f8k(x8)||1/k = Ae. This
completes the proof of part (ii).

Now suppose that 0 < n < &. As fy(x;) = rig(fy)x;, we have that
feGxy) = rx(fipxy + (6 — nu. As u € int(C), there exists § > 0 such
that 8x, <c (¢ — n)u, so that

(rg (fy) +8)xy <c fe(xy). (5.23)

Recall that x, € int(C), and hence there exists & > 0 such that ax; <c x..
Combining this inequality with (5.23) and iterating f, gives

ark (fy) + 8 x, <c aff(xy) <c fFxe) = re (fo)Fxe.
This implies that

( r (fe)
re(fy) +6

If re(fe) < rx(fy) + 8, we can let k — oo in (5.24) and conclude that
—axy € C, which is impossible. Thus, rg (fe) > rx(f;) + 8, which shows
that rg (fy)) < rx (fe) for 0 < n < & and hence limg_, o rx (fs) = r exists.

As {x;: 0 < ¢ < 1} and {f(x:): 0 < ¢ < 1} are bounded subsets of the
finite-dimensional closed cone K, there exists a sequence (&x); with g — 0
as k — oo such that (x, )x converges to some x € X and ( f (xg, ))x converges
tosome y € K. As fg (xg,) = rx(fe,)xe, — rx as k — oo, we find that
Yy =rx. O

k
) xe—ax, eC forallk = 1. (5.24)

If the map f: int(K) — K in Theorem 5.4.1 has a continuous homoge-
neous C-order-preserving extension F': K — K, then F has an eigenvector
in K with eigenvalue r. In that case we will see that r = rg (F). The exam-
ple discussed in Section 5.1 shows that in general f may fail to have such a
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continuous extension. However, in case K is polyhedral essentially the same
arguments as in Section 5.1 can be used to show that f always admits a con-
tinuous homogeneous extension F: K — K which is order-preserving with
respect to C. We refer the reader to [41, theorem 7.2] for details.

Corollary 5.4.2 Let K C C be closed cones in V with int(K) non-empty. If
f: K — K is a continuous homogeneous map which is order-preserving with
respect to C, then there exists x € K \ {0} with f(x) =rg(f)x.

Proof We use the notation from Theorem 5.4.1. For each x € K, f(x) <c¢
fe(x), so Proposition 5.3.5 implies that rx (f) < rx(fe). This shows that
r > rg(f), where r = limg_,o7rg (fe). By part (iv) of Theorem 5.4.1 there
exists a sequence (xg )k in X Nint(K) with x;, — x and &g — Oask — oo
such that f(x;) — y ask — oo and y = rx. Since f is continuous on K,
we getthat rx = y = f(x), so that r < rg(f) by definition of rx (f). Thus,
r=rg(f)and f(x) =rg(f)x. O

Corollary 5.4.2 is closely related to a classical result by Krein and Rutman
[117, theorem 9.1], which deals with compact, nonlinear cone maps in a
Banach space. Direct generalizations to noncompact cone maps have been
given by Nussbaum and Mallet-Paret [138, 139], where more sophisticated
ideas from fixed-point theory, such as the fixed-point index, are used.

5.5 Continuity of the cone spectral radius

Given a continuous homogeneous order-preserving map f: K — K on a solid
closed cone K C V, and a sequence ( fi)x of continuous homogeneous order-
preserving maps on K such that

lim sup || f(x) — fie(x)ll =0, (5.25)
k—00 yex
where ¥ = {x € K: ¢(x) = 1} and ¢ € int(K™), it is natural to ask if
lim rg (fi) = re (f). (5.26)
k—o00

We say that f: K — K has a continuous cone spectral radius if (5.26) holds
for every sequence (fx)x of continuous homogeneous order-preserving maps
on K satisfying (5.25). There exist examples [120] in infinite-dimensional
Banach spaces of linear maps that are compact on a closed cone, but not com-
pact as a linear map on the whole space, which do not have a continuous cone
spectral radius. In finite dimensions, however, no such examples are known. In
fact, the following problem is open.
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Problem 5.5.1 Is the cone spectral radius continuous for every continuous
homogeneous order-preserving map f: K — K on a solid closed cone K in
a finite-dimensional vector space V ?

The cone spectral radius is always upper-semicontinuous, as the following
lemma shows.

Lemma 5.5.2 If f: K — K is a continuous homogeneous order-preserving
map on a solid closed cone K C V and (fi)r is a sequence of continuous
homogeneous order-preserving maps on K satisfying (5.25), then

limsup rg (fx) < rx (f).

k— o0
Proof For k > 1 write Ay = rg(fx) and let uy € K be such that f(ur) =
Aruy. There exists a subsequence (A, ); such that

lim Ay, = limsup Ag = A'.

=00 k—o00
As ¥, = {x € K: ¢(x) = 1}, with ¢ € int(K™), is compact by Lemma 1.2.4,
we may after taking a further subsequence assume that (uy; ); converges in X.
Denote its limit by v. As f is continuous, f(v) = A'v by (5.25). Now the
definition of r¢ (f) implies that A" < rg (f), and we are done. O]

If the cone is polyhedral, the cone spectral radius is always continuous. This
is a consequence of the following result.

Theorem 5.5.3 If f: K — K is a continuous homogeneous order-preserving
map on a solid closed cone K C V, and there exists u € K \ {0} at which
condition G is satisfied with f(u) = rg (f)u, then the cone spectral radius is
continuous.

Proof For each k > 1 write uy = fr(u). By (5.25), limp_ oo ux = rx (f)u. As
condition G is satisfied at u, there exists 0 < u; < 1 with ug — 1 such that

wirk (Fu <k uy  forallk > 1.

This implies that puirg (f)u <k fr(u) forall k > 1. It follows from Proposi-
tion 5.3.6 that urrg (f) < rg(fi) for all k > 1. Letting k — oo we deduce
that

rx (f) = liminfrg(fi).
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Combining this inequality with Lemma 5.5.2 shows that limg_, oo rx (fr) =
ri (f)- O

Recall from Lemma 5.1.4 that if K is a polyhedral cone, then condition G
is satisfied at every point x € K. Thus, Theorem 5.5.3 has the following direct
consequence.

Corollary 5.5.4 The cone spectral radius is continuous for every continuous
homogeneous order-preserving map on a polyhedral cone.

Of course, to apply Theorem 5.5.3 we only need to know that condition
G is satisfied at an eigenvector u € K with f(u) = rg(f)u. An interesting
situation occurs when u € int(K). In that case condition G is satisfied at u
regardless of the geometry of the cone K.

Corollary 5.5.5 If f: K — K is a continuous homogeneous order-preserving
map and there exists u € int(K) with f(u) = rx (f)u, then f has a continuous
cone spectral radius.

Further results concerning Problem 5.5.1 were obtained in [120] using the
fixed-point index. It was shown there that if f: K — K is a continuous homo-
geneous order-preserving map and there exists a sequence (@ )k in (0, rx (f)]
such that limy_, oo ux = rg(f) and each py is not an eigenvalue of f, then
rx (f) is continuous. We know from Example 5.2.5 that such a sequence (u4x)«
does not always exist. In that specific example, however, the homogeneous
order-preserving map has an eigenvector in the interior of the cone, and hence
it has a continuous spectral radius by Corollary 5.5.5.

We end this section with an elementary result, which we will need later.

Lemma 5.5.6 If f: K — K is a continuous homogeneous order-preserving
map on a solid closed cone K and (fy)r is a sequence of continuous
homogeneous order-preserving maps on K satisfying (5.25) and

f(x) <k fi(x) forallx € K andk > 1,

then limg_ oo rx (fx) = rx (f).

Proof Let u € K be such that f(u) = rg(f)u and note that rg (f)u =
fm) <k fix(u). So, by Proposition 5.3.6 we know that rg (f) < rg(fx) for
all k > 1, so that rg (f) < liminfy_, oo rg (fx). Using Lemma 5.5.2 we obtain
the equality. O
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5.6 A Collatz—Wielandt formula

A classical result going back to Collatz [52] and Wielandt [225] asserts that,
for every nonnegative matrix A, the spectral radius r(A) satisfies

r(A) = inf max (Ax),'.

xeintR7) 1<i<n  X;

(5.27)

Such a “minimax” variational formula for the cone spectral radius exists for
general continuous order-preserving homogeneous maps.

Let K € V be a solid closed cone and u# € int(K). Following the notation
from Section 2.1 let X = {¢ € K*: ¢(u) = 1} and denote the set of extreme
points of X by £F. According to (2.6),

@(x)
M =
(/) wéncla(léf) o(y)

for x,y € K with y € int(K). Given a continuous order-preserving
homogeneous map f: K — K, define the Collatz—Wielandt number by

o - o(f(x))
W) = e MU = e Tt

(5.28)

Note that if K = R’} , then
fi(x)

cw(f) = inf max .
xeint(RY) I1<i<n  X;

Theorem 5.6.1 If f: K — K is a continuous order-preserving homogeneous
map on a solid closed cone K C V, then

rk (f) = cw(f).

Proof If x € int(K), then f(x) <x M(f(x)/x)x, as K is closed. It follows
from Proposition 5.3.6 that

ri(f) = Jim AT < M(f()/x),

and hence rg (f) < infyein(x) M (f (x)/x) = cw(f).

To prove equality we first consider the case where f has an eigenvector xg €
int(K), so f(xo) = rg (f)xo. Clearly, in that case, M (f (xo)/x0) = rx (f) and
hence cw(f) < rg(f), which gives the equality.

If f does not have an eigenvector in int(K), we consider for each integer
k > 1 the continuous order-preserving homogeneous map f;: K — int(K)
given by

fe) = FG) + @u
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where ¢ € int(K™) is fixed. Note that

lim sup || f(x) = fi()|| =0,

k—00 yex
and f(x) <k fx(x) forall x € K. From Lemma 5.5.6 we know that rg (f) =
limg 00 7k (fr)- As fr(K) C int(K), each f; has an eigenvector in int(K).
Thus, by the previous case, cw( fix) = ri (fx). It is clear that M(f(x)/x) <
M(fi(x)/x) for all kK > 1 and x € int(K). Thus, cw(f) < cw(fx) for all
k > 1. Now taking limits as k — oo gives

re(f) = lim rg(f) = lim ew(fi) = ew(f).

This shows that rg (f) = cw(f). ]
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Eigenvectors in the interior of the cone

It is frequently important to know whether a homogeneous order-preserving
map f: int(K) — int(K) on a solid closed cone K € V has an eigenvector
u € int(K). For example, to prove that a topical map g: R” — R" has an
additive eigenvector v € R", i.e.,

gw)=Al+v forsomel € R, (6.1)

we can consider the log-exp transform f: int(R" ) — int(R%) of g. It is easy
to verify that g has an additive eigenvector v € R” satisfying g(v) = A1 + v
if and only if f has an eigenvector u € int(R’, ) with f(u) = etu.

The problem of the existence of an eigenvector in the interior of the cone
appears to be subtle and difficult, even for simple examples on R” , and there
seems to be no clear-cut solution. In this chapter several general principles
are given, which may be useful in proving existence of eigenvectors in the
interior. These principles, and their limitations, are illustrated in Section 6.6
by analyzing homogeneous order-preserving maps on R’ involving means. In
Chapter 7 further applications to the solution of matrix scaling problems are
discussed.

6.1 First principles

To appreciate the subtlety of the problem of finding an eigenvector in the
interior of the cone we consider the following basic example.

Example 6.1.1 Let o = (a,b,c) € int(Ri) and define the order-preserving
homogeneous map fy : Ri — Ri by

ax| + a min{xy, x3}
fax) = | bxo + bmin{xi, x3} for x € R.
cx3 + cmin{xy, x}
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Given a coordinate permutation o : (x1, X2, X3) = (Xg(1), Xg(2), Xo(3)), it 1S
easy to verify that

fo@ (@) =0 (fo(x)) forallx e R3.

So, fo has an eigenvector in int(Ri) if and only if f;) has one, and
FE/IfE@) e — v is equivalent to fX (0 ())/IIf g @) —
o (v). Thus, in the analysis of the iterates of f, and the eigenvectors of f,
in the interior of Rj_, we can always assume that a < b < ¢ by replacing « by
o (o) for a suitable permutation o, if necessary.

Lemma 6.1.2 Ifa = (a, b, c) € int(Ri) and ¢ > a + b, then

0
fa ()
— =1 0 6.2
e @I~ | ©2

forall x € int(R3).

Proof First note that if # > 0 and g(x) = tfy(x), then (6.2) holds if and only
if

() 0
é]:— =10 forall x € int(Ri).
o 8@l |
Taking t = 1/c, we may as well assume that a,b > 0, ¢ = 1, and
a+ b < 1. For (x1,x2,x3) € int(Ri) and integers k > 1, define
(xll‘, xlz‘, x§) = fk((xl,xz, x3)) and my = min{xll‘, x’z‘}. Because xlf'H = ax]f—l—
amin{x’z‘, xé‘} < a(x{‘+x§) and x§+1 = bx’z‘—i—b min{x{‘, x’3‘} < b(x{‘—i—xé‘), we

know that x{ ™ + x5 < (@ +b) (xk +x%), so that x¥ + x5 < (a+b)k(x1 +x2)

forall k > 1.

Ifa+b < 1, it follows that x¥ + x5 — 0ask — oco. Ifa + b = 1, then
x{‘“ + x12<+1 < x{‘ + x’2c for all k > 1, and we find that x{‘ + x’z‘ — r for some
r > 0 as k — oo. On the other hand, it is easy to see that xé‘ =x3+ 21;21 mj,
so that xlgH > xé‘ and xé‘ > x3 > O for all k > 1. Thus, if xi‘ +x§ — 0, then
(6.2) holds.

To complete the proof it remains to consider the case where a + b = 1
and x{‘ +x’2‘ —r > 0ask — oo. Letd = limsup,_, ,, my. If § > 0, then
x§ = x3+ Zl;zl mj — 00 as k — oo. In that case (6.2) holds, because
xll‘ + )clzC — r < oo. Finally assume that § = 0; so, limg_, o, m; = 0. In that
case we will derive a contradiction from the assumptions that x{‘ —{—x’z‘ —-r>0

and min{x{‘, xlz‘} — 0. Indeed, select ¢ > 0 and m > 1 such that
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max{x{,x3} >r—¢ and min{x]{, x5} <e¢ forall j >m.

Such an 1nteger m exists, since max{x1 , xz} + mln{xl , xz} x{ + x2 If

Jj+1 Jj+1

xl = max{xl,xz} and j > m, thenx > axl > a(r —¢) and x;

>
bm1n{x3, r — e} S1m1larly, if x2 = max{xl,x2} and j > m, then xé“ >
bx2 > b(r — &) and x > amin{x3, r — &}. It follows that if j > m,

JH > bmin{x3, r — ¢}. Thus, fore > 0

then x1+] >a mln{x3 r — ¢} and x;
sufficiently small, xl + > ¢ and x2 > ¢ for all j > m, which contradicts

min{x’f,x’z‘}—>0ask—>oo. O
We can use Lemma 6.1.2 to prove the following result for f,.

Proposition 6.1.3 The map f, has an eigenvector in int(Ri) if and only if
a<b+candb < a+candc < a+b. Furthermore, if fy has an eigenvector
in int(Ri), it is unique up to positive scalar multiples.

Proof By virtue of Lemma 6.1.2 and the remarks preceding it, we see that f,
has no eigenvector in the interior of Ri ifa>b+corb>a+corc>a+b,
which shows that the conditions are necessary.

To prove that they are sufficient, we may assume without loss of generality
that 0 <a <b <c.Asc<a-+banda <b < c, we get that

b c
l<—-<—-.
“a " a+b-c
A simple calculation shows that u = (1, b/a, c¢/(a + b — ¢)) is an eigenvector
of f, in int(Ri) with eigenvalue a 4+ b. Now suppose that v = (vy, v, v3) is
also an eigenvector of f, in the interior of Ri_. It follows from Corollary 5.2.2

that v has eigenvalue a + b, and hence

avi + amin{vy, v3} = (a + b)vy,
bvy + bmin{vy, v3} = (a + b)v,,

cv3 + cmin{vy, v2} = (a + b)vs.

The first equation implies that vi = (a/b) min{v,, v3}. As a < b, we deduce
that vy < vy and v; < v3. It now follows from the second equation that v, =
(b/a)v1, and the third equation gives v3 = (¢/(a + b — ¢))vy. Thus, v = vju,
which shows that u is the unique, up to positive scalar multiples, eigenvector
of fy intheinteriorofl@?+ ifa<b<candc <a-+b. O

The following basic principle to check for eigenvectors in the interior of the
cone is a direct generalization of the irreducibility condition for linear maps.
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Proposition 6.1.4 If f: K — K is a continuous homogeneous order-
preserving map on a solid closed cone K C V and for each x € K \ {0}
there exists an integer k, > 1 such that

kx
Y ) eint(K),
k=0

then each eigenvector of f lies in int(K).

Proof Ifu € K \ {0} with f(u) = Au, then

ky ky
3 ) = (Zkk>u € int(K),
k=0 k=0
This implies that u € int(K). O

The hypotheses in Proposition 6.1.4 are often too restrictive, as homoge-
neous order-preserving maps frequently have eigenvectors in the boundary
of the cone as well as in the interior. Given a continuous homogeneous
order-preserving map f: K — K on a solid closed cone K, define

rak (f) =sup{r > 0: f(x) = Ax forsome x € dK \ {0}}.
If the set is empty, we put ryx (f) = —oo.

Proposition 6.1.5 If f: K — K is a continuous homogeneous order-
preserving map on a solid closed cone K, and there exist u € K \ {0} and
p > 0 such that pu <g f(u) andryg (f) < p, then f has an eigenvector in
int(K).

Proof By Proposition 5.3.6 it follows that p < rx(f), as pu <g f(u), and
hence rax (f) < rg(f). By Corollary 5.4.2 there exists x € K with x # 0
such that f(x) = rg(f)x. By the definition of ryx (f), x ¢ 0K, and hence
x € int(K). O

Of course, Proposition 6.1.5 is only useful if it can be shown that ryx (f) <
rx (f), which is often hard for specific examples. In theory, however, one fre-
quently has that ryx (f) < rg(f) if f has an eigenvector in int(K). To prove
this we need to recall the idea of semi-differentiability ([7] which extends the
notion of semi-differentiability as discussed in [187]).

Let £ € V, where V is a finite-dimensional normed vector space. For r > 0
write B,(§) ={ve V:|lv—§&| <r}.If D C V and £ € D, we say that D is
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locally convex at & if there exists r > 0 such that B, (§) N D is convex. Given
D C V locally convex at £ € D, define

Se = {v e V: there exists t, > Osuchthat§ +rv e Dforall0 <t < 1}.
(6.3)

Using local convexity at &, it is straightforward to check that S¢ is convex and
ASe = Sg for all A > 0. In general, however, S¢ is not closed. For example,
if D is the Lorentz cone A3 and § € dA3 with & # 0, then S¢ is an open
half-space. However, it is easy to show that if D C V is a polyhedral cone, S¢
is closed for all £ € D.

If D C Vislocally convex at £ € D and f: D — V, it may happen that
the one-sided Gateaux derivative

. SE+1tv)— f(§)
1m

t—0t t

(6.4)

exists for all v € Sg. Note that the map fg’ : S¢ — V, where f{(v) is the limit
in (6.4), is positively homogeneous. In that case we can write, for all v € Se
with & +v € D,

FE+v) = fE) = fi(v) = R(v). (6.5)
If fé: Sz — V is continuous and
im M =0 (6.6)
lel—=0 vl

we say that f: D — V is semi-differentiable at § € D. Here Equation (6.6)
must be interpreted as follows. For each ¢ > 0 there exists § > 0 such that for
veS:withé +veDand|v]| <6,

R < ellv]l.

The map fS/: Se — V is called the semi-derivative of f at & with respect
to D. Although the map fS/ need not be linear, the chain rule does hold for
semi-differentiable maps.

Lemma 6.1.6 Ler Vy, Va, and V3 be finite-dimensional normed vector spaces,
and let D1 C Vi and Dy C V, be open sets. If f: Dy — V, is semi-
differentiable at x € D1 and g: D, — V3 is semi-differentiable at y = f(x) €
D», then g o f is semi-differentiable at x and

(g0 )y =gyo0 fy-

Furthermore, if there exists an open neighborhood U of x such that fy is Lip-
schitz with Lipschitz constant C > 0, then f is Lipschitz on V| with Lipschitz
constant C.
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Proof Since there will be no confusion, we simply write || - || to denote the
normon V; fori = 1, 2, 3. As f is semi-differentiable at &,

fx+v) = f)+ fi@) + llv]le1(v)
for all v € V| with x + v € D;. Here f; : V1 — V3 is a continuous positively
homogeneous map and limy|—¢ &1 (v) = 0. There exists § > 0 so that f(x +
v) € D; for all |Jv|| < 8. As g is semi-differentiable at y = f(x) € D, we
have for [|v| < §,
g(f (x +v)) = g(f(x) + g, (fi (V) + [lv]le1(v))
] £ @) + Ioller @) |e2(£ @) + lIvller ),

where limjy -0 e2(w) = 0.

Since f; is continuous and positively homogeneous, there exists M > 0
with || f{(v)|| < M|lv|| for all v € V. Using this estimate we see that

| £r@) + vller@) [e2(£ @) + lvller (@) = llvlle3 ),
where limyy| -0 &3(v) = 0.
As both g/y and f are positively homogeneous, we can write
(L) + Ivller @) — gy (FL @) =lvll (g} (fL@/lvl) + e1(v)
— g, (fr/lvl))).

Using uniform continuity of g;, on pre-compact subsets of V5, we see that

ol (g5 (£ /lvID + e1(v) — g5 (FL@w/IlvID)) = llvlleaw),

where limy| 0 £4(v) = 0. For |[v|| < & it follows that

g(f(x +v) = g(f(x) + &, (fL () + vl (e3(v) + £4(v)),

which shows that g o f is semi-differentiable at x with semi-derivative g/y o fi.

If U € D is an open neighborhood of x and fy is Lipschitz with Lipschitz
constant C > 0, it remains to show that f7 is Lipschitz with Lipschitz constant
C.Foru, v € V] there exists ¢ > O sothat x + fu € U and x + tv € U for all
0 <t < ¢e.Remark that, for0 <t < g,

H fa+mu) — f&x)  flx+1v)— fx) H _ H Jfx+1u) — fx +1tv) H
t t t

< Cllu — vl
Letting + — 0 in the above inequality shows that
1) = fi)] < Cllu — v} forallu,v e Vi,

which completes the proof. O
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The next theorem shows that often ryx (f) < rx(f), whenever f has an
eigenvector in int(K).

Theorem 6.1.7 Let f: K — K be a continuous homogeneous order-
preserving map on a solid closed cone K C 'V with eigenvector u € int(K). If
f is semi-differentiable at u and the semi-derivative f,: V — V satisfies the
condition that for each w € K with w < u there exists an integer N > 1 such
that

N
= (ki w —u) e in(K), (6.7)
k=1

then rar(f) < rx (f).

Proof If f(u) = Au we must have that A > 0, as otherwise f(x) = 0 for all
x € K and f, cannot satisfy (6.7). Note that if we replace f by A~1f, then
all the hypotheses remain valid. So we may as well assume from the start that
A = land f(u) = u. By the chain rule for semi-differentiable maps, Lemma
6.1.6, we know that foreach k > 1, f k is semi-differentiable at u and

M = (k.

For the sake of contradiction suppose that there exists v € dK \ {0} with
f() =v. Writea = m(u/v),soav < u and u — av ¢ int(K). By (6.7) there
exists an integer N > 1 such that

= (fkav — u) € int(K).
k=1
For 0 < ¢ < 1define u; = (1 — t)u + tav < u and note that
) = )+ () @v — u) + tllav — ullet (av — u)),

where limjy -0 &x(w) = 0. It follows that

N N N

S (= ) = 1= Y av—w — lav—ull Y et @ —w)).
k=1 k=1 k=1

Since — Y 1_, (f)*(av — u) € int(K) and limy—o Y 5 &x(w) = 0, there
exists s > O such thatfor0 <z <

N
D (ff ) = ) € int(K).

k=1
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Note that av < u; for all 0 < ¢ < 1, so that Z,]cvzl(fk(u;) — fk(av)) € K.
Thus, we find that

N N
Nu = ka(u) > ka(av) = Nav
k=1 k=1
and hence there exists @’ > a such that a’v < u, which contradicts the fact that
a=m(u/v). O

Of course if in Theorem 6.1.7 f is Fréchet differentiable at u, then the con-
dition (6.7) is equivalent to assuming that the derivative f/(u) is irreducible.
A careful inspection of the proof of Theorem 6.1.7 also shows that instead of
assuming (6.7) it suffices to demand that, for each w € 9K \ {0} with w < u,
there exist an integer N > 1 and a constant s > 0 such that

N
(ka(u) — =t +tw))) cint(K) forall0 <7 <s.

k=1

6.2 Perturbation method

A natural approach to finding eigenvectors of a homogeneous order-preserving
map f:int(K) — int(K) in the interior of K is to consider perturbations
fe: int(K) — int(K) for ¢ > 0 such that each f; has an eigenvector x° €
int(K). If it can be arranged that the set {x®: ¢ > 0} has a limit point x* €
int(K), then under suitable conditions on the perturbations f, we may expect
x* to be an eigenvector of f in int(K). As we shall see in this section this idea
works in a variety of circumstances.

There exists the following interesting choice for the perturbation f;
of a homogeneous order-preserving map f: int(K) — int(K). A map
fe: int(K) — int(K) is said to be a contractive perturbation of f if it is
of the form

fe(x) = f(x) +eg(x) forx € int(K), (6.8)

where ¢ > 0 and g: K — K is a continuous homogeneous strongly order-
preserving map such that g(K \ {0}) C int(K).

Note that as g is strongly order-preserving, f, is also strongly order-
preserving. It thus follows from Lemma 2.1.6 that f, is contractive under
Hilbert’s metric. Specific examples of maps g: K — K are provided by

glx)=vx)u forx e K, (6.9)

where ¢ € int(K*) and u € int(K).
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Lemma 6.2.1 Let K C V be a solid closed cone, ¢ € int(K*), and £° =
{x e int(K): o(x) = 1}. If f: int(K) — int(K) is a homogeneous order-
preserving map and f, is a contractive perturbation of f, then, for each ¢ > 0,
fe has a unique eigenvector x° € X° and

fE) . o
kli)n;om =x° forallx € X°. (6.10)

Proof Let f.: int(K) — int(K) be given by
fe(x) = f(x) +eg(x) forx eint(K),

where ¢ > 0 and g: K — K is a continuous homogeneous strongly order-
preserving map such that g(K \ {0}) C int(K). Recall that ¥ = {x €
K: ¢(x) = 1} is compact, so that g(X) is a compact subset of int(K), as g
is continuous and g(K \ {0}) C int(K). Select w € X° and note that as X is
compact, there exists a constant § > O such that y < Bw forally € . It
follows that f(y) < Bf(w) forall y € £°, and hence cl({f(y): y € ¥°})isa
compact subset of K.

A simple compactness argument now shows that there exists a constant o >
Osuchthat u < pv forallu € cl({f(y): y € £°}) and all v € g(¥). In
particular, we have that

f(y) <ug(x) forallx € Tandy e Z°. (6.11)
Define h,: ¥° — X° by

Sfe(x)
(fe(x))

Select constants 0 < ¢; < ¢3 such that c; < ¢(g(x)) < ¢ forall x € X°.
From (6.11) it follows that f(x) + eg(x) < (u + &)g(x), so that

he(x) = for all x € ¥°.

P(f(x) +eg(x) < (n+8)p(g(x)) < (1 +&)ca.
This implies that
he(x) > mgm forall x € X°. (6.12)

Similarly, we see that

(n+e)
ecy

he(x) =

g(x) forallx € X°, (6.13)

because ¢ (f(x) + eg(x)) > ecy and f(x) + eg(x) < (u + &)g(x).
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Again, as g(X) is compact, there exist constants 0 < o1 < o such that
1w < g(x) < apw forall x € X°. Using (6.12) and (6.13) we deduce that

B < PO paly e w0 (6.14)
(n+8e)e ecy
Note that the set

& + ¢

T. ={z € X°: wazfuw
(1 +8)e ecy

(1 +8)202a2)}

e2cla

}

={zeX dyw,z) < log<

is compact. By (6.14) we see that h,(X°) C T, and also that 7,(Ty) C T;.

As f. is homogeneous and strongly order-preserving, &, is contractive under
Hilbert’s metric by Lemma 2.1.6. It follows from Theorem 3.2.2 that &, has a
unique fixed point x¢ € T, and limy_, o hif(x) = x® for all x € T. Thus, x*
is a locally attracting fixed point of 4, in X°. It now follows from Proposition
3.2.3 that

lim Af(x) = x* forallx € 2°,
k— 00
which completes the proof. 0

The eigenvector x° € X of a contractive perturbation f. can be useful in
detecting eigenvectors of f in the interior of the cone.

Theorem 6.2.2 Let K C V be a solid closed cone, ¢ € int(K™*), and £° =
{x e int(K): ¢(x) = 1}. Suppose that f: int(K) — int(K) is a homogeneous
order-preserving map and f.: int(K) — int(K) is a contractive perturbation
of f with eigenvector x° € X° for ¢ > 0. Then f has an eigenvector x* €
int(K) if and only if cl({x® € X°: & > 0}) is a compact subset of X°.

Proof Suppose that v € int(K) is an eigenvector of f. Note that as g(K \
{0} C int(K) and g is continuous, g(X) is a compact subset of int(K), and
hence there exists 0 < R < oo such that

sup{dg (g(x),v): x € int(K)} < R.

Write Br(v) = {z € int(K): dy(z, v) < R}. So, for each ¢ > 0 we have that
£g(x) € Br(v). Furthermore, for x € int(K) with dy(x, v) < R,

du(f(x),v) =dy(f(x), f(v)) =du(x,v) <R.

We know that B (v) is convex and Az € Br(v) forall A > 0 and z € Bg(v).
Since f(x) € Bg(v) for all x € Br(v) and eg(x) € Bgr(v) for all x € int(K),
it follows that
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fe(x) = f(x) +eg(x) € Bp(v) forallx € Bgr(v) and ¢ > 0.
Let ho: X° — X° be given by

Sfe(x)
o(fe(x))
So he(Br(v)NX°) € Br(v)NX°. As Br(v) is compact and /, is contractive
under Hilbert’s metric by Lemma 2.1.6, we know from Theorem 3.2.2 that &,

he(x) = for all x € X°.

has a unique fixed point in Bg(v) N X£°. From Lemma 6.2.1 we conclude that
cl({x® € £°: ¢ > 0}) € Br(v) N X°,

and hence cl({x® € £°: ¢ > 0}) is a compact subset of X°.

Now suppose that x* is a limit point of {x® € £°: & > 0} in X°. Let A, >0
be such that f,(x®) = A x®. There exists a sequence (&g ) with limg_, oo &x = 0
such that limg_, oo x* = x™ and limy_, oo A, = A*. Note that

lim sup [|f(x) — fe(x)|l = lim sup &llg(x)| = 0.
k— 00

k=00 yexo xXeX°

As f is continuous on int(K) we find that limy_, o fr, (%) = f(x*) and
lmg o0 fio, (x%) = limg— 00 Ag, x% = A*x™, so that f(x*) = A*x*. Asx™ €
int(K) and f(x*) € int(K), we also see that A* > 0. O

If in (6.8) we take g(x) = ¥ (x)u, where ¥ € int(K*) and u € int(K), then
the arguments in the proof of Theorem 6.2.2 provide information about the
location of possible eigenvectors of f in the interior of K. More precisely, if
for some ¢ > 0 we have found an eigenvector x* € X° of f, and dy (x%, u) =
2R, then each eigenvector v € X° of f satisfies dy(u, v) > R. Indeed, if
dg(x®,u) = 2R and v € X° is an eigenvector of f with dy (u, v) < R, then

R <dp(x®,u) —dpu,v) <dy(x*®,v),

which is impossible, as it follows from the proof of Theorem 6.2.2 that
dy(x,v) < R.

We also wish to point out that there are many examples of homogeneous
order-preserving maps f: int(K) — int(K) for which the set of normalized
eigenvectors, {x € int(K): f(x) =ry(K)x and ||x|| = 1}, is a compact subset
of int(K), but not a single point. A simple example is provided by the following
map. Let0 <a,b<land C = {x € R%L: ax; < xp and bxpy < x1}. Define a
retraction g of Ri onto the closed cone C inside Ri by

Xit+x2  a(xi1+xp)
1+a ° 14+a

g(x) =1 (x1,x2) for ax; < x; and bxy < xy,
(—b(x1+x2) x_1+xz) for x; < bx;.

) for x; < axj,

1+b > 1+b
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Obviously g is continuous, homogeneous, and a retraction onto C. A simple
calculation shows that g satisfies

— 14a 14+b
x) =
gx) ( max (min{xz, x1+x2}’ a(x1+x2))

max (min{xl, dxy —b(x1+x2))
1+b 1+4a

for each x € R%r. From this identity we see that g preserves the ordering
induced by R?..

In the remainder of the section we will see how Theorem 6.2.2 can be used
to prove a variety of sufficient conditions for the existence of eigenvectors of
homogeneous order-preserving maps in the interior of R} . These conditions
were obtained by Gaubert and Gunawardena [74] and involve a directed graph,
which is a direct generalization of the usual directed graph associated with a
nonnegative matrix.

For J C {1, ..., n} and a positive real u > 0, define ul e ]R’j_ by ujf =u
if j € J, and uJJ. = 1 otherwise. We associate a digraph Gy = (V, A) with
a homogeneous order-preserving map f: int(R, ) — int(R’} ) as follows. The

vertex set V = {1, ..., n} and there exists an arc (i, j) € A if
lim f; ") = c. (6.15)
u—>00

Recall that a digraph G = (V, A) is strongly connected if for each i, j € V
there exists a directed path from i to j in G. For r > 0 define

W(r) =supfu > 0: inf fi@') <r).
(i,j)eEA

So, if (i, j) € A and fi(u{j}) <r,thenu < W(r). We also remark that ¥ is an
increasing function of r, and W (r) < oo for all » > 0 by (6.15).

Theorem 6.2.3 Let A; = {x € int(R7}): Zi x; = 1} and suppose that
f:int(RY) — int(R"}) is a homogeneous order-preserving map. If Gy is
strongly connected, then the following assertions hold:

(i) If fe: int(RY) — int(R'}) is a contractive perturbation of f with eigen-
vector x° € A, fore > 0, then cl({x® € A, : ¢ > 0}) is a compact subset
of A;.
(ii) There exists an eigenvector of f in int(R'}).
(iii) The set{v e A;: f(v) = rR" (f)v}is a compact subset of A;.

Proof As we are dealing with R’} both f and f; can be extended continuously
to dR’} by Theorem 5.1.5. So we may as well assume from the beginning that
f and f; are continuous homogeneous order-preserving maps on R’} .
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To prove the first assertion we argue by contradiction. Suppose that cl({x® €

Ay : e > 0}) is not a compact subset of Ap. This implies that there exists

a sequence (x%); with limg_, oo x%* = x* € 9A,, where A, = {x €

R : > xi = 1} and limg_, o &x = 0. Denote Ay = FRY (fe,) forallk > 1, so
Ser (x%) = Mx® . As f(x) < fe (x) forallx e RY and k > 1, and

Jim sup [ f(x) — fe ()] = lim sup ecllg(x)l = 0,

k=00 xeA, —> X xeA,

it follows from Lemma 5.5.6 that
Jim 2 = gy (). (6.16)
By taking a further subsequence we may assume for some 1 < i < n that
*t — p(xf) forall k > 1, (6.17)

and limg_, o0 x;* = 0.

Now the idea is to use the fact that G ¢ is strongly connected to show that
x;f = 0 for all j, which is impossible, as x* € A,. Take j € {1,...,n} and
leti =iy — ip > i3 — -+ — iy = j be a directed path from i to j in
Gy where m < n. (Such a path always exists as Gy is strongly connected.) It
follows that

lim f;, (u'?) =00
u— 00
From (6.16) there exists a constant My > 0 such that Ay < Mg for all k > 1.
Using (6.17) we find for u = xfzk /xfl" and K > 1 that
X fiy @) < X % /x) < 1 (f)i (/6 = M < Mox(E,
as f(x) < fe (x) forall x € int(R"}).
Put M| = W(My) and note that for u = xfz" /xf]" we have that u < My; so,
X < Myx;* forallk > 1.
We can repeat this argument. Indeed, for u = xs" /x5 X, * we have that
X6 fiy @B < iy % /) < X (fo)iy (6% /X0 = daxt < MoMxk,
and u < W(MogM;) = M>. Thus,
lg < ng forall k > 1.

Iterating this argument yields, after finitely many steps, a constant M > 0 such
that

xj" < fol" forallk > 1.
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Now letting k — oo we deduce that x* 7= = limg_ o0 x = 0, which shows that
= 0. Thus, cl({x® € AY: ¢ > 0}) is a compact subset of A}.

The second assertion is a direct consequence of part (i) and Theorem 6.2.2.
To show that {v € A;: f(v) = rRY (f)v} is a compact subset of A; we
observe that the same argument as in the proof of part (i) can be applied to f
instead of fg, . O

A simple example to which Theorem 6.2.3 applies is the map f': Ri — Ri
given by

(x1 V x2) A2 /x2x3
fx)= ,/x%—l—x%/\&/}gxl

X1V (x2 A x3)

forx € Ri. It is easy to verify that Gy is the digraph given in Figure 6.1.
On the other hand, the reader can check that Theorem 6.2.3 does not apply to
Example 6.1.1.

There exists a dual version of Theorem 6.2.3. Let 7 : int(R’} ) — int(R'} ) be
given by

()= ,x D) forx € int(RY).

Given a homogeneous order-preserving map f: int(R") — int(R’,), define
f7rint(RY) — int(R’) by f~(x) = (r o f o 1)(x) for all x € int(RY).
Clearly f~ is a homogeneous order-preserving map, and f has an eigenvector
in int(R’,) if and only if f~ does.

Corollary 6.2.4 If f: int(R") — int(R",) is a homogeneous order-preserving
map and G y- is strongly connected, then f has an eigenvector in int(R"}).

The digraph G ;- can be easily constructed from f by noting that there
exists an arrow from i to j in G ;- if and only if lim,,_, o+ f; (ul7ty = 0. It turns
out that if G g- is strongly connected, then roR" (f) < R ).

Corollary 6.2.5 If f: RY — R is a continuous homogeneous order-
preserving map such that fnt@RY)) <€ int(R) and Gs- is strongly

connected, then roR? (f) <0< rR" ).

/\

30e<«——— 0?2

Figure 6.1 The digraph G ¢.
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Proof For the sake of contradiction suppose that there exists w € oR” \ {0}
such that f(w) = Aw and A > 0. By scaling w we may assume that w < 1.
Let J ={j: w; =0}and I = {1,...,n}\ J. Note that I # @, as w # 0.
Recall that G ;- is strongly connected, and hence there exists an arc from some
ieltosome je Jin Gf—. Asw < ul forall u > 0, we find that

0<iw = fi(w) < lim £ =o0.
u—0*

But w; > 0 and A > 0, which is impossible. Thus, either f has no eigenvector

in R}, in which case ryre (f) = —00, or ryre (f) = 0.
As f(int(R%)) C int(R7), there exists § > 0 such that 1 < f(1). So, by
Proposition 5.3.6, we also know that RY (f)y=6>0. O

6.3 Bounded invariant sets

Another useful strategy for proving the existence of eigenvectors in the interior
of the cone is given by the following result.

Proposition 6.3.1 If f: int(K) — int(K) is a homogeneous order-preserving
map on the interior of a solid closed cone K C V, then there exists W C
int(K) with diam(W) = sup{dp(x,y): x,y € W} < coand f(W) C W if
and only if f has an eigenvector in int(K).

Proof Clearly f has an eigenvector u € int(K); then for each ¢ > 0 the
closed ball B (1) = {x € int(K): dy(x, u) < e} satisfies the conditions of the
theorem. On the other hand, if there exists W C int(K) with diam(W) < oo
and f(W) € W, we can assume that tW = W for all + > 0 by replacing
Wby W = {tx : t > 0Oand x € W}. Now we can consider the scaled map
g: X° — X°given by

fx)
o(f(x))

for x € X°, where X° = {x € int(K): ¢(x) = 1} and ¢ € int(K*). Clearly
g(WNX°) € WNZX°. Moreover, as diam(W) < oo, the orbitof eachw € WN
2° under g has a limit point in X°. It therefore follows from Corollary 3.2.5
that g has a fixed point in X°, and hence f has an eigenvector in int(K). [J

gx) =

There are various natural invariant sets of homogeneous order-preserving
maps f: int(K) — int(K). For 8 > 0 define the super-eigenspace of f
corresponding to B by
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SP(f) = {x eint(K): f(x) < Bx}.
Similarly, for ¢ > 0 define the sub-eigenspace of f corresponding to a by
Se(f) ={x e int(K): ax < f(x)}.

Note that S#(f) and S, (f) are non-empty for g > 0 large and o« > 0 small.
The intersection of a sub-eigenspace and a super-eigenspace is called a slice
space, and is denoted by

SE(f) = S (f) N SP(f).

Clearly, sub-eigenspaces, super-eigenspaces, and slice spaces are invariant
under f.

In case K = R’j_ it was shown by Gaubert and Gunawardena [74] that each
super-eigenspace of f is bounded in Hilbert’s metric if Gy is strongly con-
nected, and that each sub-eigenspace of f is bounded in Hilbert’s metric if
G - is strongly connected. Sometimes it can be shown that all slice spaces of
a homogeneous order-preserving map f: int(R’}) — int(R} ) are bounded in
Hilbert’s metric by using the so-called recession map f cint(R) — int(R7}),
which is defined by

f(x) = rlgrgo f& x5, .00,x, Ur forx e int(R").
Note that f(]l) = 1, so 1 is always an eigenvector of f in int(R’,). The
recession map f need not always exist, but if it does it can be a useful tool for
proving the existence of eigenvectors in the interior of R’} , as the following
result by Gaubert and Gunawardena [74] shows.

Theorem 6.3.2 If f: int(R"} ) — int(R}) is a homogeneous order-preserving
map for which f exists, and 1 is the only eigenvector of f in int(RY), up to a
positive scalar multiple, then all slice spaces of f are bounded under Hilbert’s
metric and f has an eigenvector in int(R"}).

Proof Suppose, by way of contradiction, that S{f (f) is unbounded under
Hilbert’s metric. Then there exists a sequence (x%)g in Sg (f), with b(xk) =1
forall k > 1, and dH(xk, 1) > coask — 00. As

t(x%)
b(xk)

dp(x*, 1) = log = logt(xb),
we see that limy_, o t(x¥) = 00. So, we may assume that #; = log t(x*) > 0
forall k > 1.

Let L be the coordinatewise log function, and E be the coordinatewise
exponential function. For each k > 1 write yk = L(xk), and note that, as
ke s,
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«EGY) < FIEGY) < BEGH. (6.18)
Remark that b(E (y* /1)) = ¢ = 1 and t(E (y¥ /1)) = e, so that
1<EGN/f) <el forallk > 1.

Thus, after taking a subsequence we may assume that limy_, E(yk /) =
E(y) for some y € R". Also note that b(E(y)) = 1 and t(E(y)) = e; so,

E(y) # 1. .
To obtain a contradiction we show that f(E(y)) = E(y). Remark that

1
log M (f(E(Y )Y/ f(E(yn))V ) = o log M(f(EGM)/f(EGn)))

1
< -log M(EG)/E(n)
=log M(E(Y /1) /E (),
as f is homogeneous and order-preserving. Likewise,
log M(f (E(yt)' /™ /f(E(*)™) < log M(E(y)/E(* /1))
for all kK > 1. Thus,
Jim du (fF(EG)Y™, FE () /*) = 0. (6.19)
From (6.18) we deduce that
(@EGH)™ < FEEG )™ < (BEGH)VH,

where the left-hand side and the right-hand side converge to E(y) as k —
o00. It follows from (6.19) that limy_, oo f(E (ytx))'/%* = E(y), which shows
that f(E(y)) = E(y). This is a contradiction, as E(y) # 1. Thus, all slice
spaces of f are bounded, and f has an eigenvector in int(R’} ) by Proposition

6.3.1. O
Note that if x = (x1, ..., x,) is an eigenvector of f in int(Ri), then, for
eachs > 0,
. 1
Tim f@y M= f) =, x).
So, foreach s > 0, x* = (x7, ..., x;) is an eigenvector of f in int(R’} ). Note

that if x # 1, then dy (x*, 1) — 0o as s — 00. We conclude that either each
eigenvector of f in int(IR ) is a multiple of 1, or the set of eigenvectors of f
in int(R’} ) is unbounded under dp.

To illustrate the use of the recession map consider the following example:

x1 + 2xp + 3x3
g = 2¢" +x2_ )’1+3xz
(2x2 +3x5 )1
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forx e int(Ri). It is easy to verify that

X1 VX2V X3
)= iAx) Vs |,
X2 A X3

and g(x) = xforx € int(Ri) if and only if x is a positive multiple of 1. Thus,
g has an eigenvector in the interior of Ri by Theorem 6.3.2.
On the other hand, for the map f in Example 6.1.1 the recession map is
given by
X1V (x2 A X3)

fo) =] x2v @ Ax)
x3 V(X1 A X3)

Notice that f is independent of the parameters a, b, and c. However, if ¢ >
a + b, then f has no eigenvector in the interior of ]Ri. So, we can deduce
from Theorem 6.3.2 that 1 is not the only eigenvector f in the interior of Ri.
Indeed, it is easy to see that f(2, 1,)=(@2,1,1).

We shall see in Section 6.6 that it is often hard to decide if a continu-
ous homogeneous order-preserving map f: R}, — R’ has an eigenvector
in the interior of R if the map is constructed from means M, ,(-) with
—o0<r<0.

6.4 Uniqueness of the eigenvector

If a homogeneous order-preserving map f: int(K) — int(K) has an eigen-
vector u € int(K), it is interesting to understand when u is the unique, up
to positive scalar multiples, eigenvector of f in the interior of K. In this
section several conditions for uniqueness are discussed which involve the semi-
derivative of f at the eigenvector u € int(K). We start with the following
result.

Theorem 6.4.1 Let K C V be a solid closed cone, ¢ € int(K™*), and X° =
{x € int(K): ¢(x) = 1}. Suppose that g: £° — X° is non-expansive under
Hilbert’s metric and g(u) = u for some u € X°. If g is semi-differentiable on
a neighborhood U C ¥° of u and

x—g,(x)#0 (6.20)

forallx € Vy ={x € V: ¢(x) = 0} withx # 0, then u is the only fixed point
of gin X°.
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Proof 1t is easy to verify that S, = {x € V: ¢(x) = 0} in (6.3). For the
sake of contradiction suppose that w € X° with w # u and g(w) = w. It
follows from Theorem 2.6.3 that y () = (1 — t)u + tw, where 0 < ¢ < 1, is,
after re-parametrization, a geodesic path connecting # and w in (X°, dy). Let
§ =dy(u, w); so,

dp(u, y(®) +du(y @), w) =4
forall 0 <t < 1. Moreover, for each 0 < A < § there exists 0 < ¢ < 1 with
dyu,y(@®) =1 and dy(y@),w)=§8§— . (6.21)
For 0 < A < § define ', € X° by
My ={xeX®: dy(u,x) <randdy(x,w) <8 — A}

It follows from (6.21) that I') is non-empty. By Corollary 2.5.6 and Lemma
2.6.1 we know that closed Hilbert metric balls are closed, bounded, convex sets
in the norm topology on X°. As g is non-expansive under dy, and g(u) = u
and g(w) = w, we find that g(I'y) < I'). Thus, by the Brouwer fixed-point
theorem, g has a fixed point x; € ') for 0 < A < §.

By using the assumption that g is semi-differentiable at u, we see that

%= g(0) = g() + g (v —u) + R0 —u) = u+ g} (v, — u) + R(xx —u),
(6.22)
where
R(x, —u)
A—0t ||xn — ul| o
Now select a sequence A, — 07 such that
Xap —
im ———— =& eV,
ko0 [|xz, — u] Y
exists. Recall that g/, is positively homogeneous and note that § £ 0, as ||£]| =
1. Now take A = Aj in (6.22) and bring u to the other side. Subsequently
divide both sides by |x; —u|| and let k — oo to deduce that & = g/, (&), which
contradicts (6.20). O]

To fully exploit Theorem 6.4.1 the following lemma will be useful.

Lemma 6.4.2 Let K C V be a solid closed cone. Suppose that f: int(K) —

int(K) is a map with f(u) = ru for some u € int(K) and f is semi-

differentiable at u. If ¢ € int(K*) with ¢(u) = 1, and h: int(K) — int(K) is

given by

AC))
e(f(x))

h(x) for x € int(K),
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then h is semi-differentiable at u and

1
7, (0) = —(£i0) = @(fy)u) forv e V. (6.23)

Proof Let P: int(K) — int(K) be given by P(y) = y/¢(y) for y € int(K).
The reader can verify that P is continuously Fréchet differentiable on int(K)
with derivative

DP(y)w = M forw e V.

@(y)?

It follows from the chain rule for semi-derivatives (see Lemma 6.1.6) that 4 is
semi-differentiable at # with semi-derivative

1
hy, (v) = DP(f @)(f,(v)) = ;(f;(v) —o(fy(w)hu) forveV.
O

By combining Theorem 6.4.1 and Lemma 6.4.2 we now derive a sufficient
condition for uniqueness of the eigenvector in the interior of the cone. The
result will be formulated, and proved, in the more general context of sub-
homogeneous maps, as it requires little extra effort and provides interesting
additional information.

Theorem 6.4.3 Let K C V be a solid closed cone, ¢ € int(K*), and
3° = {x € int(K): ¢(x) = 1}. Suppose that f: int(K) — int(K) is a
subhomogeneous order-preserving map, with f(u) = ru for some u € £°. If
f is semi-differentiable at u and

rv— fi()+e(fi()u #0 forallve{veV\{0}: p(v) =0}, (6.24)
then u is the only eigenvector of f in X°.
Proof Let V, = {v € V: ¢(v) = 0} and define & : int(K) — int(K) by

hx) = fx)
o(f(x))

By Lemma 6.4.2 we know that & is semi-differentiable at ¥ € int(K) and
h,(v) = %(fu’(v) — @(f,(v)u) for v € V. Restricting i to £° gives a map
g: X° — X° with semi-derivative g, : V,, = V,, at u, which is the restriction
of h, to V.

A similar argument as in Lemma 2.1.6 shows that g is non-expansive under
Hilbert’s metric. Indeed, if « = m(x/y) and 8 = M(x/y) for x, y € X°, then
ay < xand x < By, as K is closed. Applying ¢ to the inequalities shows that

for x € int(K).
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o < land 1 < B. As f is subhomogeneous and order-preserving we deduce

that af (y) < f(ay) < f(x) and f(x) < f(By) < Bf(y). Thus,

(S () p(f ()
g(y) =g(x) and gx)=<§B
p(f(x)) @(f(x))
which shows that dgy (g(x), g(v)) <logB/a = dg(x, y).
Thus, we can apply Theorem 6.4.1 to deduce from (6.24) that u is the only
fixed point of g in X°. This implies that u is the only eigenvector of f in X°.
O

o

g,

In many interesting cases the map f is semi-differentiable at each point
in the interior of the cone. In this regard we mention the following results
concerning super-additive maps. A map f: D — K, with D C K, is super-
additive with respect to K if

f)+ f(y) <k f(x+y) forallx,y e Dwithx+ye D.

Lemma 6.4.4 Let K C V be a solid closed cone and f: K — K be a
continuous homogeneous map. If f is super-additive and for &€ € K there
exists § > 0 such that f restricted to Bs(§) = {x € K: ||x — &| < 8} is
Lipschitz, then the following assertions hold:

(i) fé(v) exists for all v € Sg.
(ii) fé/ 1 8¢ — V is Lipschitz and extends as a Lipschitz map to cl(Sg).
(iii) If ' C St is compact, then

. JE+1tv)— f (&)
1m

t—0t t

= fi(v)

uniformly forv € T.
(iv) If Sg is closed, f is semi-differentiable at §.
Proof To show that

fE+1v)— f(&)
t

/(v) = lim
fe@) =0+

exists for all v € Sg, let T > 0 be such that & +tv € Bs(§) N K for 0 <
t < t.Now let 9p € K*\ {0}. As f is homogeneous and super-additive,

(f)+ f)/2 = f((x+y)/2) forallx,y € K.
Let ¥ : [0, 7] — R be given by

Y() =o(fE+1v) for0<t<r.
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Note that ¥ ((s +¢)/2) > (Y (s) + ¥(2))/2, as ¢ € K*, so ¢ is concave. It
follows that the quotient (y(¢) — v (0))/1 is increasing for t — 07. Moreover,
the quotient is bounded, since v is Lipschitz. Thus,

L O E ) — ()
m

t—>0F t

exists. Since K* has non-empty interior, each ¢ € V* can be written as ¥ =
w1 — @2 with 91, ¢ € K*. We conclude that
s 1)) — v
lim (fE +1) —0(f(E) 6.25)

t—0t t

exists for all 9 € V*.

Since V is finite-dimensional, there exists a basis ej, e2, ..., e, for V and
a dual basis 91, ¥, ..., ¥, for V* with ¥;(e;) = §;;, the Kronecker delta. It
follows that f(& 4+ rv) = Y_; 0;(f (£ +tv))e;, so that, by (6.25),

fE+1v)— f(§)
t

/ — 1
Je@r= I,

exists forall v € ;.

Exactly the same argument as in the proof of Lemma 6.1.6 shows that fS/ is
Lipschitz with constant C if f is Lipschitz in B;(§)NK with Lipschitz constant
C.If v € cI(Sg) and (vg)x is a sequence in Sg converging to v, then (fs_’(vk))k
is Cauchy, as fg’ is Lipschitz on Sg. Thus, fs’(vk) — w as k — 0o, and the
limit is independent of the choice of (vg)i. So, we can define fé’(v) =w.If
u,v € cl(Se), and (uy)x and (vg)g in Sg are such that uy — u and vy — v as
k — oo, then

I fi @)= fi )|l = Tlim || f{ (ux) = fi ()|l < C lim Jug—vg || = Cllu—v],
k—o0 k—o00

which shows that fé extends as a Lipschitz map to cI(Sg).

If I' € S is compact and &€ > 0, we can find points vy, ..., v, € I' such
that U; B¢ /3¢ (v;) is an open cover of I'. Here C is the Lipschitz constant of f
on Bs(&). It follows from the first assertion that there exists 0 < n < § such
that, forall1 <i <mand0 <t < 1,

H fE+1v)— f(&)
t

— fi(vi)

’ <e/3.

If v € T, select j withv € Byj3c(v;).If0 <t < npand & +tv € K, it follows
that £ +tv € Bs(§) N K. Using the fact that f is Lipschitz on Bs(£) N K with
Lipschitz constant C, and fé/ is Lipschitz on S with the same constant as f,
we see that
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SE+tv)—f&)  fE+1v)— f(E)
H t — ; H < Cllvi —v|| < ¢/3
and | f{(v1) = f{@)]| < Cllvi — vl| < /3

Combining these inequalities shows thatif 0 <t < n,v e I',and & + tv €
K, then

H f(E+tvt) [ —fé(”)H .

Finally, assume that Sg¢ is closed. To prove that f is semi-differentiable at
& we must show that for each ¢ > 0 there exists 4 > 0 such that if ||v]| <
wand § +v € K, then [ f(§ +v) — f(€) — LI < el|vll. Arguing by
contradiction, we suppose that there exists & > 0 and a sequence (1) in Sg
such that ||ug|| — Oask — oo, E+uy € K, and ||f($+uk)—f(§)—f§’(uk)|| >
e|lug|| for all k. Define wy = uy/||uxl and tx = |Jug|l > 0, so

” f &+ new) — (&)

Ik

- fg(wk)H >z (6.26)

for all k. As S¢ is closed, we may assume, after taking a subsequence, that
wy — w € Sg as k — oo. Note that I' = {wy: kK > 1} U {w} is a compact
subset of Sg. It follows from the third assertion that there exists n > 0 such
thatif 0 <7 <n,zeTl,and & +1z € K, then

H fE+1z)— f(&)
Ik

e H <e. (6.27)

Since #; — 0 as k — o0, equations (6.26) and (6.27) are contradictory, and
we are done. O

We note that if K = ]R’j_, then S is closed for all £ € K. Therefore if
f:RL — R is a continuous homogeneous order-preserving map which is
super-additive and locally Lipschitz, then f is semi-differentiable at every & €
R’ . Nussbaum [159, section 3] analyzed a class M _ of maps on R’} satisfying
these conditions. In fact, each map in M_ is C° on the interior of R’ , but in
general only semi-differentiable on R’ . The class M_ concerns maps that
are constructed from means M, (x) = (}_; oix] YU where r < 0. It turns
out that for maps in the class M_ it is particularly difficult to decide if there
exists an eigenvector in the interior of R’ . We shall briefly discuss this issue
in Section 6.6, but for a more detailed account the reader is referred to [159].

If in Theorem 6.4.3 the map f is Fréchet differentiable at u € int(K),
weaker conditions on the Fréchet derivative D f (u) exist, which ensure unique-
ness of the eigenvector in the interior. In particular, it suffices to assume that
the linear map Df (u): V — V is irreducible. In fact, the following slightly
weaker assumption works.
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Definition 6.4.5 Let L: V — V be a linear map leaving a closed solid cone
K C V invariant, and p be the spectral radius of L. We say that L satisfies the
Krein—Rutman condition if either p = 0, or p > 0 and (1) dim(ker(pl — L)) =
1 and (2) there exist w € K \ {0} with Lw = pw and w* € K*\ {0} with
L*w* = pw™* such that w*(w) > 0.

Obviously, every irreducible linear map L: V — V satisfies the Krein—
Rutman condition by the Perron-Frobenius theorem. However, it may easily
happen that L satisfies the Krein—Rutman condition even though L is not irre-
ducible. For example, consider Ri and the linear map L defined by the matrix

0 0

Il
> o™ O
c oo
oo oR

0
14
0
where o, 8, y,6 > 0.

Theorem 6.4.6 Suppose that f: int(K) — int(K) is a subhomogeneous
order-preserving map and u € int(K) with f(u) = ru. If f is Fréchet
differentiable at u, then the following holds:

(i) The spectral radius p of Df (u) satisfies p <r.

(ii) If p < r, then for each ¥ € K* with 9 (u) = 1, u is the only eigenvector
of finXy ={x eint(K): 9(x) = 1}.

(iii) If p = r and Df (u) satisfies the Krein—Rutman condition, where w €
K\ {0} and w* € K*\{0} are such that Df (u)w = pw and Df (u)*w* =
pw*, then u is the only eigenvector of f in Xy for all ¥ € K* with
Y(u) =1 and ¥ (w) > 0.

Proof For simplicity write L = Df (u). To prove the first assertion note that
as f is subhomogeneous

Lu= tim LU 7T TOZTW ey (628)

=1+ t—1 =1+ t—1
Since f is order-preserving, L: V — V leaves K invariant. As u € int(K),
(6.28) and Proposition 5.3.6 imply that p < r.

Before continuing the proof we remark that L has an eigenvector w € K\ {0}
with Lw = pw, and likewise L* has an eigenvector w* € K* \ {0} with
L*w* = pw*. If p = r, the Krein—-Rutman condition ensures that w and w*
are unique up to positive scalar multiples, and w*(w) > 0. As u € int(K),
w*(u) > 0. Thus, if we let # = tw™* we can choose ¢ > 0 such that ¥ (u) = 1
and 9 (w) > 0. It follows that if p = r, there exists © € K*\ {0} as in the third
assertion. Furthermore, by replacing f by r~! f, we may assume that r = 1
and f(u) = u.
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To prove the last two assertions it suffices by Theorem 6.4.3 to show that if
p < lorp=1,then

v—Lv+ 39 (Lv)u #0

forall v € Vy \ {0}, where Vy = {v e V: 9 (v) = 1}.
For the sake of contradiction suppose that there exists v € Vy \ {0} such that

v— Lv=—-9(Lv)u. (6.29)

If p < 1, we find that

v=—(— L) '@Lvu) = —9(Lv) ZLku. (6.30)
k=0

Since u € int(K) and v # 0, it follows that ¢##(Lv) # 0, and v € int(K) or
—v € int(K). If v € int(K), we must have that #(Lv) > 0, as Lv € K, so
that ¥ (Lv) > 0. But then (6.30) implies —v € int(K), which is impossible,
as v # 0. A similar argument gives a contradiction if —v € int(K). Thus, if
o < 1, then Equation (6.29) cannot hold for any non-zero v € Vy. Notice
that in this case it is only required that ¢ € K™* satisfy ¢ («) = 1, but not that
?(w) > 0.

To treat the case p = 1 we again argue by contradiction. So, suppose there
exists a non-zero v € Vjp satisfying (6.29). It follows that for each integer
N=>0

N N
doLfw—Lvy=v-L"v=—p(Lv) Y Lru. 6.31)
k=0 k=0

Note that if 9 (Lv) = 0, then (6.29) implies that v — Lv = 0. As L satisfies
the Krein—Rutman condition, we find that v = tw for some r # 0. Thus,
9 (Lv) = t¥(w) = 0, which contradicts ¢ (w) > 0. So, ¥ (Lv) # 0.

To derive a contradiction we show that (JJlv — LY *1v|)x remains bounded,
while limy _, o || Z,?/:O Lku|| = oo, which violates (6.31). As K is a finite-
dimensional closed cone, K is normal by Lemma 1.2.5. Let k > 1 be the
normality constant. Note thatif x € K and y € V are suchthat —bx <y < bx,
then 0 < y 4+ bx < 2bx, and hence

Iyll < 2« + Dbllx]l. (6.32)

As u € int(K) there exists a > 0 such that —au < v < au. Recall that r = 1,
s0 (6.28) implies —au < —aLVtu < LNty < aL¥*1y < qu. Thus, for
each N > 0,

—2au <v— LV < 2qu. (6.33)
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We conclude from (6.32) and (6.33) that
||v—LN+1v|| <2a2k + D)||ull. (6.34)

As u € int(K), there exists ¢ > 0 with aw < u. Recall that Lw = w. Thus,

N N
LW za ) L'w=a(N + Dw.

k=0 k=0

Using the normality of K, we find that
N o
oo 3 Lk = S+ DI o)l fw]. (6.35)
K
k=0

As ¥ (Lv) # 0, the inequalities (6.34) and (6.35) contradict (6.31) for N large.
O

If in Theorem 6.4.6 it is assumed that f is homogeneous, the assumptions
simplify considerably and the following sharper results hold.

Corollary 6.4.7 If f: int(K) — int(K) is a homogeneous order-preserving
map on a solid closed cone K C V, and f is Fréchet differentiable at u €
int(K) with f(u) = ru, then the following hold:

(i) The spectral radius of Df (u) is equal to r.
(ii) If, in addition, dim(ker(r1 — Df (u))) = 1, then u is the unique, up to
positive scalar multiples, eigenvector of f in int(K).

Proof Write L = Df (u); so,

Lu— lim f@tu) — fu)
t—17t r—1

= f(u) =ru.

By the Perron—Frobenius theorem there exists u™ € K*\ {0} with L*u™ = ru*.
As u € int(K), we know that u*(u) > 0. Under the assumption that
dim(ker(rI — L)) = 1, we conclude that L satisfies the Krein—Rutman
condition. Also note that () > 0 for all non-zero ¥ € K*. Thus, if
¥ € K*\ {0} and ¥ (u) = 1, then u is the unique eigenvector of f in
Yy = {x € int(K): ¥ (x) = 1} by Theorem 6.4.6. But if y is an eigenvec-
tor of f in the interior of K, then ry € Xy for some ¢t > 0, and hence ¢ty = u,
which completes the proof. O

Another interesting refinement of Theorem 6.4.6 is obtained by assuming
that the Fréchet derivative Df (1) is irreducible.
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Corollary 6.4.8 Suppose f: int(K) — int(K) is a subhomogeneous order-
preserving map on a solid closed cone K C 'V, and f is Fréchet differentiable
atu € int(K) with f(u) = ru. If the Fréchet derivative Df (u) is irreducible,
then for each v € K* \ {0} with ¥ (u) = 1, u is the only eigenvector of f in
Yy = {x € int(K): 9 (x) = 1}. Moreover, if y € int(K) is an eigenvector of
f,theny <uoru<y.

Proof As before, denote L = Df (u). To show that u is the only eigenvector
of fin Xy for all ¥ € K* \ {0} with () = 1, it suffices, by Theorem
6.4.6, to prove that if the spectral radius p of L is equal to r, then Lu = ru.
From the inequality (6.28) we know that Lu < ru. Now if Lu # ru, then
z=u—r""Lu e K\ {0}, and irreducibility of L implies that there exists an
integer N > 0 such that

N
Z(r_lL)kz =u— ')y € int(K).
k=0

This implies that there exists s > 0 with (1 — s)u > (r—'L)Nt1y, so that
p < r, which is a contradiction.

To prove the second assertion we argue by contradiction. Assume that y €
int(K) is an eigenvectorof f andz = y —u ¢ Kand —z =u —y ¢ K.
As K is closed, there exists § > 0 such that Bs(z) N K and Bs(—z) N K
are both empty. Here Bs(z) = {v € V: ||z — v|| < §}. The Hahn—Banach
separation theorem [186, theorem 11.4] implies that there exist ¢+ € K* \ {0}
with ¢4 (v) < O forall v € Bs(z), and ¢ € K*\ {0} with ¢_(v) < O for all
v € Bs(—z). In particular, we have that ¢4 (z) < 0 and ¢_(—z) < 0. Rescaling
¢4 by a positive scalar we may assume that ¢4 (z) = ¢_(—z). Putting v =
o+ + ¢— € K*\ {0} we deduce that

YW) =vr) +¥-(u) = —01(2) + o (=2) + o+ () + - () = ¥ (¥).

As ¥ (u) > 0, we can rescale ¥ so that ¥ (1) = ¥ (y) = 1. It follows that u
and y are distinct eigenvectors of f in Xy, which is impossible. O

6.5 Convergence to a unique eigenvector

If f:int(K) — int(K) is a homogeneous order-preserving map on a solid
closed cone K C V and f has a unique eigenvector u € int(K) with f(u) =
ru, it is interesting to understand when the ray through u is globally attracting.
In particular, it is natural to ask whether
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k
klggo % =u forall x € int(K),

where ¢ € K* with ¢(u) = 1, or whether for each x € int(K) there exists
Ay > 0 such that

i @ _
m =

k—>oo rk bl

Surprisingly, a slight strengthening of the conditions that ensure uniqueness of
the eigenvector in the interior of the cone give global convergence results of
this type. The underlying reason for this phenomenon is Proposition 3.2.3,
which says that a locally attracting fixed point of non-expansive maps on
a geodesic metric space is globally attracting. A simple, although often too
restrictive, condition on the eigenvector # € int(K) which ensures that u is a
locally attracting fixed point of the normalized map,

_ fw)
@(f(x))
where £° = {x € int(K): ¢(x) = 1} and ¢ € K* with ¢o(u) = 1, is
the following. If f: int(K) — int(K) and # € int(K), we say that f is
locally strongly order-preserving at u if there exists an open neighborhood
U C int(K) of u such thatfor x, y € U withx < y we have that f(x) < f ().

forx € ¥°,

g(x)

Theorem 6.5.1 Let K C V be a solid closed cone and ¢ € K*. If
fint(K) — int(K) is a homogeneous order-preserving map and there exists
u e K, witho(u) =1, suchthat f(u) = ru and f is strongly order-preserving
at u, then

g )

im ————

k=00 p(fk(x))
Proof Let U C int(K) be an open neighborhood of u such that x, y € U and
x < yimplies f(x) < f(y). As the norm topology on int(K) coincides with
the topology induced by Thompson’s metric, there exists R > 1 such that the
closed Thompson’s metric ball, By (u) = {x € int(K): R~'u < x < Ru},
with radius log R and center u is contained in U. Let A : int(K) — int(K) be
given by

=u forall x € int(K).

h(x) = @ for x € int(K).

Thus, h(#) = u. Suppose that y € Br(u) and y # Au for all A > 0. Write
o = m(y/u) and B = M(y/u). Note that eu < y < Bu, as K is closed, and
R~ ! <aand B < R. As f is strongly order-preserving at u,

au = ah(u) < h(y) < Bh(u) = Bu.
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This implies that there exist 4 > « and T < 8 such that pu < h(y) < tu, and
hence

dr (h(y), u) < log(max{u~", t}) < log(max{e ™", B}) = dr(y,u). (6.36)

forall y € Br(u) with y # Au forall A > 0.

As h is non-expansive under Thompson’s metric and h(#) = u, we know
that A(Br(u)) € Br(u). Now let w € Br(u). We can use the compactness of
B (1) to find an increasing sequence of integers (k;); and z € By (u) such that
lim; _, o A% (w) = z. As

dr(z,u) = lim dr(h% (w), k% (u))
< lim dy (h(h5=1 (w)), h(h"= (u)))
<dr(h(z),u),

it follows from (6.36) that z = A,,u for some A,, > 0. Since f is homogeneous
and lim;_, o0 h%i (W) = Ayu,

ki hki
fim L@y @ (6.37)
i—oo @(fli(w)) im0 p(hki(w))
Let ¥° = {x € int(K): ¢(x) = 1} and define g: £° — X° by g(x) =
f(x)/o(f(x)) for x € ¥°. Using the non-expansiveness of g under Hilbert’s
metric we see that, for each w € By (u) N X°,

lim dy(g¥(w), w) = lim dy(gF(w), g"w))
k— 00 k—00
< lim iy (g" (w), g ()
= lim dy(g" (w), u).
1—> 00

The right-hand side is 0 by (6.37), and hence u is a locally attracting fixed
point of g in the geodesic metric space (X°, dy). It follows from Proposition
3.2.3 that lim_, oo g¥(x) = u for all x € X°. O

The assumption that f is strongly order-preserving at u can be considerably
weakened. To this end we introduce the following notion.

Definition 6.5.2 Let f: int(K) — int(K) where K C V is a solid closed
cone. We say that f satisfies condition L at x € int(K) if there exists an
open neighborhood U C int(K) of x such that foreach y € U withy < x
there exists an integer ky > 1 with f ky(y) « fk(x). Likewise we say that
f satisfies condition U at x € int(K) if there exists an open neighborhood
U C int(K) of x such that for each y € U with x < y there exists an integer
ky > 1with £ (x) < o ().
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Similar conditions have been considered by Brualdi, Parter, and Schneider
[39] and by Kloeden and Rubinov [103]. The following lemma shows that the
neighborhood U in Definition 6.5.2 is irrelevant.

Lemma 6.5.3 Let K C V be a solid closed cone. If f: int(K) — int(K)
is an order-preserving map and f satisfies condition L at x € int(K), then
for each y € int(K) with y < x there exists an integer ky > 1 such that
o () <« fox). Likewise, if f satisfies condition U at x € int(K), then
for each y € int(K) with x < y there exists an integer ky > 1 such that

e < o).

Proof We shall only prove the first assertion and leave the analogous proof
of the second assertion to the reader. If y € int(K) with y < x, define, for
O0<t<l,yy=({0—-1tx+1ty Notethat x — y, = t(x —y) € K\ {0}
and yy —y = (1 —t)(x —y) € K\ {0} forall 0 < ¢t < 1. Let U be an
open neighborhood of x as in Definition 6.5.2. Let 0 < ¢ < 1 be so small that
¥: € U. Then there exists an integer ky, > 1 with o () <« 5 (x). As f is
order-preserving, f*(y) < % (y), so that % (y) < fo(y) < fo(x). O

The assumption that f satisfies condition L or condition U at an eigenvector
in the interior of the cone turns out to be sufficient to prove global convergence
results. We shall discuss this idea in the more general setting of subhomo-
geneous maps, rather than homogeneous maps, as it requires very little extra
effort and yields interesting additional information. We begin by proving two
auxiliary lemmas. The first one concerns the w-limit sets of subhomogeneous
order-preserving maps.

Lemma 6.5.4 If h: int(K) — int(K) is a subhomogeneous order-preserving
map on the interior of a solid closed cone K C V, and h(u) = u for some
u € int(K), then for each x € int(K) there exists 0 < o < 1 such that
m(y/u) = o forall y € w(x), or there exists B > 1 such that M(y/u) = B
forall y € w(x).

Proof For k > 1 define ax = m(h*(x)/h*(u)) = mh*(x)/u) and g =
M (x)/h*(w)) = MK*(x)/u). Clearly oy < By for all k > 1. If there
exists m > 1 such that 8,, < 1 or, equivalently, A" (x) < u, then pktm x)<u
for all k > 0. So, in that case, oy < 1 for all K > m. A similar argument shows
that if o, > 1 for some m > 1, then 1 < o < B¢ forall k > m.

Thus, there are two cases to consider: (1) ¢ > 1 forall k > 1, and (2) there
exists m > 1 such that o < 1 for all kK > m. Let us assume that we are in the
first case. As f is subhomogeneous and order-preserving, and h* (x) < Bru,

RN () < h(Bru) < Brh(u) = Bru,
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which shows that ;1 < B for all k > 1. It follows that limy o0 Sk = 8 > 1
exists. Thus, if #¥i (x) — yasi — oo, we find that

M(y/u) = lim MR (x)/u) = lim B = B.

In the second case, it follows from agu < h*(x) that qpu = axh(u) <
h(agu) < hk+1(x) for all m > k, and hence oy < a4 for all & > m. So, in
this case, limg_, oo o = o < 1 exists. Moreover, if hki (x) > yasi — oo, we
have that

m(y/u) = lim m(hbi (x)/u) = Jim o =a.
O

It is useful to look at the proof of Lemma 6.5.4 again when & is homoge-
neous. In that case oy is increasing and Sy is decreasing. As oy < By for all
k > 1, we see that both limits, limy_~ oy = o and limg_. o Br = B, exist
and 0 < o < B. Thus, if 4 in Lemma 6.5.4 is homogeneous, then for each
x € int(K) there exist 0 < @ < B such that

m(y/uy=a and M((y/u)=_p (6.38)

forall y € w(x).

Of course, if 7 in Lemma 6.5.4 is homogeneous, then h(tu) = tu for all
t > 0. The next lemma shows that if 7 is merely subhomogeneous, then {t >
0: h(tu) = tu} is still an interval.

Lemma 6.5.5 Let h: int(K) — int(K) be a subhomogeneous order-
preserving map on the interior of a solid closed cone with h(u) = u for
some u € int(K). If so < t < to, where so = inf{t > 0: h(tu) = tu}
and ty = sup{t > 0: h(tu) = tu}, then h(tu) = tu. Moreover, if so > O,
then h(sou) = sou. Likewise, tg < oo implies h(tou) = tou. Furthermore,
h(su) > su forall 0 < s < sg, and h(tu) < tu forallt > to.

Proof First remark that as h(u) = u, so < 1 < 19. If £ > 1, t " h(tu) < h(u),
sothat h(tu) < tu. Likewise, if0 < s < 1,thensu = sh(u) < h(su). We shall
now show by contradiction that if h(tu) < tu for some 7 > 1, then h(tu) <
tu for all + > 7. Suppose h(tu) > tu for some t > t > 1. By the previous
observations, h(tu) = tu. But this implies that h(tu) > (t/t)h(tu) = tu,
which is impossible. A similar argument shows that if h(ocu) > ou for some
0 <o <1,then h(su) > suforall0 <s <o.

To complete the proof we remark that the continuity of 4 implies that
h(sou) = sou if so > 0, and h(tou) = tou if ty < 0. O]
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The next theorem shows that the assumption that f satisfies condition L
or condition U at an eigenvector in the interior of the cone ensures global
convergence to a unique eigenvector in the interior.

Theorem 6.5.6 Let f: int(K) — int(K) be an order-preserving map on the
interior of a solid closed cone K C V and f(u) = ru for some u € int(K).
Suppose that h: int(K) — int(K) is given by h(x) = r~' f(x) for all x €
int(K). Then the following assertions hold:

(i) If f is subhomogeneous and h satisfies conditions L and U at u, then for
each x € int(K) there exists L, > 0 such that

lim A% (x) = Acu.
k—00

Moreover, {,. > 0: f(lu) = Aru} is an interval.
(ii) If f is homogeneous and f satisfies condition L or U at u, then

0
im ———— =u
k=00 @(f*(x))

for all x € int(K) and ¢ € K* with ¢(u) = 1.

Proof To prove (i) we suppose that f is subhomogeneous and consider
h:int(K) — int(K) to be defined by h(x) = r_lf(x) for x € int(K).
Clearly h(u) = u and & is subhomogeneous and order-preserving, and hence
non-expansive under Thompson’s metric. It follows from Lemma 3.1.2 that
h(w(x; h)) = w(x; h). Furthermore we can apply Lemma 6.5.4 to & and
conclude that there are two cases: either there exists 0 < « < 1 such that
m(y/u) = « for all y € w(x; h), or there exists 8 > 1 such that M(y/u) = B
forall y € w(x; h).

We will now show that, in the first case, w(x; h) = {au}. For the sake of
contradiction suppose that there exists z € w(x; h) with cu # z. Then au < z
and, because h satisfies condition U at u, there exists m > 1 such that

u=h"u) < h"@ 'z).
As h™ is subhomogeneous, ah™(a"'z) < h™(z), so that au < h™(z). It
follows that m(h'™ (z)/u) > «, which is impossible, as 1" (z) € w(x; h).
In a similar way it can be shown that, in the second case, w(x; h) = {Bu}.

Indeed, if there exists z € w(x; h) with z # Bu, then z < Su and there exists
an integer m > 1 such that

(B2 < W™ () = u,

as h satisfies condition L at u. This implies that B~'A" () < u, since h is
subhomogeneous, which contradicts M (h" (z)/u) = B.
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Thus, we have shown that there exists A, > 0 such that w(x; h) = {,,u},
and hence

lim 7% (x) = Acu
k—o00

by Lemma 3.1.3.

If f is homogeneous, then /4 is homogeneous and hence there exist 0 < o <
B such that m(y/u) = o and M(y/u) = B for all y € w(x; h) by (6.38). As
before we will show that w(x; h) = {A,u} for some A, > 0. Suppose that f
satisfies condition U at u and there exists z € w(x; h) with z # au. Note that
as f is homogeneous, & also satisfies condition U at u. Moreover, ¢u < z and
there exists m > 1 such that ou = h™ (au) < h'"(z). As i (z) € w(x; h), this
contradicts m(h™(z)/u) = «. In the same way, it can be shown that w (x; h) =
{Bu} if f satisfies condition L at u.

Thus, w(x; h) = {Ayu} for some A, > 0, so that limy_ hk(x) = Ayu by
Lemma 3.1.3. Now using the homogeneity of f we conclude that

- ffw) k)
Iim ————=1lim ————=u
k=00 o(fk(x)) k=00 p(h*(x))
for all x € int(K) and ¢ € K* with p(u) = 1. O

Note that if f in Theorem 6.5.6 is homogeneous, then we do not need to
know the eigenvalue r explicitly to obtain a convergent scheme. We can also
circumvent explicit knowledge of the eigenvector u in the interior of K by
assuming that, at each x € int(K), f satisfies condition L or U.

Furthermore if f is semi-differentiable at the eigenvector u € int(K), then
there are simple conditions on the semi-derivative f, that ensure that f satisfies
condition L or U at u.

Lemma 6.5.7 Let K C V be a solid closed cone and f: int(K) — int(K) be
a subhomogeneous order-preserving map. If f(u) = ru for some u € int(K)
and f is semi-differentiable at u with semi-derivative f,,: V. — V at u, then
the following assertions hold:

(i) If there exists an integer p > 1 such that (f,)?(K \ {0}) € int(K), then
f satisfies condition U at u.

(ii) If there exists an integer p > 1 such that (f)? (=K \ {0}) € —int(K),
then f satisfies condition L at u.

Proof We shall only prove the first assertion and leave the second one as
an exercise for the reader. Assume there exists an integer p > 1 such that
(fDP(K \ {0}) € int(K) and define 4 : int(K) — int(K) by h(x) = r=lf(x)
for all x € int(K). Clearly h(#) = u and h is semi-differentiable at u with
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semi-derivative h) = r_lfu’. So, (h))P(K \ {0}) C int(K), and f satisfies
condition U at u if and only if & does.
By the chain rule for semi-derivatives (see Lemma 6.1.6), we know that

h? (u +v) = h? () + ()" (v) + |Jvlle1 (v),

where limj, 0 €1(v) = 0. To show that & satisfies condition U at u, it suffices
to show that there exists § > 0 such that for v € K with 0 < |[v]] < & we
have that u = h? (u) < hP (u+v). As V is finite-dimensional and K is closed,
S = {v € K: |lv| = 1} is compact. This implies that (k/,)”(S) is a compact
subset of int(K), since h; is continuous. Thus, there exists T > 0 such that the
T-neighborhood of (h},)?(S), denoted N, ((h,)?(S)), lies inside int(K). For
t > 0 it follows that

Niz (R )P (18)) = tN-((h,)P(S)) < int(K).
There exists § > 0 such that ||e;(v)|| < 7 for all ||v|| < §. This implies, for

0 < |lv|l < & with v € K, that (h],)?(v) + ||vlle1(v) € int(K), and hence h
satisfies condition U at u. O

A combination of Theorem 6.5.6 and Lemma 6.5.7 immediately gives the
following result.

Corollary 6.5.8 Ler f: int(K) — int(K) be an order-preserving map on the
interior of a solid closed cone K C 'V, f(u) = ru for some u € int(K), and f
be semi-differentiable at u with semi-derivative f,. Suppose that h: int(K) —
int(K) is given by h(x) = r_lf(x) for all x € int(K). Then the following
assertions hold:

(i) If f is subhomogeneous and there exists an integer p > 1 such that
(fDP(K\{0}) <€ int(K) and (f,)?(—=K \ {0}) S —int(K), then for
each x € int(K) there exists Ay > O such that

lim A*(x) = Acu.
k— 00
(ii) If f is homogeneous and there exists an integer p > 1 such that ()P (K \
{0} < int(K) or (f,)P(—K \ {0}) € —int(K), then
@
im ———— =u
k=00 @(f*(x))
for all x € int(K) and ¢ € K* with ¢(u) = 1.

Note that if in Corollary 6.5.8 f is Fréchet differentiable at u and the linear
map Df (u) is primitive, that is to say Df (u)™ (K \ {0}) C int(K) for some
m > 1, then the hypotheses are satisfied.



154 Eigenvectors in the interior of the cone

6.6 Means and their eigenvectors

In Section 1.4 we defined the class M of continuous order-preserving homo-
geneous maps f: R, — R'|, each of whose coordinate function is of the
form

fi(x) = Z Cira My (x) forx e R, (6.39)

(r,o)el;

where I'; is a finite set of pairs (r, o) with r € R and 0 € R’ a probability
vector, ¢jro > 0, and M, (x) is the (r, o)-mean of x. Let M denote the
subclass consisting of those maps f € M having each coordinate function f;
of the form (6.39) with each r > 0. Similarly, we say that f € M_ if each
coordinate function f; is of the form (6.39), but with each r < 0.

We denote by M the smallest class of maps f: R’} — R’ containing M
that is closed under addition and composition. Using, respectively, M and
M_, we similarly define M and M_ to be the smallest collections of maps
f:RL — Y containing, respectively, M, and M_ that are closed under
addition and composition.

In this section we shall see that the question of whether a map f € M has
an eigenvector in int(R’, ) is quite easy to answer. However, our main objective
is to show that the same question for maps in M_ is often subtle and difficult,
and represents a central analytic difficulty in applying the results from this
chapter.

Following [156] we say that a nonnegative n X n matrix A = (a;;) is an
incidence matrix of an order-preserving homogeneous map f: R} — R’} if
for each pair (i, j) with a;; > O there exist ¢ > 0 and a probability vector
T € R} such that 7; > 0 and

fix) = cext = c( l_[ x,fk> forall x € R
kesupp(t)

Note that if A = (a;;) is an incidence matrix for f, and B = (b;;) is a
nonnegative matrix with the same zero pattern, i.e.,

ajj > 0 if and only if bij > O,

then B is also an incidence matrix for f. For simplicity we shall write A ~ B
if the nonnegative n x n matrices A and B have the same zero pattern. Also
remark that if f has an incidence matrix A and each row of A has a non-zero
entry, then f(int(R’)) C int(R"}).
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Clearly if A is an incidence matrix for an order-preserving homogeneous
map f: R} — R and a;; > 0, then

lim f; (') = .
u—00

Here ul/} e R with u,{cj} = 1 for k # j and u;/} = u. More-
over, if A is irreducible, then the directed graph Gy associated with f (see
Section 6.2) is strongly connected. This observation yields the following
immediate consequence of Theorem 6.2.3.

Proposition 6.6.1 If f: R} — R, is a continuous order-preserving homo-
geneous map and f has an irreducible incidence matrix, then f has an
eigenvector in int(R'} ).

The following lemma will be useful in the sequel.

Lemma 6.6.2 Suppose that f: Rl — R’ and g: R — R’ are continuous
order-preserving homogeneous maps, where f has incidence matrix A and g
has incidence matrix B. If each row of A and each row of B has a non-zero
entry, then C = BA is an incidence matrix for go f and each row of C contains
a non-zero entry. Furthermore, D = A 4 B is an incidence matrix for f + g.

Proof 1tis a straightforward exercise to show that A+ B is an incidence matrix
for f + g.

For 1 < i < n select j such that b;; > 0. Subsequently select k such that
ajx > 0.1t follows that ¢;x > b;jaj; > 0, which shows that each row of C has
a non-zero entry. In general, if ¢;x > 0, there exists j such that b;; > 0 and
aji > 0. Since b;; > 0 there exist d > 0 and a probability vector 7 € R’ with
7; > 0 such that

gi(y) = dy" forally e RY.
Because each row of A has a positive entry, we know that foreach 1 <m <
n, there exist ¢,;, > 0 and a probability vector 0™ € R’} with
fn(x) > cux®  forallx € R,
As aji > 0, the k-th coordinate of o/ can be chosen to be non-zero. It follows
that
gi(f(x)) = kx¥ forallx € R,

where k > Oand y = ), _, 1,,0™ is a probability vector in R”,. Note that

the k-th coordinate of y satisfies

n
J
Vi = Z oy = tjop >0,
m=1

which shows that C = B A is an incidence matrix for g o f. O
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Asusual, if f: R} — R} isC "on int(R”), we write

dfi
1@ = (5o)
to denote the Jacobian matrix of f at x. Since f is order-preserving, it is easy
to verify that - af’ (x) > Oforallx eint(R%)and 1 <i, j <n.

Lemma 6.6.3 If f: R} — R’ is an order-preserving homogeneous map in
M, then the following assertions hold:

(i) fisC"on int(R").

(ii) Foreach x,y € int(R".) we have that f'(x) ~ f'(y).
(iii) For each x € int(R",) each row of f'(x) contains a non-zero entry.
(iv) If f € M4 and x € int(R%), then f'(x) is an incidence matrix for f.

Proof Suppose that f € M and and f;: R, — [0, oo) is of the form (6.39).
Clearly, f is C! on int(R".) and

%(x) Z Ciro Mo

0x; (r.o)el; 0x;

(x).

If (r,0) € T'; and j ¢ supp(o), then
oM,
0x;

(x)=0.

Furthermore, if supp(c) = {j}, then

8Mra
ax]'

x)=1.
On the other hand, if [supp(co)| > 1 and j € supp(c), then

1/r=1
IM, o ) = ojx ;_I(Z’;_l okx,:) ifr #0
dx; ojx U’_I(Hk# x; ) ifr =0.

It follows that %(x) > 0 if and only if there exists (r,0) € I'; such that
Jj € supp(o). This implies that f'(x) ~ f'(y) forall x, y € int(R}).

To show the third assertion for f € M, remark that for each i there exists j
such that - 8f’ (x) > 0, as I'; is non-empty.

Now let N be the collection of continuous order-preserving homogeneous
maps f: R} — R’ in M that satisfy the first three assertions of the lemma.
To prove that the first three assertions hold for all f € M it suffices to show
that V' is closed under addition and composition, as M C N. So, let f, g € N
and write ® = f o g and ¢ = f + g. Obviously # and v are C! on int(R").
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Remark that y/(x) = f'(x) + ¢'(¥) ~ f'(») + g'(») = ¥'(») forall x, y €
int(R" ). It is also clear that each row of ¥’(x) contains a non-zero entry.

Let x, y € int(R}) and write A1 = f'(g(x)), B1 = g'(x), A2 = f'(g(»)),
and B, = g’(y). As each row of B; has a non-zero entry, we know that g maps
int(R" ) into itself, and hence

A; ~ Ay, and B~ Bj.

It is a straightforward matrix exercise to show that this implies that A; B} ~
Aj Bj, and each row of A B; contains a non-zero entry.

To prove the final assertion we first assume that f € M. Suppose that
af L (x) > 0 for x € int(RY). The previous remarks show that there exists
(s r) € I'; such that j € supp(7). Since s > 0, Equation (6.39) gives

fi(x) = cist Mgz (x) > Cise Mor (x) = Cigr X",

which shows that f’(x) is an incidence matrix for f. Using Lemma 6.6.2 we
deduce that f'(x) is an incidence matrix for f € M and x € int(R}). O

A combination of Proposition 6.6.1 and Lemma 6.6.3 yields the following
result, which shows that the question of whether a given map f € M has an
eigenvector is usually quite easy to answer.

Corollary 6.6.4 If f: R, — R, is an order-preserving homogeneous map in
M and there exists x € int(R",) such that f "(x) is irreducible, then f has a
unique normalized eigenvector u € int(R"}).

Proof Tt follows from Lemma 6.6.3 that f’(x) is an incidence matrix for f. As
f'(x) is irreducible we deduce from Proposition 6.6.1 that f has an eigenvector
u inint(R’} ). The uniqueness, up to positive scalar multiples, of the eigenvector
u follows from Corollary 6.4.8, since f'(x) ~ f'(u) by Lemma 6.6.3. 0

Furthermore, remark that if f € M and there exists x € int(R.) such
that f’(x) is primitive, then it follows from Corollary 6.5.8 that not only is the
normalized eigenvector u € int(R’, ) unique, but also

i JAIO))
m ——-
k=00 (g, f*(3))

and ¢ € R with (p, u) = 1.
The following observation can sometimes be used in conjunction with

=u forall y €int(RY)

Corollary 6.6.4 to prove that a general continuous order-preserving homoge-
neous map g: R — R’} has an eigenvector in int(R"}).
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Lemma 6.6.5 Suppose that f: R, — R isamapin My and g: R — R}
is a continuous order-preserving homogeneous map such that g(y) > f(y) for
all y € R If there exists x € int(R".) such that f'(x) is irreducible, then g
has an eigenvector in int(R}).

Proof Tt follows from Lemma 6.6.3 that f/(x) is an incidence matrix for f. As
g(y) = f(y) forall y € R it follows that f’(x) is also an incidence matrix
for g. So, we can apply Proposition 6.6.1 to conclude that g has an eigenvector
in int(R”). O

For maps f € M_ Corollary 6.6.4 provides an effective way to analyze the
problem of the existence of an eigenvector in the interior of R’} . As mentioned
before the same problem is often much harder for maps f € M_. This is
basically because Theorem 6.2.3 is rarely applicable to maps f € M_, as the
associated digraph G y = (V, A) is usually totally disconnected, meaning that
the set of arcs A C {(i,i):i € V}.

Lemma 6.6.6 If f: R, — R’ isin M_ and foreach 1 <i <nand (r,0) €
I'; either o = {i} or |supp(o)| > 2, then Gy is totally disconnected.

Proof Suppose that i # j and for u > 0 let ul/} € R’ be given by u,{(j} =1
itk # j.andu'/' = u.If (r,0) € T; and o = {i}, then clearly M, (u!/)) =
1. Also, if |supp(a)| > 2 and j ¢ supp(o), then M,y = 1. Now if
|[supp(o)| > 2 and j € supp(o), then

. . 1/r
ulin;o Mra(u{]}) = ( Z 6k> < 00,
kesupp(o),k#j
asr < 0.
It follows that

lim f; ) < oo,

u— oo
if i # j, and hence Gy is totally disconnected. O

The property of having a totally disconnected associated digraph is pre-
served under addition and composition, as the following proposition shows.

Proposition 6.6.7 If f: R} — R’ and g: R, — R’ are continuous order-
preserving homogeneous maps such that the associated digraphs G y and G4
are totally disconnected, then G 74 and G4 are also totally disconnected.

Proof We leave it to the reader as an exercise to show that G 7, is totally
disconnected. To prove that G, 7 is totally disconnected we first remark that,
as G is totally disconnected and g is order-preserving,
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lim g <oco fori # j. (6.40)
u— oo
Here g; is the i-th component of g, and u,{cj} =1ifk # j and ugj} =u.
Suppose that (y™),, is a sequence in R, with y" < y™+1 for all m. Fur-
thermore assume that Ay = sup{y;': m > 1} < oo for all k # j, and put
A =maxg.; Ar+1 < oo. Let u,, be a sequence of positive reals with u,, — 00
such that

Uy > yj-"/)» forallm > 1.

As g is order-preserving, it follows that

g™ /N < gi (ui,{ }) for all m sufficiently large.

Now using the homogeneity of g, we deduce from (6.40) that
lim g;(y") <oo foralli # j. (6.41)
m— 00

Now fix i and j with i # j. Because G is totally disconnected, the set of
vectors { f (u/Y): u > 1} satisfies f(u{l"}) < f(u{z"}) for 1 < uy < up and

sup{fk(u{j}): u>1}<oo forallk # j.
It follows from (6.41) that
lim g (f @) < oo,
U—00
which shows that G, r is totally disconnected. O

Lemma 6.6.6 and Proposition 6.6.7 show for f € M_ that G is usually
totally disconnected and rarely of use in proving that f has an eigenvector in
int(R%).

In the next chapter we shall discuss applications of nonlinear Perron—
Frobenius theory to matrix scaling problems. A crucial question in the analysis
of matrix scaling problems is to decide whether an order-preserving homoge-
neous map has an eigenvector in int(R’} ). Among other questions, it will be
of interest to determine when, for a given nonnegative n x n matrix A with
no row or column identically zero, the order-preserving homogeneous map
T: int(R’}) — int(R’} ) given by

T(x)=(AT oRoAoR)(x) forx €int(R"),

where AT denotes the transpose of A and R: (xq, ..., Xx,) (xl_l, el xn_l),
has an eigenvector in int(R’} ). One can verify that the continuous extension
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of T to R’ belongs to M_. Moreover, the associated digraph Gr is totally
disconnected. Indeed, a simple calculation gives

n n _ n _
t0=Yai(Ya) = ¥ a(Yas') .
k=1 j=1

k: ap; #0 j=1

Taking m # i, we see that

-1
T; (™) = Z aki( Z akj +akmuil) < Z ari(a) ™" <n,
k: ar; 70 jF#Em k: ar; 70
and hence G is totally disconnected.

Even for relatively innocent looking maps f € M_ it can be difficult to
determine whether f has an eigenvector in the interior of R’, . The following
simple example has been discussed in detail in [159, chapter 3]. For s > 0 and
t > 0, define

1,1 1 -1
O, 1) = =(=s L+ 277
(5,0 =3 ( 55 +3 )
Letaj, bj,cj,dj >0for1 < j <4,anddefine f: R} — RY by

X ayxy + b19(x1, x2) + c19(x1, x4) + d19 (x2, x3)
¥ x2 | _ | a2xa+ b2t (x1, x2) + 2 (x1, x4) + daP (x2, x3)
x3 || a3xs + b3 (x3, x4) + 30 (x1, x4) + d30 (x2, x3)
X4 agx3 + by (x3, x4) + ¢4V (x1, x4) + da?¥ (x2, x3)

for x € Ri. In [159] complicated conditions on the coefficients in f were
given that exactly determine when f has an eigenvector in the interior of R‘j_.
The argument, which involves a study of the behavior of f near eigenvectors
in BRi and a tedious case-by-case analysis, will be omitted here. The reader
should verify that neither the method of recession maps (Section 6.3) nor the
consideration of the digraph Gy of f (Section 6.2) provide any information
here.
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Applications to matrix scaling problems

The classic matrix scaling problem as introduced by Sinkhorn [205] asks for
which square nonnegative matrices A there exist positive diagonal matrices
D and E such that DAE is doubly stochastic. A complete solution to this
problem was obtained independently by Sinkhorn and Knopp [206] and by
Brualdi, Parter, and Schneider [39]. There exist many natural generalizations
of the classic matrix scaling problem, some of which we will discuss in this
chapter.

To analyze the matrix scaling problems we will follow a fixed-point
approach pioneered by Menon [143]. Given an m X n nonnegative matrix A
and positive vectors « € R” and § € R™, Menon constructed a nonlinear
homogeneous order-preserving map 7 = T(A, «, §) on R’} with the property
that T has an eigenvector in int(R”} ) if and only if there exist positive diago-
nal matrices D and E such that the m x n matrix DAFE has row sums j; for
1 < i < m and column sums «; for 1 < j < n. The map T allows one to
use ideas and methods from nonlinear Perron—Frobenius theory in the analy-
sis of matrix scaling problems. This approach, which was further developed
by Menon and Schneider [145] and by Nussbaum [163], will be discussed in
detail here.

7.1 Matrix scaling: a fixed-point approach

Recall that a matrix A = (a;;) is positive if a;; > 0 for all i and j, and a vector
x € R" is positive if x; > 0 for all i. Furthermore we say that A = (g;;) has
a positive diagonal if a;; > 0 for all i. Consider the following matrix scaling
problem. Given a nonnegative m X n matrix A and positive vectors @ € R"” and
B € R™, we ask whether there exist diagonal matrices D and E with positive
diagonals such that the matrix B = DAFE has row sums 8; for 1 <i <m
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and column sums «; for 1 < j < n. By writing D = diag (dy, ..., dy) and
E = diag (ey, ..., e;) we see that B has row sums B; for 1 <i < m if and
only if
n
> diajje; =p; forl<i<m. (7.1)
j=1

Similarly, B has column sums o; for 1 < j < n if and only if

m
Zd,-a,-jejzaj forl < j <n. (7.2)
i=1
Clearly, if there exist dy,...,d,, > O and ey, ..., e, > 0 such that (7.1) and
(7.2) hold, then no row or column of A can be identically zero. Furthermore,
we must have that
m

Zﬁizzzdiaijejzzaj. (7.3)
i=1 j=1

i=1 j=1
In view of these observations we make the following definition.

Definition 7.1.1 A triple (A, o, 8) where A is a nonnegative m X n matrix
with no row or column identically zero, and a € int(R}) and 8 € int(R"})
satisfy

m n
D b=
i=1 j=1

is called a DA D problem.

Of particular interest are DA D problems (A, «, ) where A is square and
o = B, which includes the classic DA D problems where o; = 8; = 1 for all
1<i<n

To set up the fixed-point approach to D A D problems it is convenient to think
of R" as the space of continuous functions from {1, ..., n} to R. In this way
we can view R” as a commutative algebra. So, for x,y € R", z = xy € R”
is given by z; = x;y; for all i. Clearly 1 € R” is the unit in the algebra. For
x € R" with x; # 0 for all i, we shall write x~! to denote the vector with
components x;l foralli,sox 'x = 1.

By thinking in terms of spaces of continuous functions, we now describe
a more general DAD problem. For 1 <i<p + 1 and p>1 let Q; be com-
pact Hausdorff spaces with Q1= Qp41. Write X; =C(Q;),1 <i < p+1,
to denote the space of continuous functions from Q; to R; so, X 11 = Xj.
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Furthermore, for 1 <i < p + 1, let K; denote the cone of nonnegative func-
tions in X;, and for f € X; let My: X; — X; denote the multiplication
operator given by

My(g)(1) = f(t)g(r) forallg e X; andt € Q;.

If no confusion should arise, we shall simply write fg instead of My (g).

A generalized DAD problem is a tuple (L1, ..., Ly, a1,...,ap), where
each L;: X; — X;4 is a bounded linear map with L; (int(K;)) € int(K;41),
and «; € int(K;). A generalized DA D problem is said to have a solution if
there exist A > 0 and functions f; € int(K;) for I <i < p such that

fix1Li(fi) = ajy1 forl <i < p,and
fle(fp):)\aL

In contrast to our usual convention, we are allowing infinite-dimensional
Banach spaces C(Q;) in this section. For the sequel, however, this general-
ity is not required, and for comfort the reader may wish to assume that each set
Q; is a finite set.

In terms of matrices we see for p = 2 thatif L = A is an m X n nonnegative
matrix and Ly = B is an n X m nonnegative matrix, both with no row or
column identically zero, then the generalized DA D problem (A, B, «, 8) has
a solution if and only if there exist A > 0 and diagonal matrices D and E, with
positive diagonals, such that DA E has row sums 8; for 1 < j <m,and EBD
has row sums Aq; for 1 < i < n. Moreover, if B = AT and YiBi= Zj o,
then A = 1. Thus, the DAD problem (A, «, B) as defined in Definition 7.1.1
corresponds to the case where p = 2, L] = A, L, = AT o) =, ap = B,
and the parameter A is equal to 1.

The following theorem shows how solutions of the generalized DA D prob-
lem (Ly,...,Lp,a1,...,0ap) correspond to eigenvectors in the interior of
the cone K; of a nonlinear map 7': int(K;) — int(K;). For notational
convenience define for 1 <i < p the map R;: int(K;) — int(K;) by

(7.4)

Ri(x)(1) =x"'(t) forallt € Q;,
and let A;: X; — X4 be given by
Ai(g) = Li(aig) forg e X;.
Recall that X 11 = X.

Theorem 7.1.2 The generalized DAD problem (Ly, ..., Ly, a1, ..., ap) has
a solution if and only if the map T : int(K1) — int(K) given by

T =ApRpyAp 1Rp_1--- ARy,
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has an eigenvector x1 € int(K1) with eigenvalue ). > 0. Moreover, the eigen-
value A corresponds to the parameter A in (7.4). Furthermore, if p is odd and
T (x1) = Axy with A > 0, then there exists t > 0 such that T (tx1) = tx.

Proof First assume that T (x1) = Ax for some x| € int(K;) and A > 0. Define
Si=a1Ri(x1), xiv1 = AR (x;),and fiy] = otj41 Rigp1(xi41) for 1 <i < p.
Note that

firrLi(f) = digrx; ) Lieix] ") = oipr(LiCeix] ) ™ (Li(eix; ) = eig
for1 <i < p.Fori = p, we have that
axy=(ApRyAp 1R, 1+ AR (x1) = Lp(apx, ),

sothat fiL,(fp) = arx; Ly(apx,’) = Ao
Conversely, if the generalized DA D problem has a solution, we can define
x| = ozlfl_l and x;41 = a,~+1fijrll for 1 <i < p.Now (7.4) implies that

Xit1 = Oli+1f,-111 = Li(f}) = Li(aix; ") = A R (x)

for I <i < p,anddxy = Aarf' = Lp(fp) = Ly(px;) = ApRp(xp). It
follows that Axy = (ApRpAp_1Rp—1--- A1 R)(x1) = T (x1).

Note that if p is odd, T is homogeneous of degree —1. So, if T (x1) = Ax]
for some x; € int(K;) and A > 0, then for t = /). we have that T(tx1) =
t_lT(.x])Zt_l)\.x] =1x]. ]

Remark that the maps A; are order-preserving and homogeneous of
degree 1, and the maps R; are order-reversing and homogeneous of degree
—1. So, if p is even, T is order-preserving with respect to K1 and homoge-
neous of degree 1. On the other hand, if p is odd, T is order-reversing with
respect to K1 and homogeneous of degree —1. In both cases we deduce from
Corollaries 2.1.4 and 2.1.5 that T is non-expansive under Hilbert’s metric.

As we are primarily concerned with ordinary DA D problems (A, «, 8), we
state the following consequence of Theorem 7.1.2.

Corollary 7.1.3 Let Ri(x) = x~ ! forx € int(R%), and Ry(y) = vy~ for
y € int(RY). A DAD problem (A, a, B) has a solution if and only if the
homogeneous order-preserving map T : int(R’}) — int(R'}) given by

T(x) = (ATMﬁRzAMO,Rl)(x) for x € int(RY}) (7.5)
has a fixed point in int(R} ).

Proof Recall that the DA D problem (A, «, 8) corresponds to the generalized
DAD problem (A, AT, &, B). Moreover, as YiBi= Zj o j, the parameter A
has to equal 1. O
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There is an important special case in which the map 7 in Theorem 7.1.2 has
a unique, up to positive scalar multiples, eigenvector in int(K1).

Theorem 7.1.4 If (Ly,...,Lp, a1, ...,ap) is a generalized DAD problem
and there exists 1 < j < p such that

A(Lj) =sup{dy(L;x,Ljy): x,y €int(K;)} < o0,
then T has a unique, up to positive scalar multiples, eigenvector in int(Kyp).

Proof For x,y € int(Kj;) it is easy to verify that dy (R;ix, R;y) = du(x,y)
and dy(aix,o;y) = dg(x,y). As the linear map L; maps int(K;) into
int(K;+1), we also know that dy (L;x, L;y) < dp(x, y) forall x, y € int(K;).
Moreover, it follows from the Birkhoff-Hopf Theorem A.4.1 that

du(Ljx,Ljy) <«k(Lj)dg(x,y)

for all x, y € int(K;), where
1
k(L ;) = tanh (ZA(LJ-)> <1

Consequently, dy (Tx, Ty) < k(Lj)dy(x,y) forall x, y € int(Ky).

Let S = {x € int(Ky): ||x|| = 1}. We proved in Proposition 2.5.4 that
(S, dp) is a complete metric space if K is a finite-dimensional solid closed
cone. This result, however, holds more generally for normal cones in a Banach
space, and, in particular, for the cone K; in (C(Q;), || - lloo). The reader can
find a proof in [158].

Let g: S — S be given by

T(x)
1T o)l

glx) = for x € int(Ky).

So, foreach x,y € §,

dr(g(x), g(y)) =du(T(x), T(y)) < «(Lj)du(x,y).

As k(L) < 1, it follows from Banach’s contraction Theorem 3.2.1 that g has
a unique fixed point u € §; so, T (#) = Au for some A > 0.

If v € int(K) is an eigenvector of T, then w = v/||v|| is a fixed point of g,
and hence w = u, which implies that v = ||v||u. O

The basic approach to solving the original DAD problem (A, «, 8) is to
apply the perturbation method discussed in Section 6.2 to prove the existence
of eigenvectors in the interior of R’} of the homogeneous order-preserving map
T: int(R"}) — int(R} ) given in Corollary 7.1.3. Let U denote the n xm matrix
with all entries equal to 1. For ¢ > 0, consider AT +¢U, and note that AT +eU
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defines a linear map B.: R™ — R" which maps R’ into int(R’, ). As all the
entries of AT +¢U are positive, we know by Theorem A.6.2 that A(B;) < oo,
and hence Theorem 7.1.4 implies that the homogeneous order-preserving map
T, : int(R’}) — int(R"} ) with

Te(x) = (BeMgRyAMy Ry)(x) for x € int(RY) (7.6)

has a unique, up to positive scalar multiples, eigenvector u, € int(R’}). To
summarize, we have the following lemma.

Lemma 7.1.5 If (A,«a, B) is a DAD problem, then for each ¢ > 0 the
map Tg: int(RY) — int(R'}) defined by (7.6) has a unique eigenvector
ug € int(RL) with |luglloo = 1.

In the next section we shall discuss a compatibility condition, which is nec-
essary in order for the DA D problem (A, «, 8) to have a solution, and which
ensures that there exists a sequence gz — 0% such that ug, — u € int(RY)
and T (1) = u, where T is given by (7.5).

Of course the maps T, and T can be continuously extended to R’} by
Theorem 5.1.5, but we shall not need that here. In the analysis of infinite-
dimensional D A D problems, however, the corresponding map may fail to have
a continuous extension to the boundary of the cone (see [163, p. 60]), which
causes serious complications.

7.2 The compatibility condition

If I is a finite set, | /| will denote the cardinality of /. Given an m X n matrix
A= (agj)andI C{1,...,m}and J C {1,...,n}, we shall write A;; =0
if a;j = Oforall (7, j) € I x J, and we shall write A;; # 0 if there exists
(i, j) € I x J with a;; # 0. We shall also use the notation /1 = {1, ..., m}\ [

and J¢ = {1,...,n}\ J to denote the complements of 7 and J.

Let (A, «, B) be a DAD problem with solution D = diag(dy, ..., d,) and
E = diag(ey, ..., en). Thus,dy,...,dy, > Oandey, ..., e, > 0 satisfy equa-
tions (7.1) and (7.2). Assume that I € {1,...,m}and J C {1, ..., n} are such

that Ajcje = 0. Writing &ij = d,-aijej we see that

Ddoai= Y a+y Y i

jelJ jeld iel jeliel®

PICEDIONITEDIDIIED DY BN

iel iel¢ jeJ ielc jel¢ jeliel®

and



7.2 The compatibility condition 167

so that

Sobi<Y (1.7)

iel® jeJ

Moreover, the inequality is strict if and only if A;; # 0. A similar argument

shows that
D<) B (7.8)

jeJe iel

with equality if and only if A;; = 0. It should be noted, however, that (7.8)
also follows from (7.7) and the fact that ) ; g = ) i

By using the convention that ) ;s v = 0 and Ajeje = 0if I€ or J¢ is
empty, we can check that the inequalities (7.7) and (7.8) hold. Moreover, if
I¢ is empty, there is equality in (7.7) if and only if J is empty. Similarly, if
J¢ is empty there is equality in (7.8) if and only if 7 is empty. It follows that
if |[I1€] = 1, |J¢| = n, and Ajcje = 0, then (7.7) cannot hold, which shows
that (7.7) implies that A has no row identically zero. In a similar way it can be
shown that (7.8) implies that A has no zero columns.

In view of these observations we make the following definition.

Definition 7.2.1 A DAD problem (A, , B) is said to satisfy the compatibility

condition if forevery I C {1,...,m}and J C {1,...,n} with Ajcjc = 0 the
inequality
Y B (7.9)
iel¢ jeJ

holds, and the inequality is strict if and only if A;; # 0.

By the previous observations we know that DA D problems with a solution
have to satisfy the compatibility condition.

Corollary 7.2.2 Ifa DAD problem (A, o, B) has a solution, then it satisfies
the compatibility condition.

As we shall see later in this section the compatibility condition is also a
sufficient condition for the DA D problem to have a solution. For the moment,
however, it will be convenient to impose an additional condition.

Lemma 7.2.3 If (A, o, B) is a D AD problem satisfying the compatibility con-
dition and for all proper non-empty subsets I of {1, ..., m}and J of {1, ..., n}
we have that Ajcjc = 0 implies Ajj # 0, then (A, «, B) has a solution.
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Proof Using the notation of Lemma 7.1.5 and Equation (7.6) we know that for
each & > 0 there exists u, € R, with |lu;|lcc = max;(ug); = 1, such that
Te(ug) = Ague for some A, > 0. As

n n
(AMy Ry (u))i = Zaijaj(ug);l > Zaijaj > 0,
j=1 j=1
for all 1 <i < m, there exists a constant 0 < C < oo such that
" -1
(RAAMRiwo))i < (D aijes)  <C,
j=1
foralle >0and 1 <i <m.

Letting z. = RyAMy R (u.) we find that ||z ||cc < C for all ¢ > 0. Thus,
we can find a sequence g — 07 such that Zg > ze€RY andug, — u € ]R’jr
with ||u||oc = 1. Note that if for fixed k > 1 we choose j such that (u,); = 1,
then

A = ((AT + ekU)M,gzgk)j,

where U is the m x n matrix with all entries equal to 1. Thus, there exists a
constant C’ > 0 such that 0 < A, < C’ for all k > 1. By taking a further
subsequence we may assume that A,, — A.

By applying Theorem 7.1.2 with p =2, L1 = A, Ly = AT 4+ U, 0] = a,
and oy = B, we find that there exist dr, ..., d,]fl > 0, and e"l‘, e, eﬁ > 0 such
that

n
Zdikaije]]‘- =8 forl<i<m
j=1
and
m
Zdl-k(aij —i—ek)e]]‘- =Aga; forl <j<n.
i=1

It follows that
m

n m
>3 dhad =38
i=1

i=1 j=1

and
n

m n
SN dk i + ek =1 Yy
j=1

j=li=l1

As)  Bi= Z/’ o, we conclude that A, > 1 forall k > 1, and hence A > 1.
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Given z and u as above, define J = {j: u; > 0}. Clearly if J = {1, ..., n},
we can directly take limits for k' — o0 in the equation Ty, (ug,) = Ag g,
and obtain T (1) = Au, where T is given by (7.5). In that case it follows from
Theorem 7.1.2 and Corollary 7.1.3 that A = 1 and the DA D problem (A, «, )
has a solution.

Now suppose that J is a proper subset of {1, ..., n}. We will show that this
leads to a contradiction. Let I = {i: z; = 0}, and note that if / is empty then
lu = ATM,g(z) is positive and hence J = {1, ..., n}, which is impossible.
On the other hand, if I = {1, ..., m}, so z = 0, then u = 0, which contradicts
the fact that ||u||coc = 1. Thus, [ is a proper non-empty subset of {1, ..., m}.

Taking limits in the equation Ty, (ug, ) = Ag Us, We see that

m
A= Zaij,BiZi = Zaijﬁizzw (7.10)
i=1

iel¢

As Bizi > 0 for all i € I¢, we conclude that Ajc;c = 0. By assumption
Ay # 0, so that the compatibility condition implies that

dBi<D (7.11)
iel¢ jeJ
For j € J it follows from (7.10) that
A = otju;l Za,-jﬂ,-z,',
iel®

which gives

R ap=) 0 aju apizi. (7.12)

jeJ jedJiel®

For i € I¢, however, we know that as Ajcjc =0,
" —1
: -1
z; = lim (Zaijaj(ugk)j )
k—o00 \ £ 1
]=

-1
- Z -1
- kh;go ( aije (s, )

jeJ
—1 -1
= (Zaijozjuj ) .
jeJ

It follows that

Zﬂizi(zai,-aju;l) =3 5. (7.13)

iel jeJ iel¢
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Combining (7.12) and (7.13) gives A Zje] oj = ) ;csc Bi, which contradicts
(7.11), as A > 1. O

The additional assumption on A in Lemma 7.2.3 is redundant. To prove this
we need the following auxiliary lemma.

Lemma 7.2.4 If B = (b;;) is an m x n nonnegative matrix with no row or
column identically zero, then there exist partitions U;ZISI7 ={1,...,m}and
U;ZIT,, ={1,...,n} such that

(i) foreach 1 < p < r and all proper non-empty subsets S of Sp and T of T,
we have that B(SP\S)(TP\T) =0 implies Bst # 0, and
(ii)) bjj =0forall (i, j) & U;zlSp x Tp.

Proof We argue by induction on k = max{m, n}. If k = 1, then B = (b11)
with b1; > 0, and we can take » = 1 and S| = T; = {1}. Now assume that
this assertion is true for all m X n nonnegative matrices B with no zero row
or column and k = max{m, n}. Let B be a nonnegative matrix with k + 1 =
max{m, n} and no row or column identically zero. If B has the property that
for all proper non-empty subsets I € {1,...,m}and J C {1, ..., n} we have
that Bjeje = O implies Byy # 0, we cantake r = 1, §1 = {1, ..., m}, and
T = {1, ..., n}, and we are done.

So, suppose that there exist proper non-empty subsets I C {1,...,m} and
J € {1,...,n}suchthat Bjc;c = 0and By; = 0. Clearly I U I€ is a partition
of {1,...,m}and J U J¢is a partition of {1, ..., n}. Moreover, b;; = 0 for all

pairs (i, j) & (I x J)U (I x J). As B has no row or column identically zero,
Bjjc and Bjcj have no zero row or column. Thus we can apply the induction
hypothesis to By jc and Bjc; to obtain the result. U

Using this lemma we now prove the following theorem.

Theorem 7.2.5 A DAD problem (A, a, B) has a solution if and only if it
satisfies the compatibility condition.

Proof By Corollary 7.2.2 it suffices to show that if (A, «, B) satisfies the com-
patibility condition, then it has a solution. Let S, and 7),, 1 < p < r, be as in
Lemma 7.2.4. Since AS;T,, = 0and AS,,T;,' = 0, no row or column of ASpr is
identically zero, and by using the compatibility condition we find that

Sopi=>a (7.14)

ieSy JeTp

The main idea is to apply Lemma 7.2.3 to (ASPT LT, ﬂgp) forl < p<r
and combine the solutions to create a solution to the original problem. Here
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ar, denotes the restriction of « to the components j € T, and fg, is the
restriction of B to S).

Recall that S, and 7}, 1 < p < r, satisfy the assertions in Lemma 7.2.4. So,
to apply Lemma 7.2.3 to (AS,,T , T, ﬂsp), it remains to show thatif I, € S,
Jp C Tp, and A(SP\IP)(TP\JP) = 0, then

Yo =) e (7.15)

ieSy\, i€y

and the inequality is strict if and only if Aj,;, # 0.

First note that if 7, = S, then the inequality (7.15) holds, and the equality
holds if and only if J), is empty. As Ag, 7, has no zero row or column, we
know that Ag,;, = 0 if and only if J), is empty. Likewise, if J, = T}, then
(7.15) holds with equality if and only if I, is empty, which is equivalent to
A 1,T, = 0. Also remark that, as Aspr has no zero row or column, I, = §,, if
Jp is empty. Similarly, if I, is empty, then J, = T),.

Thus, it remains to consider the case where I, € §, and J, € T, are
proper non-empty subsets. In that case we write / = [, C {1,...,m} and
J=Jp,UT,; C{l,...,n}. Clearly I x J* = I, x (Tp \ Jp), Areje =0,
and Ajy # 0, as A(SP\IP)(TP\JP) = 0 and AIPJI, # 0. It follows from the
compatibility condition for (A, «, B) that

Youi= o+ > ;> pi= > B+ B

jelJ JjeJdp JEeTy iel¢ ieSp\Ip €Sy

X

As) . Bi = Zj aj, it follows from (7.14) that
D b=

ieS; jeT,g‘

and hence Zjejp o > Ziesp\lp Bi.
Thus, we can apply Lemma 7.2.3 to (ASpT Lo, ﬂgp) forl < p <rand
findd; > 0,i € Sp,ande; > 0, j € Tp, such that

Zd,-aijej =Q;j forallj € Tp
ieS,

and

Z dia,-jej = /3,' foralli e Sp.
JeTp
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Since a;; = Oforall (i, j) € () x T;) U (S; x Tp), the above two equalities
give,for 1 < p <r,

Zdalje] Zdal]e] =a; foralljeT,

ieS,
and
Zdal]e] > diajej = pi foralli €S,
JeTp
As U; 1Sp = {1,...,m} and U;lep = {1, ..., n}, we have obtained a
solution to the original DA D problem (A, «, 8). O

The compatibility condition does not depend on the exact values of the
entries of A, but only its zero pattern. Recall that two m x n matrices A and B
have the same zero pattern if for each i and j we have that a;; = 0 if and only
if b;j = 0. So, we have the following simple consequence of Theorem 7.2.5.

Corollary 7.2.6 If (A, «, B) and (B, «, ) are two DAD problems and A and
B have the same zero pattern, i.e., a;j = Oifand only if bjj = 0, then (A, o, B)
has a solution if and only if (B, a, B) has a solution.

Clearly, if DAE is a solution to the DAD problem (A, «, 8), then for
each A > 0, WD)A(L"LE) is also a solution. It is interesting to understand
when the solution is unique, up to positive scalar multiples, or, equivalently,
to know when T in Corollary 7.1.3 has a unique normalized fixed point in
int(R’ ). We already saw in Theorem 7.1.4 that if A(A) < oo or AAT) < oo,
then T has a unique normalized fixed point in int(R} ). In fact, in that case,
it follows from the proof that 7 is a Lipschitz contraction under Hilbert’s
metric, which ensures that the fixed point of 7' in int(R’}) is unique, if it
exists. An appropriate condition on A that makes 7" contractive is the so-called
scrambling condition, which is discussed in Section B.7 of Appendix B. An
m X n nonnegative matrix A = (a;;), with no row identically zero, is called
scrambling if for each 1 < iy < iy < m there exists 1 < j < n such that

aj, jdij > 0.

Theorem 7.2.7 If (A, «, B) is a DAD problem such that A or AT is scram-
bling, then either (A, «, B) has a unique, up to positive scalar multiples,
solution, or it has no solution.

Proof Recall that T'(x) = (ATMﬁRzAM Ry)(x) for x € int(R} ). We already
saw that Ry and M, are isometries under dy on int(R’, ), and Ry and Mg are
isometries under dy on int(R).
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If A is scrambling, it follows from Corollary A.7.3 that dy(Ax, Ay) <
dy(x,y) forall x,y € int(R"}) with dy(x, y) > 0. Likewise AT is contrac-
tive under dp, if it is scrambling. So, in either case the map 7 is a contraction
under Hilbert’s metric on int(R’} ). It follows that if 7(x) = x and T(y) =y
for some x, y € int(R’i), then y is a positive multiple of x. It could, of course,
also happen that 7' has no fixed point in int(R’} ). O

7.3 Special DAD theorems

To determine whether a DAD problem (A, a, 8) satisfies the compatibility
condition can be computationally hard when the dimensions of A are large. In
this section we discuss some alternative conditions that are easy to verify, but
still ensure a solution for the DA D problem (A, o, 8) in case A is square and
o = B. We begin with the following condition.

Definition 7.3.1 An n x n nonnegative matrix A is said to satisfy the com-
plements condition if for each proper non-empty subset I of {1, ..., n} with
Ajyre = 0 we have that A;e; = 0.

Lemma 7.3.2 If (A, «, @) satisfies the compatibility condition, then A satisfies
the complements condition. Conversely, if (A, a, «) is a DA D problem where
A satisfies the complements condition and a;; > 0 for each 1 < i < n, then
(A, o, ) satisfies the compatibility condition.

Proof If I is a proper non-empty subset of {1, ..., n} such that A;;c = 0, the
compatibility condition for (A, «, ) implies that

Z ap = Z o,

iel iel
with strict inequality if Ajc; # 0. So, in that case we must have that A satisfies
the complements condition.

Now suppose that A in the DAD problem (A, o, o) satisfies the comple-
ments condition and A has a positive diagonal. Let I, J C {1, ..., n} be such
that Ajcje = 0. We have to show that ) ., a; > )., ; and the inequality
is strict if and only if Aj; # 0.

Clearly I° N J¢ = @; otherwise, i € 1° N J¢ and a;; > 0, which is absurd.
It follows that J¢ C [ and J D I€. Note thatif J # I¢,then I N J # @, and
hence A;y # 0. Also if J # I€, then Zjej oj > D icqe @i, and we are done.

Now assume that J = 1,50 3 ;c;0; = Y ;e @ We must show that
Ajjy = 0in that case. If I is a proper non-empty subset of {1, ..., n}, then the
complements condition implies that

jeJ
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OZAICJ(‘ :A[cl :A[]L‘ :A[J.

Finally note that if I is empty or I = {1,...,n}, then A;; = 0, which
completes the proof. O

Combining Lemma 7.3.2 with Theorem 7.2.5 directly gives the following
result.

Theorem 7.3.3 If (A, o, @) is a DAD problem and A has a positive diago-
nal, then (A, o, @) has a solution if and only if A satisfies the complements
condition.

Theorem 7.3.3 can be reformulated using the following notion. Given a
proper non-empty subset J ={ky, ..., kp}of {1,...,n} withk; <kr <... <
k,, and a nonnegative matrix A, we say that A is irreducible if the matrix
(ak;k j) is irreducible. Furthermore we say that A, has a positive diagonal if
Ak;k; > Oforalll <i <m.

Theorem 7.3.4 If (A, a, &) is a DAD problem and A is an n X n matrix with
a positive diagonal, then (A, «, &) has a solution if and only if there exists a
partition Ufnzljm of {1...,n} such that

(i) Ay, s, isirreducible for all 1 <m < p, and
(ii) a;; =0 forall (i, j) ¢ UL _ Ty X Jn.

m=1

Proof First suppose that there exists a partition Ui:] Jm of {1, ..., n} satis-
fying (i) and (ii). As Ay, , is irreducible, there does not exist a non-empty
subset L of Jy, such that Ay y,\1) = 0, so Ay, ,, satisfies the complements
condition. Furthermore, A}, ;,, has a positive diagonal. It thus follows from
Theorem 7.3.3 that there exist positive numbers d; and e; for i, j € J;; such

that
Z diaijej = o foralli e Jm,

J€Im
and

Z diaijej = aj forall j € Jy,.

i€y
Since UZ:] Jm 1s a partition of {1, ..., n}, the sets J,, are pairwise disjoint,
and we have obtained positive numbers d; and e; for all i, j € {1,...,n}.

Moreover, as a;; = 0 for all (7, j) ¢ Ur”:l:l Jn X Jn, we see that

n
Zd,'d,’j@j = Z diaijej = a; foralli € Jy,
j=1 j€Jm
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and

n
Za’ia,-jej = Z diaijej = aj forall j € Jy,
i=1 i€ty

which shows that the DA D problem (A, o, «) has a solution.

Conversely, suppose that the DA D problem (A, «, ) has a solution and the
n x n matrix A has a positive diagonal. To show that there exists a partition
of {1, ..., n} satisfying (i) and (ii), we use induction on n. Obviously if A is a
1 x 1 matrix, the assertions hold.

Now suppose the assertions hold for all k£ x k nonnegative matrices B with
a positive diagonal and k <n and n > 1. As A has a positive diagonal and
(A, a, a) has a solution, it follows from Theorem 7.3.3 that A satisfies the
complements condition. If there does not exist a proper non-empty subset
J of {1,...,n} such that Ay;c =0, A is irreducible, and we can take p=1
and J; ={1, ..., n}. If there exists a proper non-empty subset J of {1, ..., n}
such that Ajjc =0, then Ajcy =0. Let k =|J| and note that 1 <k < n. It fol-
lows that A;y is a k x k nonnegative matrix with a positive diagonal, and
Ay satisfies the complements condition. Likewise, Ajcjc is a (n — k) X
(n — k) nonnegative matrix, with a positive diagonal, satisfying the comple-
ments condition. Remark that, as Ajjc=0and Ajc; =0, (Ays, ¢y, @y) and
(Ajeje,aye, ayc) are DAD problems. So, by Theorem 7.3.3 we can apply the
induction hypothesis to A;; and A je e to obtain partitions U} _, J,, of J and
u? Jm of J¢suchthat Ay, j, isirreducible foralll <m < p,anda;; =0

m=r+1
for all

G, j) e ((J < D\ I % Jm)) u ((JC X TN (UL T X Jm)).

From Ajje = 0 and Ajc; = 0 it now follows that a;; = 0 for all (i, j) ¢
U2 T X T O

m=1

It may happen that the DA D problem (A, o, «) has a solution even if A does
not have a positive diagonal. To illustrate this point we mention the following
result.

Theorem 7.3.5 If (A, o, ) is a DAD problem and there exist proper non-
empty subsets S and T of {1, ...,n} such that Ast = 0, a;; > 0 for all

G, j)) €S xT,and
S Y
jeTe© ieS

then (A, a, @) has a unique, up to positive scalar multiples, solution.
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Proof We shall first prove that (A, o, ) satisfies the compatibility condition.
Suppose that I, J € {1,...,n} and A;; = 0. Our hypotheses imply that
I xJ CSxT,andsince I¢ x J¢ D S§° x T and Agere # 0, we must have
that Ajcjc # 0. So, we need to show that

Z aj > Zai.

jeJe iel

AsJCTandI CS,J¢ D TCand

doaiz Yy >y aiz)

jeJe jere ieS iel

Thus, (A, «, ) satisfies the compatibility condition and hence it has a solu-
tion by Theorem 7.2.5. The uniqueness follows from Theorem 7.2.7, as the
hypotheses imply that A is scrambling. O

7.4 Doubly stochastic matrices: the classic case

Let us now return to the classic DAD problem (A, o, B) where Aisann X n
nonnegative matrix with no row or column identically zero, ando = g = 1.In
that case, elegant necessary and sufficient conditions were obtained indepen-
dently by Sinkhorn and Knopp [206] and Brualdi, Parter, and Schneider [39].
We shall discuss these conditions here.

Given a permutation 7 on {1, . . ., n} denote the associated n x n permutation
matrix by Pr; so, Prx =y where y = (x¢(1), ..., Xy(n)) for all x € R". Note
that P; is orthogonal, so that P I — PTT, and if A is an n x n matrix, then
C = PI AP; has entries

cij = agyr(jy foralll <i,j <n.

More generally, one can verify that if ¢ and 7 are two permutations on
{1,...,n}, then B = P, AP; has entries

bij = ag—l(i)t(j) forall 1 < l,] <n.

So, if A is doubly stochastic, then P, A P; is also doubly stochastic.
The following basic observation will be useful.

Lemma 7.4.1 If (A, 1, 1) is a classic DAD problem and P and Q aren x n
permutation matrices, then (A, 1, 1) has a solution if and only if (QAP, 1, 1)
has a solution.
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Proof Suppose that (A, 1, 1) has a solution. Then there exist diagonal matri-
ces D and E with positive diagonals such that B = D AEFE is doubly stochastic.
Let D = QDQT and E; = PTEP, and note that D; and E; are diagonal
matrices with positive diagonals. Moreover,

Di1QAPE| = OBP.

Letting o and t be permutations on {1, ...,n} sothat Q = Q, and P = Pr,
we see that Q B P has entries

b(ffl(l')‘[(j) for all 1 < l,] <n.

It follows that Q B P is doubly stochastic, as B is doubly stochastic
Conversely, if the classic DAD problem (QAP, 1, 1) has a solution, then
(QT(QAP)PT 1,1) has a solution by the previous argument. As 9~ ! =
07 and P! = PT, we conclude that (A, 1, 1) has a solution, and we are
done. O

To proceed further in the analysis we shall need a combinatorial result con-
cerning the permanent of nonnegative matrices known as the Frobenius—Konig
theorem. Recall that the permanent of an m x n matrix A = (a;;) withm <n
is defined by

m
Per(A)= Y. (l_[ai(,(i)>, (7.16)
oceSm,n) i=l1

where S(m, n) is the set of one-to-one maps o: {1,...,m} — {1,...,n}.
Note that if A is nonnegative, then Per(A) # 0 if and only if there exists
one-to-one map o € S(m, n) with

m
Haw(i) # 0.
i=1

Theorem 7.4.2 (Frobenius—Konig) If A is an m X n nonnegative matrix
with m < n, then Per(A) = 0 if and only if there exist non-empty sets
SC{l,....m}andT C {1,...,n}suchthat Ast =0and |S|+|T| =n+1.

The reader is referred to [148, section 4.2] for a proof.

Lemma 7.4.3 If (A, 1, 1) is a classic DAD problem satisfying the compati-
bility condition, then the following assertions hold:

(i) If S, T C {1,...,n}are such that Ast =0, then |S| + |T| < n.
(ii) There exists a permutation T on {1, ..., n} such that [|}_, air¢y > 0.
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Proof The compatibility condition implies that

di=181= Y 1= T|=n—IT|,

ieS jeTe©
so that |S| + |T| < n. Combining (i) and the Frobenius—Konig Theorem 7.4.2
we see that Per(A) # 0, and hence there exists a permutation 7 on {1, ..., n}
such that H?:] aic (i) > 0. O]

Before we can state the necessary and sufficient conditions for the classic
DAD problem to have a solution we need to introduce one more notion. If
B = (b;j) is an n x n matrix, we say that B is a direct sum of square matrices
Bi, 1 <k < p,if B is of the form

By 0 ... O
0 B 0
B =
0O 0 B,
In other words, there exist 1 < m; < my < ... < m, = n such that if we

let Ji = {i:1 <i<m}and Jy = {i: Y52 im, <i < Y*_,m,) for
2 <k < p,then b;; = 0 forall (i, j) & Uy_,Ji X Ji, and By = By, for
1<k<p.

Theorem 7.4.4 A classic DAD problem (A, 1, 1) has a solution if and only if
there exist n xn permutation matrices P and Q such that the matrix B = QAP
has a positive diagonal and B is the direct sum of irreducible matrices By
where 1 <k < p.

Proof First note that if there exist permutation matrices P and Q such that the
matrix B satisfies the assertions of the theorem, it follows from Theorem 7.3.4
that the DAD problem (QAP, 1, 1) has a solution. Using Lemma 7.4.1 we
see that (A, 1, 1) has a solution.

To prove the converse, assume that (A, 1, 1) has a solution. By Theorem
7.2.5 (A, 1, 1) satisfies the compatibility condition. Now using Lemma 7.4.3
we know there exists a permutation t on {1, ..., n} such that A P; has a pos-
itive diagonal. Let C = A P; and note that it follows from Lemma 7.4.1 that
(C, 1, 1) has a solution, as (A, 1, 1) has one. Thus, we can apply Theorem
7.3.4 to (C, 1, 1) and find a partition U,lelk of {1,...,n} such that Cy, , is
irreducible forall 1 <k < p,and ¢;; = Oforall (i, j) & U,leJk x Jk.

To complete the proof define, for 1 < k < p, my = |Ji|, and let

p
rr=my, rp=mi+my, ... |, rp=ka.
k=1
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Furthermore let J{ = {1,...,ri}and J; = {r_1 +1,..., g} for2 <k < p.
Let o be a permutation on {1, ..., n} such that o(],é) = Jiyforl <k < pand
o preserves the ordering on each J;. Define B = PGT CP,. Clearly B has a
positive diagonal, as C has one, and B is the direct sum of irreducible matrices
Bszjk/Jk/wherelfkfp. O

Theorem 7.4.4 is due to Sinkhorn and Knopp [206] and to Brualdi, Parter,
and Schneider [39]. Usually it is stated in a slightly different, though equiva-
lent, form. Recall (see [148]) that two n x n matrices are called permutation
equivalent if there exist n x n permutation matrices P and Q such that
B = QAP. An n x n matrix, with n > 2, is called partly decomposable if
there exist non-empty subsets / and J of {1,...,n} such that |I| + |J| = n
and A;; = 0. Equivalently, A is partly decomposable if and only if A is
permutation equivalent to a matrix B of the form

x|y
B= [T’f} , (7.17)

where X isr x rand Zis(n —r) x (n —r) forsome 0 < r <n. A1l x 1
matrix A = (aq1) is called a partly decomposable matrix if aj; = 0. A matrix
A is called fully indecomposable if it is not partly decomposable.

Obviously, if A and B are permutation equivalent, then A is fully indecom-
posable if and only if B is fully indecomposable. Moreover, if A is nonnegative
and fully indecomposable, then A is irreducible, as there does not exist a per-
mutation matrix P such that the matrix B = PT AP satisfies (7.17). The
following result also appears in [148, theorem 4.4].

Lemma 7.4.5 If A is a nonnegative n x n matrix, then A is fully indecompos-
able if and only if A is permutation equivalent to an irreducible matrix with a
positive diagonal.

Proof If A is fully indecomposable, it follows from the Frobenius—Konig
Theorem 7.4.2 that there exists a permutation t on {l,...,n} such that
]_[?=1 aj-¢y > 0. Thus, AP; has a positive diagonal. Moreover, since A P;
is fully indecomposable and nonnegative, A P; is irreducible.

Conversely, suppose there exist permutation matrices P and Q such that
B = QAP is irreducible and B has a positive diagonal. Note that if B
is fully indecomposable, then A is fully indecomposable. Assume for the
sake of contradiction that B is partly decomposable. Then there exist I, J C
{1,..., n} non-empty such that |I| 4+ |J| = n and B;;y = 0. Remark that
as B has a positive diagonal, I N J is empty, and hence J < [€. Using
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|I| + |J|=n, we deduce that J =I¢. Thus, Bjjc =0, which is impossible,
as B is irreducible. O

Using Lemma 7.4.5, Theorem 7.4.4 can now be rephrased as follows.

Theorem 7.4.6 A classic DAD problem (A, 1, 1) has a solution if and only
if A is permutation equivalent to a matrix B with a positive diagonal and B is
the direct sum of fully indecomposable matrices By where 1 < k < p.

7.5 Scaling to row stochastic matrices

In this section we will discuss the following problem.

Problem 7.5.1 Given a nonnegative n X n matrix A, when does there exist a
positive diagonal matrix E such that each row of EAE sums to 1?

Obviously Problem 7.5.1 has a solution if and only if there exists x in
int(R’ ) such that

n
> xiajjxj=1 foralll <i <n. (7.18)
j=1

This equation corresponds to Equation (7.4) where p = 1. As before the fixed-

point approach can be applied, but in this case we only find a partial solution
to Problem 7.5.1.

Lemma 7.5.2 Let Ty : int(R%) — int(R) be defined by
Trow(x) = R(Ax) for x € int(R'}),

where R: y — y~1. Then Problem 7.5.1 has a solution if and only if Trow has
an eigenvector in int(R'}).

Proof If Tiow has an eigenvector u € int(R’}) with Tiow(u) = Au for some
A > 0,thenv = Vu satisfies

Trow(V) = R(VAAU) = VA~'R(Au) = VAu = v.

So, Av = v—! and hence

n
Zviaijvj =1 foralll <i <n,
j=1
which shows that £ = diag(v) is a solution of Problem 7.5.1 for A.

Conversely, if E = diag(x) with x € int(R",) is a solution of Problem 7.5.1,
then Ax = x 1, so that Tjow (x) = R(Ax) = x. O]
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Using Lemma 7.5.2 the following partial result for Problem 7.5.1 can be
proved.

Theorem 7.5.3 If A = (a;;) is a nonnegative n x n matrix with a;; > 0 for
1 < i < n, then there exists a positive diagonal matrix E such that each row
of EAE sums to 1.

Proof Lete > 0 and define A® = (a;;) by

af = aijj lfcl,'j >0
Y & otherwise.

It follows from the Birkhoff-Hopf Theorem A.4.1 and Theorem A.6.2 that
A?:int(R%) — int(R) is a Lipschitz contraction under Hilbert’s metric. As
R is an isometry under Hilbert’s metric on int(IR"} ), we find that the normalized
mapt: A)_, — AP _, given by
R(A®
T(x) = (—x) forx € A, _,

Yoim1 (R(A%X));

is a Lipschitz contraction on the open simplex AP _,. By Banach’s contraction
Theorem 3.2.1, 7 has a unique fixed pointin A? _,. Thus, R o A® has a unique
eigenvector x® € int(R’} ) with

R(A®x®) = x° (7.19)

by Lemma 7.5.2.
It follows from (7.19) that

x; —(Za” ])_ <(afle)

so that
xf < Ja;' foralll <i<n. (7.20)
It follows from (7.20), and the fact that a;; > O for all i, that
[x*lloc < My < 00, (7.21)

where M| = maxi<j<y ai;l.
Now assume that 0 < & < 1. Then

n

1—le aj; ] <x Ml(lrilfgcn lal>:fo2 (7.22)
j=
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for some constant M, > 0, and hence
xf> My foralll <i<n. (7.23)

It follows from (7.21) and (7.23) that there exist a sequence (&) of positive
reals and x € int(R”}) such that &y — 0 and

lim x% = x.
k— o0

By taking limits in (7.22) we see that

n
IZinainj forl <j <n,
Jj=1

which shows that £ = diag(x) is a solution of the scaling problem for A. [

Theorem 7.5.3 was proved by Brualdi, Parter, and Schneider [39, corol-
lary 7.7] by a different method. It was also noted in [39, remark 8.3] that
Problem 7.5.1 may have a solution even if a;; = 0 for some indices i. Consider,
for example, the 2 x 2 matrix

0 b
i)

where b > 0, ¢ > 0, and d > 0. It is easy to show that there exists a positive
diagonal matrix E = diag(xy, x2) such that each row of EAE sums to 1 if and
only if b > c. In fact, if b > ¢, an explicit solution is given by

1 d d 1 [b—c
=—,/—— and x2=—,/——
VoV b—c NN
It is curious that apparently no complete solution to Problem 7.5.1 is known

for general square nonnegative matrices. We state without proof a result which
indicates that such a solution is likely to be complicated.

X1

Theorem 7.5.4 If A is an n x n nonnegative scrambling matrix such that
a1 =0, a; > 0for2 <i <n,and aj1 > 0 for2 <i < n, then there exists a
positive diagonal matrix E such that each row of E AE sums to 1 if and only if
n

aii

Lo, (7.24)
=2 %l
Moreover, if (7.24) holds, the solution E is unique.

Note that if in Theorem 7.5.4 one also has that a;; > Ofor2 < i < n,
then the matrix A is automatically scrambling. However, if n > 2, A may be
scrambling even if aj; = 0 for some indices i.
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Dynamics of subhomogeneous maps

In this chapter we discuss the long-term behavior of the iterates of con-
tinuous order-preserving subhomogeneous maps on cones. By using results
from Chapter 4, it will be shown that if the cone is polyhedral, then each
norm-bounded orbit of a continuous order-preserving subhomogeneous maps
converges to a periodic orbit. Moreover, there exists an a-priori upper bound
for the periods of periodic points in terms of the number of facets of the poly-
hedral cone. In the case of the standard positive cone, a complete description
of the set of possible periods of periodic points will be given. We will also
discuss Denjoy—Wolff-type theorems for order-preserving homogeneous maps
on general cones, which provide information about the behavior of orbits in
the absence of an eigenvector in the interior of the cone.

8.1 Iterations on polyhedral cones

In this section we start the analysis of the iterative behavior of order-preserving
subhomogeneous maps on polyhedral cones. Among other things it will be
shown that each norm-bounded orbit converges to a periodic orbit.

Recall from Lemma 2.1.7 that every order-preserving subhomogeneous map
f: K — K on aclosed cone K C V is non-expansive under Thompson’s
metric on each part of K, so

dr(f(x), f(y)) <dr(x,y) forallx ~g y.

Moreover, if P is a part of a polyhedral cone, then (P, dr) can be isometri-
cally embedded into (R™, || - ||co) by Lemma 2.2.2, where m = [I(P)| and
I(P)=1{i: ¥i(x) > 0 for some x € P}. (Here v, ..., ¥y are facet-defining
functionals of K.) Thus we can use the results from Chapter 4 to analyze the
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dynamics of order-preserving subhomogeneous maps on polyhedral cones. In
particular, we have the following result.

Theorem 8.1.1 Let P be a part of a polyhedral cone K C 'V and let m =
[I(P)|. If f: P — P is non-expansive under dr and there exists z € P such
that O(z) has a compact closure in P, then

0] < max 2k <'Z)

<k<m
forall x € P.

Proof Let W: (P,dr) — (int(R’}), dr) be the isometry from Lemma 2.2.2.
Further let L: (int(R%),dr) — (R™, | - |loc) be the coordinatewise log
function, and recall that L is an isometry by Proposition 2.2.1. Put X =
L(W(P)) CR"andletg: X — Xbesuchthat LoV o f =golLoW.
The map g is sup-norm non-expansive. Moreover, the orbit of L(W(z)) € X
under g has a compact closure in X. It therefore follows from Theorem 4.1.5
that

(e )] = lo(L(¥(): )] < max 2* (’Z)
forallx € P O

In Theorem 8.1.1 a difficulty arises when O(z) is not contained in a single
part, or if O(z) is contained in a part but its closure is not. In that case we
cannot rely on non-expansiveness only. To proceed we need to make essential
use of the order-preserving property of the map.

Recall that < is a partial ordering on the set of parts P(K) givenby P < Q
if there exists x € P and y € Q such that y dominates x.

Lemma 8.1.2 If K C V is a closed cone and f: K — K is non-expansive
map under dr on each part of K, then the following assertions hold:

(i) f maps parts into parts, i.e., f([x]) C [f(x)] forall x € K.
(ii) The quotient map F: P(K) — P(K) given by

F(P)=[f(x)] forxeP (8.1)
is well defined.

(iii) If, in addition, f is order-preserving, then F preserves the partial
ordering < on P(K).

Proof To prove the first assertion we note that if y € f([x]), then there exists
z € [x] such that f(z) = y. Since z ~x x, we get that dr(f(x),y) =
dr (f(x), f(2)) <dr(x,z) < oo. This implies that f(x) ~g y and therefore
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f([x]) € [f(x)]. We also see that the quotient map F: P(K) — P(K) given
by (8.1) is well defined.

Now suppose, in addition, that f is order-preserving. Assume that P, Q €
P(K) and P < Q. There exist x € P,y € Q,and 8 > 1 such that x < By.
Since f is order-preserving and non-expansive under dr, we know that f is
subhomogeneous by Lemma 2.1.7. This implies that 8! f(x) < f(8~'x) <
f(y). Thus, f(y) dominates f(x), so that [f(x)] < [f(y)]. From this we
conclude that 7(P) < F(Q). O

By using the quotient map F and the fact that each polyhedral cone has only
finitely many parts, we now prove the following lemma.

Lemma 8.1.3 If K C V is a polyhedral cone and f: K — K is non-
expansive under dr on each part of K, then there exists m € N such that
F2(x) ~k f™(x) forallx € K.

Proof Let F: P(K) — 'P(K) be the quotient map defined in (8.1). As
K is polyhedral, [P(K)| <2V, where N is the number of facets of K by
Lemma 1.2.3. This implies that each P € P(K) is eventually periodic under F,
i.e., there exist integers r > 0 and p > 1 such that F"(P) = Fr“‘P(P)
for all k € N. By the pigeonhole principle, we can take r + p < 2V. Put
m = lem(1, ...,2"), sothatr < m and p divides m. Then F"(P) = F>"(P)
for all P € P(K). By taking P = [x] we get that [ f"(x)] = F"(P) =
FA(P) = [f"(x)], so that [ (x) ~k f>" (x). D

The following lemma shows that if the orbit O(x) of a continuous order-
preserving subhomogeneous map is norm-bounded and contained in a part P
of the polyhedral cone K, then there exists a part Q < P such that w(x) C Q.

Lemma 8.1.4 If f: K — K is a continuous order-preserving subhomoge-
neous map on a polyhedral cone K and O(x) is a norm bounded orbit in a
part P of K, then there exists Q < P such that w(x) C Q.

Proof Suppose that P € P(K) is such that O(x) € P.If P = {0}, then
O(x) = {0}, and we are done. On the other hand, if P # {0}, then I (P) is non-
empty. We claim that there exists ¢ > 1 such that y < cx for all y € O(x).
Indeed, as O(x) € P, we get that Iy, = I, = I(P) for all y € O(x). This
implies that y; (y) > 0, if and only if i € I (P), where ¥, ..., ¥y denote the
facet-defining functionals of K. Put ¢ > 0 equal to

c =sup{yi(y)/¥i(x): y € O(x)and i € I(P)}.

Remark that ¢ < o0, as ¥;(x) > O foralli € I(P) and O(x) is bounded.
Moreover, ¢ > 1, since x € O(x) and I (P) # ¥. Now consider y € O(x). By
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definition of ¢ we know that ¥;(y — cx) < O for all i € I(P). From this we
deduce that y < cx, as ¥;(y) = ¥i(x) =O0foralli & I(P).

Using the claim, the proof is completed in the following manner. First note
that {y € K:y < cx} is a closed set containing O(x), and hence it also
contains w(x). As f is order-preserving and subhomogeneous, we get that
k() < fR(ex) < eff(x) forall y € w(x) and k > 1. As f is continuous
and O(x) is bounded, f maps w(x) onto itself by Lemma 3.1.2. Therefore
y < cffx) forally € w(x) andk > 1. As {z € K: ¢!y < z} is closed,
we deduce that y < ¢z for all y, z € w(x). This implies that y ~g z for all
v, z € w(x). Moreover, if we take y € w(x) and put Q = [y], then Q satisfies
Q4P =|[x],asy <cx. O

To show that every norm-bounded orbit of a continuous order-preserving
subhomogeneous map on a polyhedral cone converges to a periodic orbit, two
more lemmas are needed.

Lemma 8.1.5 Let P be a part of a polyhedral cone K C V and C C P be
compact. If f: C — C is surjective and non-expansive under dr, then each
x € C is a periodic point of f.

Proof We first note that as C is a compact subset of a part P of K, (C, dr) is
a compact metric space. Since f is non-expansive under d7 and maps C onto
itself, it follows from Lemma 3.1.4 that f is an isometry. Let x € C and recall
that w(x) is finite by Theorem 8.1.1. As O(x) C C, it has a compact closure,
so that it follows from Lemma 3.1.3 that there exists a periodic point £ € C
with period p = |w(x)| such that limg_ oo f*P(x) = £ and w(x) = O(&).
Since f is an isometry,

dr (fP(x), x) = dr (f* VP (x), 77 (x))

for all £ > 1. Now remark that the right-hand side converges to 0 as k — oo,
and hence f?(x) = x. O

The following lemma is of a technical nature, but useful for our purposes.

Lemma 8.1.6 If f: K — K is an order-preserving subhomogeneous map
on a polyhedral cone K C V and x € K, then for each y, & € w(x) with
& a periodic point of f, there exists an integer T > 1 such that (&) < y.
Moreover, if there exists a periodic point & € w(x), then O(&) is the only
periodic orbit in w(x).

Proof Suppose that & € w(x) is a periodic point of f with period p. Then
there exists a subsequence (k;); such that f ki(x) > gasi — oo. By taking
a further subsequence we may assume that there exists 0 < o < p such that
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ki = o mod p foralli > 1.Let0 < A < 1. As K is polyhedral, it satisfies
condition G at £ by Lemma 5.1.4. Therefore A& < f¥i(x) for all i sufficiently
large. Now suppose that y € w(x) and let (m;); be such that f™ (x) — y as
i — o0o. Again we may assume that there exists 0 < 7 < p such that m; > k;
and m; —k; = v mod p for all i > 1. Thus, for sufficiently large i we have that

i) = ik (R o) > iR ) > AR E) = AT ().

By letting i — oo, we deduce that Af7(§) < y. Now let A — 17, to conclude
that (&) < y, which shows the first statement.

To prove the second statement we let £, 7 € w(x) be two periodic points
of f with periods p and ¢, respectively. By the first assertion there exist 0 <
71 < pand 0 < 170 < ¢ such that f™(§) < n and f2(n) < &. Since f is
order-preserving, we get that f7172(£) < f2(n) < £. But O(£) is an anti-
chain in (K, <), and hence f71+®2(¢) = f®(n) = £. As & and 7 are periodic
points of f, we conclude that O(§) = O(n). O

Equipped with these two lemmas, we now prove the following theorem.

Theorem 8.1.7 If f: K — K is a continuous order-preserving subhomoge-
neous map on a polyhedral cone K C V and x € K has a norm-bounded
orbit, then there exists a periodic point & € K of f with period p such that
limy— 00 f¥7 (x) = &.

Proof We know that f is non-expansive under dr on each part of K. Thus,
it follows from Lemma 8.1.3 that there exists m € N such that f™(x) ~g
f2’"(x) forallx € K.Putg: K — K equalto f™,s0g(Q) C gZ(Q) for each
0 € P(K) and O(g(x); g) C P for some P € P(K). Note that O(g(x); g) is
bounded in norm, as it is a subset of O(x). Moreover, it is easy to verify that
m—1
o@x; ) =w@x); =] feex:; ),
Jj=0
as f is continuous on K. Thus, by Lemma 3.1.3, it suffices to show that
w(g(x); g) is finite.

It follows from Lemma 8.1.2 that there exists a part Q@ < P such that
w(g(x); g) € Q. Since w(g(x); g) is a bounded closed subset of Q, it is com-
pact with respect to dr, and g(w(g(x); g)) = w(g(x); g) by Lemma 3.1.2.
Therefore it follows from Lemma 8.1.5 that every y € w(g(x); g) is a periodic
point of g. We can now apply Lemma 8.1.6 to conclude that w(g(x); g) is a
periodic orbit, and hence it is finite. O

Thus every norm-bounded orbit of a continuous order-preserving subhomo-
geneous map on a polyhedral cone converges to a periodic orbit. In the next
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section the results from Chapter 4 will be used to derive an a-priori upper
bound for the periods of periodic points in terms of the number of facets of the
polyhedral cone.

8.2 Periodic orbits in polyhedral cones

The following result, which is a consequence of Theorem 4.3.10, provides an
upper bound for the periods of periodic points in the interior of the standard
positive cone.

Theorem 8.2.1 If f: R’} — R’ is an order-preserving subhomogeneous map
and x € int(R"}) is a periodic point of f with period p, then

)
[n/2]

Proof Let x € int(R}) be a periodic point of f: R} — R’} with period p.
As f is order-preserving and subhomogeneous, f maps parts into parts by
Lemma 8.1.2. Thus, [x] = int(R"}) is a periodic point of the quotient map
F:PR}) — P(RY) given by (8.1). Recall that F preserves the partial order-
ing < and hence O([x]; F) is an anti-chain in (P(R"}), ). As int(R}) is a
maximal element in (P(R}), <), we find that int(R} ) is a fixed point of F
and hence f(int(R’})) C int(R’}).

Let g: R || - lloo) = R™, || - |llco) be the log-exp transform of f, so
g = Lo foE.Remark that g: R" — R" is a sub-topical map. Moreover L (x)
is a periodic point of g with period p. It now follows from Theorem 4.3.10 that
p does not exceed (I_n,;Z )- O

By using the log-exp transform, we can turn any sub-topical map g: R" —
R into an order-preserving subhomogeneous map on int(R’ ). We also know
from Theorem 4.3.10 that for each n there exists a sub-topical map on R” that
has a periodic point with period (Ln72 J). So, we see that the upper bound in
Theorem 8.2.1 is sharp.

It turns out that Theorem 8.2.1 can be generalized to polyhedral cones. To
do this we need the following lemma.

Lemma 8.2.2 Let K C V be a closed cone and let P be a part of K. If
A is an anti-chain in the partially ordered set (P, <) and f: P — P is
order-preserving and subhomogeneous, then M(f(y)/f(x)) < M(y/x) for
all x, y € A. Moreover, if f(A) € Aand each x € Ais a periodic point of f,
then M(f(y)/f(x)) = M(y/x) forall x,y € A.
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Proof Clearly the assertions are true if x = y. So suppose that x,y € A
and x # y. Let A = M(y/x) and note that A < oo, as x, y € P. Further-
more, y <ix and A > 1, since A is an anti-chain. From this it follows that
ATUF() < F(y) < F(x), and hence M(f(y)/f () < & = M(y/x).

To prove the second assertion, we remark that if x, y € A are periodic points
of f with periods p and g, respectively, then for r = lcm(p, g) we have that

M(y/x) =M(f"WM/f () =M f()/f(x) < M(y/x).
This completes the proof. O

Proposition 8.2.3 Ler K C V be a polyhedral cone and P be a part of K.
If f: K — K is an order-preserving subhomogeneous map with f(P) C P,
then the period of each periodic point x € P does not exceed (Lm’72 J)’ where
m = |I(P)|.

Proof Letr, ..., ¥y be the facet-defining functionals of K. By Lemma 1.2.3
there exist ¥, ..., ¥;, such that

P={xe€K: ¢ (x)>0forall 1l <j<mandy;(x) =0 otherwise},

asm = |I(P)|. Define W: (P,dr) — (int(R%),dr) by ¥;(x) = Vi, (x)
forallx € Pand 1 < j < m. Then M(V(x)/V(y)) = M(x/y) for all
x,y € P.Moreover, W is injective. Indeed, ¥ (x) = W (y) implies ¥ (x —y) =
Y(y — x) = 0. But we also know that ¥;(x — y) = ¥i(y — x) = 0 for all
i ¢ I(P). Thus,x —y € K and y — x € K, which shows that x = y.

Let O(£) be a periodic orbit of f in P with period p. It follows from
Lemma 8.2.2 that

MF* @)/ ¥ () = M(x/y) forallx,y e O@&)and0 <k < p. (8.2

Now consider the coordinatewise log function L: int(R%) — R™ and recall
that

H(L(W(x)) = L(¥(y)) = log M (¥ (x)/W(y)) = log M(x/y) (8.3)

forall x,y € P.Put A = L(¥(O(&))) and note that, as O(&) is an anti-chain
in (K, <g), Ais an anti-chain in R with respect to R". For each u, v € O(§)
there exists an integer k > 0 such that f k(u) = v. It therefore follows from
(8.2) and (8.3) that A has a transitive cyclic group of top isometries. Using the
fact that L and W are injective, we conclude from Theorem 4.3.7 that

m
=10@)|=|A .
p=10@)=|Al = <Lm/2J>

We know that the estimate in Proposition 8.2.3 is sharp for P = int(R'} ).

O
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Problem 8.2.4 Does there exist for each solid polyhedral cone K, with N
facets, an order-preserving subhomogeneous map f: int(K) — int(K) that
3 S ; ) N

as a periodic point with period (LN/ZJ) ?

In general, periodic orbits of order-preserving subhomogeneous maps need
not lie inside a single part of the cone. For instance, the map f: Ri — Ri
given by

X1 Bx1 Ax2) vV (Bxy Ax3)
fl x = Bx1 Ax3) VvV (Bx3 Axp) for x € Ri
X3 Bxo Ax1) VvV (Bx3 Axp)

has x = (1, 2, 0) as a period 6 point, whose orbit visits each facet of Ri twice.
In fact, the reader can verify that if x = (a, b,0) € R3 , where a > 0 and
b > 0 are such that 3a > b, 3b > a, and a # b, then x is a periodic point of
f with period 6. Furthermore, 1 is the unique normalized eigenvector of f in
the interior of Ri, and the map g given by

J(x)
(1/3) > fi(x)

satisfies limy_, o g€ (x) = 1 for all x € int(R3).

For general periodic orbits, slightly more sophisticated arguments are
needed to obtain a suitable upper bound for their periods. Recall that if
f: K — K is order-preserving and subhomogeneous, then it maps parts into
parts by Lemma 8.1.2. This places severe constraints on the periodic orbits. For
instance, in Figure 8.1 two period 6 orbits in the boundary of Ri are depicted,
but only the right-hand one may occur as a periodic orbit of an order-preserving
subhomogeneous map.

In particular, we see that if O (&) is a periodic orbit with period p of an order-
preserving subhomogeneous map f: K — K, then [£] is a periodic point of
the quotient map F: P(K) — P(K) given in (8.1), with period say ¢; > 1.

gx) = forx € int(Ri)

o~—1 >

Figure 8.1 Periodic orbits with period 6 in 8]1%1.
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Moreover, O(&) visits each part in O([£]; F) exactly g» times for some integer
g2 > 1. Thus, the period p can be written as p = g1g2. This observation leads
to the following result.

Theorem 8.2.5 Let K C V be a polyhedral cone with N facets. If f: K — K
is an order-preserving and subhomogeneous map and x € K is a periodic

point of [ with period p, then there exist integers qi,q2 > 1 such that
P=4192,

1< < N d 1< < n >
=4 = (max{m, LN/2J}>’ and 1= = (Lm/2j ’

where m = min{llfk(x)|: 0<k< p}

Proof Let F: P(K) — P(K) be the quotient map defined in Lemma 8.1.2.
Then F preserves the partial ordering < on P(K). The map 7 : (P(K), J) —
QLN ) given by 7(P) = [(P) is order-preserving and injective.
Moreover, 7! is also order-preserving on 7 (P(K)). Let G: m(P(K)) —
7(P(K)) be defined by G = 7 o F o 7~!. Then G preserves the partial
ordering C on 7 (P(K)).

Suppose that x € K is a periodic point of f with period p, and write m =
min{|1fk(x)|: 0 <k < p}. Take z € O(x) such that |I;| = m and put Q = [z].
We remark that F¥(Q) = [ f¥(z)] for all k > 1, so that FP(Q) = Q. Let ¢
denote the period of Q under F. Obviously ¢ divides p and 7w (Q) is a periodic
point of G with period ¢g;. Let A = O (Q); G). As G is order-preserving,
A is an anti-chain in 2{1--N}, ©).

We now use a LYM inequality to derive an upper bound for the cardinality
of A. As before, a maximal chain C in (2{1 """ N} Q) is a sequence of N + 1
subsets AgC A1 C ... CAy of {1,..., N} such that |A;| =i for all i. There
are exactly N'! maximal chains in 2!~ C). IfAC{1,..., N}and |A| = s,
then there are exactly s!(N — s)! maximal chains C that contain A. As A is
an anti-chain, each maximal chain contains at most one element of 4. Since
m= min{|1fk(x)|: 0 < k < p}, we know that |A| > m for all A € A. Indeed,
G (Q) =n(FX(Q@) = ([ f*(2)]) = I () for all k > 1. We also see that
A= {]fk(z): 0<k<q}

Now for m < s < N let vy be the number of elements of A with cardi-
nality s. As each maximal chain contains at most one element of .A and each
A € A with |A| = s is contained in s!(N — s)! maximal chains, we find that

N
D vsl(N =)l < NV,

s=m
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so that
N

Z vs(]:’>_l <.

sS=m

Put M(m) = max,<s<y (1;]) and note that M (m) = (LNAjZJ) if0 <m <
IN/2],and M (m) = (Z ) otherwise. From this we deduce that

N N
g1 = Al = ;lvs =M@m) = <max{m, LN/ZJ})'

For ¢, z, and Q as above, we have that f71(Q) C [f9'(z)] = Q. Now
let g0 = p/qi and remark that z is a periodic point of f9! with period g¢.
Moreover, O(z; f91) € Q and hence it follows from Proposition 8.2.3 that
l<q < (I_m”;ZJ)’ where m = |1(Q)|. O

As a corollary of Theorem 8.2.5 we obtain the following upper bound for
the periods of periodic points.

Corollary 8.2.6 If f: K — K is an order-preserving subhomogeneous map
on a polyhedral cone K C V with N facets, then the period of each periodic
point of f does not exceed

_ N m _ N!
Pv = Dy (max{m, LN/2J}) (Lm/2J> BTSN =T

Proof By Theorem 8.2.5 it remains to be shown that the second equality holds.
First we remark that for each N € N we have that

(s 1v20) () (o) ()
max =  max . (84
1=m<N \max{m, |[N/2]}) \|m/2] IN/2]<m=<N \m )\ |m/2]

Furthermore,
N m N!
= —) (8.5)
m) \|m/2] qlr!s!

where g = N —m,r = |m/2],and s = m — |m/2]. This implies that

N m N!
max < max . (8.6)
IN/2jsm<N \m ) \|m/2|) — q+r+s=N q!rls!

Let us consider the right-hand side of (8.6). Suppose that 0 < ¢* < r* <
s* < N are such that the maximum is attained. In that case s* < ¢* + 1.
Otherwise ¢g*!s*! = ¢g*!(s* — D!Is* > (¢* + 1)!(s* — 1)!, so that

N! N!

g S (g7 + DIrls® — DU
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which is a contradiction. As ¢* +r* +s* = Nand ¢* < s* <r* <qg*+1,
we have that 3¢* < N < 3¢* + 2. This implies that ¢* = [N /3]. We also
have that r* + s* +g*+1 =N+ landr* <s* <g*+1 <r*+ 1, so that
3r* < N+1 < 3r*+2 and therefore r* = [ (N + 1)/3]. In the same way one
can show that s* = [ (N + 2)/3]. Thus, we find that

N! N!

max — = . (8.7)
g+r+s=N q!rls! L%J!LNTHJ!LNT“J!

Now putm = [(N+1)/3]+ [ (N+2)/3] in (8.5). This givesqg = N —m =
IN/3J,r = m/2] = [((N+1)/3),as2L(N+1)/3] <m < 2[(N+1)/3]+1,
ands =m — |m/2] = (N +2)/3]. Thus, we find that

N m - N!
1N (max{m, LN /2] }) (Lm/2J> LT STTE=aT

Combining this inequality with (8.4), (8.6), and (8.7) gives the desired equality.
O

Using Stirling’s formula it is easy to verify that

3N+lﬁ
T TN

For a polyhedral cone K we denote by I'(K) the finite set consisting of
those integers p > 1 for which there exists a continuous order-preserving
subhomogeneous map f: K — K that has a periodic point with period p. If
K has N facets, then by Theorem 8.2.5 we have the following inclusion:

Bn

I'(K) € B(N), (8.8)

where B(N) consists of those integers p > 1 such that p = g1g2, where
the integers g1, g, > 1 satisfy 1 < g; < (Z) and 1 < ¢ < (me/zj) for
some integer | < m < N. In particular, we see that F(Ri) C {1,2,3,4,6};
S0, 5 is not in F(Ri). In view of the inclusion (8.8), it is natural to ask if we
can completely determine I'(K) for a given polyhedral cone K. Particularly
interesting is, of course, R”} , for which there exists the following result.

Theorem 8.2.7 For eachn € N, T(R'}) = B(n).

Proof By (8.8) it suffices to show that B(n) C I'(R’}). So let p € B(n). Then
there exist integers g1, g2 > 1 with p = g1gp such that 1 < g < (;’1) and
1<g < (Lmr72 J) for some integer 1 < m < N. We first construct a continuous
order-preserving homogeneous map g: R — R’ that has a periodic orbit in
int(R%) with period ¢5.
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Let w!, ..., w? be distinct vectors in {1, 2} with exactly [m/2] coordi-
nates equal to 2, and put w?2*! = w!. (Note that there are (Lm% J) such vectors
in {1, 2} and hence we can do this for all values of ¢,.) It is straightforward to
verify that {w', ..., w9} is a periodic orbit of the continuous order-preserving
homogeneous map g: R’} — R’ given by

g@i= \/ (/\ Zj)

k: wl{‘+]:2 J: w’;=2

for 1 < i < m and z € RZ. (In fact, the map g is nothing but the
log-exp transform of the topical map defined in Proposition 4.3.1, where
X ={L(w"),..., L(w?)} € R™ and h is a cyclic permutation of the elements
of X.)

Subsequently we copy the g» points into g; distinct parts of the cone
R by inserting zeros at appropriate coordinates, and construct a continuous
order-preserving homogeneous map f: R, — R’} that cycles through the
q1q2 points. Select g distinct subsets I, < {1,...,n}, each of size m. We
know from Lemma 1.2.3 that each I, corresponds to a part P, € P(R’) by
P,={x e R : x; > Oifand only if i € I,}. To formally insert the zeros it is
convenient to introduce the following function. For 1 <a <gjand1 <k <m
let n(a, k) be the index of the k-th non-zero coordinate of the elements of P,.
For each 1 < a < g define a copying function n,: R’} — R’ by

@i=| % if n(a, k) =1,
Tat2)i =10 otherwise.

Note that by applying the functions 7, for all a, we obtain p = q¢ distinct
points in R’}r. We also use the following notation. For 1 <a <gjand1 <b <
g2 let y©P € {0, 1, 2}" be given by y*? = n,(w”). Thus, y** is the copy of
w? in part P,.

To complete the proof we construct a continuous order-preserving homoge-
neous map f: R} — R’ such that

a+1,b

ifl <a <gq,
fFO*h = [ il,h—i—l 1

ifa = q,

for] < a < qgyand 1 < b < gy. (Here the indices a and b are counted
modulo ¢ and modulo ¢, respectively.) Clearly y%? is a periodic point of f
with period p = ¢1¢> in that case. To give a formula for the map f we need
one more piece of notation. For x € R, we write x|;, to denote the vector in
R% with coordinates (x|7,)j = X;(q, j)- Now let f: R} — R’} be given by



8.2 Periodic orbits in polyhedral cones 195

Table 8.1 The elements of T'(R"},) for 1 <n <7.

N

Elements of I'(R"})

1 1

2 1,2

3 1,2,3,4,6

4 1,2,3,4,5,6,8,9,10,12

5 1,2,3,4,5,6,7,8,9,10, 12, 14, 15, 16, 18, 20, 21, 24, 25, 27, 30

6 1,2,3,4,5,6,7,8,9,10,11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22,
24,25, 26, 27, 28, 30, 32, 33, 34, 35, 36, 38, 39, 40, 42, 44, 45, 48,
50, 51, 52, 54, 55, 56, 57, 60, 65, 66, 70, 72,75, 78, 84, 90

7 1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22
23,24, 25,26,27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 38, 39, 40, 42, 44,

45,46, 48, 49, 50, 51, 52, 54, 55, 56, 57, 58, 60, 62, 63, 64, 65, 66, 68,
69,70, 72,75, 76, 77,78, 80, 81, 84, 85, 87, 88, 90, 91, 92, 93, 95, 96,
98, 99, 100, 102, 104, 105, 108, 110, 112, 114, 115, 116, 117, 119, 120,
124,125, 126, 128, 130, 132, 133,135, 136, 138, 140, 144, 145, 147,
150, 152, 153, 155, 156, 160, 162, 165, 168, 170, 171, 174, 175, 180,
186, 189,190, 192, 198, 200, 204, 210

J&x)i = [ \/ ( A\ 2xj) A 7)k+l(x\lk)i] v [( A 2xj) A m(g(xuql))i]

I<k<q jel J€ly

for1 <i <nandx € R}. Clearly f is a continuous order-preserving homoge-
neous map. We also remark that /\je]k 2y;-"b =0ifk #a, and /\jelk 2y4b =2
if k=a. Since y(;” =w’, we find for 1 <a < g that

b 1,b 1,b
FGeh); = ( /\ 2y ) Anari?)i =2 A yHhY = ythe,
jela

If a = q1, we get that

— b ,
PO = (O 207) Amg@y; =2 Am @ =y

J€lg,
which completes the proof. O

Knowing the equality I'(R’}) = B(n), it is now easy to compute I'(R’} );
see Table 8.1. Furthermore, the proof of Theorem 8.2.7 provides for each p €
I"(R) an explicit construction of a continuous homogeneous order-preserving
map f: R} — R, which has a periodic point with period p. For n = 3 and
p = 6 we have already seen such an example on page 190.If » =3 and p =4
the construction the proof of Theorem 8.2.7 yields the map f: Ri — Ri
given by
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X1 2x3 Ax1) VvV (2x1 A Xx3)
— 3
fl x | = 2x3 A X1 forx € Ry,
X3 2x1 A X

which has x = (1,2, 0) as a period 4 point in BRi. Forn =4and p = 12
there are two possible choices: (1) g1 = 4 and g» = 3 and (2) g = 6 and
q> = 2. In case (1) we obtain the map f: Ri — Ri given by

X1 2x3 A2x3 Ax1)V (2xp A2x4 AX1) V (2x2 A 2X4 A X3)
X2 _ 2x1 A2x3 Ax2) V (2x3 A2x4 AX1) V (2x2 A 2X3 A X4)
! X3 - 2x1 A2x4 Ax2) V (2x1 A2x4 AX3)V (2X3 A 2X4 A X2)
X4 2x1 A2x2 Ax3)V (2x1 A2x2 Axq) V (2x] A 2X3 A X4)

for x € Ri, which has x = (1, 1,2, 0) as a period 12 point. Here we took
w!=(1,1,2), w? = (1,2, 1), w? = (2,1, 1), and the map g: (z1, 22, 23) >
(22,23, 21)-

By using the fact that the standard positive cone is order isomorphic to any
simplicial cone, we also know following.

Corollary 8.2.8 If K C V is a simplicial cone, then I'(K) = B(n).

8.3 Denjoy—Wolff theorems for cone maps

In Section 3.4 a Denjoy—Wollff type theorem for fixed-point free non-expansive
maps on proper metric spaces whose geometry resembles that of a hyperbolic
space was discussed. The goal of the remaining two sections is to use the ideas
from Section 3.4 to analyze the dynamics of homogeneous order-preserving
maps on solid closed cones that have no eigenvector in the interior of the cone.
We emphasize that throughout the remainder of this chapter we will use the
following slightly different, but convenient, definition of w-limit sets. Given a
continuous map f: X — X, with X € V and x € X, the w-limit set of x is
given by

o) = () ddff @: k= mp,

m>0

where the closure is with respect to the norm topology on V.

Suppose that K C V is a solid closed cone and f: int(K) — int(K) is a
continuous homogeneous order-preserving map which has no eigenvector in
int(K). In that case we can take ¢ € int(K™*) and consider the scaled map
g: X° — X°given by
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g = L0
o (f ()

where X° = {x € int(K): ¢(x) = 1}. So, g has no fixed point in X°, as f
has no eigenvector in int(K), and g is non-expansive under Hilbert’s metric
by Lemma 2.1.6. It thus follows from Corollary 3.2.5 that 2 N X° = @, and
hence the w-limit set of each x € X° under g is contained in the boundary
of ¥ = {x € K: ¢(x) = 1}. Recall that if the proper metric space (X°, dy)
satisfies Axioms I and II, then Theorem 3.4.6 implies that there exists a unique
ray in dK that attracts all orbits of f.

As Hilbert’s metric coincides with the cross-ratio metric ¥ on X° (see
Theorem 2.1.2), we know from the results in Section 3.3 that (X°, dy) sat-
isfies Axiom I. But we also know from Example 3.4.3 that (X°, dg) does not
necessarily satisfy Axiom II. It was, however, shown by Beardon [18, 19] that
if K is strictly convex, then (2°, dp) also satisfies Axiom II. To prove this we
follow Karlsson and Noskov [101].

forall x € X°, 8.9

Lemma 8.3.1 Let A C V be an open bounded convex set. If (xi)x and (yr)k
are two convergent sequences in A with limits x and y in 9 A, respectively, and
the straight-line segment [x,y] € 0A, then the end-points x}( and y,’( of the
chord through xj, and yy converge to x and y, respectively.

Proof The situation is depicted in Figure 8.2 below. As x # y and x; — x
and y — y as k — oo, each limit point of (x;)x and (y;)x must belong to
the straight line £, , through x and y. More to the point, each limit point of
(x,’() x belongs to the half-line Zj of £, . emanating from x but not containing y.
Similarly each limit point of (y; ) belongs to the half-line Ej, emanating from
y and not containing x. Remark that [x, y] N dA = {x, y}, as [x, y] £ dA and
A is convex. Hence £ N dA = {x} and £ N dA = {y}, which completes the
proof. 0

@)
l

Y

/

Yk

Figure 8.2 Proof of Proposition 8.3.2.
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A key ingredient in our subsequent analysis will be the following proposi-
tion, which uses the so-called Gromov product. Given a metric space (X, d)
and x, y € X, recall that the Gromov product with respect to a reference point
z € X is defined by

1
(x| y):= E(d(x,z) +d(y,2) —d(x,y)).

Proposition 8.3.2 Let A C V be an open bounded convex set equipped with
the cross-ratio metric k. If (xi)r and (yi )i are convergent sequences in A with
limits x and y in 0 A, respectively, and the straight-line segment [x, y] € 0A,
then for each z € A there exists C > 0 such that

limsup (x | yx); < C.

k—00
Proof As [x, y] € 0A there exists a closed Euclidean ball B, (w) with radius
& around the (Euclidean) mid-point w of the chord through x and y such that
B.(w) € A. Recall that the norm topology coincides with the metric topology
of k¥ on A by Corollary 2.5.6 and Theorem 2.1.2. Therefore B, (w) is a compact
subset of (A, k). This implies that for each z € A there exists C > 0 such that

sup «(u,z) <C.
u€ B (w)

Now let wy denote the mid-point of the chord through x; and yi. Denote, as in
Figure 8.2, the end-points of the chord through x; and y; by x; and y;.

By Lemma 8.3.1 we know that x; —x and y, -y as k — oo, since
[x,y] € 0A. Thus, wy € B.(w) for all k sufficiently large. From Theo-
rem 2.6.3 we know that each straight line is a geodesic in (A, «); so,

i (Xks yik) = K (i, w) + & (Wi, yi)
for all k sufficiently large. This implies that
2(xk | yi)z = K (xk, 2) + Kk (ks 2) — K (Xks YE)
=k (xk, 2) + k (k> 2) — K (xk, w) — & (Wi, Yi)
< 2k (wg, 2).
Thus, (xx | yk); < k(wk, z) < C for all sufficiently large k. ]

Proposition 8.3.3 Let A C V be an open bounded convex set. If (xy)x and
(Y )k are convergent sequences in A with limits x and y in 0 A, respectively,
and the straight-line segment [x, y] € 0A, then for each z € A we have that

liminf « (xg, yr) — max{k (xk, 2), K (yr, 2)} = 00.
k—o00

In particular, (A, «) satisfies Axiom II, if the closure of A is strictly convex.
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Proof 1t follows from Proposition 8.3.2 that limsup;_, o, (xx | yx); < C. Let
& > 0 and note that there exists N > 1 such that

2(xk | yi)z =2C + ¢
for all k > N. This implies that
max{k (xg, 2), k (Vk, 2)} = k (Xk, 2) + k (Y, 2) — min{x (xk, 2), & (Y&, 2)}
< K (xk, ) + 2C + & — min{k (x¢, 2), K (Vk, 2)}
forall k > N. Hence
K (X, yk) —max{k (xk, 2), & (Vk, 2)} = min{k (xg, 2), & (yk, 2)} —2C —& — 00,
as k — oo, which completes the proof. 0

Now that we know that (A, ) is a proper metric space satisfying Axioms
Tand I, if A is strictly convex, we can combine Corollary 3.2.5, Theorem 3.4.6,
and Proposition 8.3.3 to directly obtain the following result by Beardon [19]
and Karlsson [99].

Theorem 8.3.4 Let A C V be an open bounded strictly convex set. If
f: (A, k) = (A, k) is a fixed-point free non-expansive map, then there exists
¢ € 0A such that

lim fk(x) =¢ forallx € A,
k— o0
and the convergence is uniform on compact subsets of A.

Theorem 8.3.4 has the following consequence for the dynamics of homoge-
neous order-preserving maps on strictly convex cones, which can be viewed as
a Denjoy—Wolff type theorem in nonlinear Perron—Frobenius theory.

Theorem 8.3.5 Let K C V be a solid strictly convex closed cone and let
@ € int(K*). If f: int(K) — int(K) is a homogeneous order-preserving map
and f has no eigenvector in int(K), then there exists { € 0K such that

k
kli)n;o % =¢ forall x € int(K).

Moreover, if f has a continuous extension to K such that f(x) # 0 for all
x #0in K, then { € 0K is an eigenvector of f with eigenvalue ¢(f(¢)) > O.

Proof Let ¢ € int(K™*) and define £° = {x € int(K): ¢(x) = 1}. Also write
% to denote the norm closure of X£°. As K C V is strictly convex, X° is a
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bounded strictly convex domain in an affine hyperplane in V. Equip £° with
Hilbert’s metric dy and consider the scaled map g: X° — X° given by

gx) = S forx € X°.

C e(f(x)

So, g is a fixed-point free non-expansive map on (X°,dy), as f has no
eigenvector in int(K). By Theorem 2.1.2, the metric dy coincides with the
cross-ratio metric on X°, and hence it follows from Theorem 8.3.4 that there
exists £ € dX° such that

k
fim —L9 i gy =1¢ forallx e T°.

k—oo @(f¥(x)) k—oo
If f has a continuous extension to K such that f(x) # 0 for all x # 0 in
K, then g has a continuous extension to X. In that case, g(¢) = ¢, so that
f(&) = @(f(&))¢. Thus, ¢ is an eigenvector of f in dK with eigenvalue

@(f () > 0. O

With regard to the previous theorem we mention the following open
problem.

Problem 8.3.6 If in Theorem 8.3.5 f has a continuous extension to K and

e(f(€) >0, isp(f(¢) =rk(f)?

We shall see in the next section that, in general, the iterates of a fixed-point
free non-expansive map f: (A, k) — (A, k) need not converge to a unique
point in A, if (A, k) does not satisfy Axiom II. Karlsson and Nussbaum (see
[168]), however, independently made the following conjecture.

Conjecture 8.3.7 (Karlsson and Nussbaum) If A C V is an open bounded
convex set and f: (A, k) — (A, k) is a fixed-point free non-expansive map,
then there exists a convex set A C 0 A such that w(x) C A forall x € A.

To prove this conjecture it suffices to show that there exists a point z € A
such that the convex hull of its w-limit set, denoted co(w(z)), is contained in
0 A. Indeed, we have the following lemma.

Lemma 8.3.8 Let A C V be an open bounded convex set. If f: (A, k) —
(A, k) is a fixed-point free non-expansive map such that co(w(z)) € 0A for
some 7 € A, then there exists A C 0A convex such that w(x) C A for all
x € A.

Proof Let A~ denote the norm closure of A andlet A’ = {(1,a) e RxV:a €
A~}. Defineacone K € R x V by

K={AueRxV:uecA andr > 0}.
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Clearly K is a solid closed cone in R x V, and ¢ € K*, given by ¢(x) = x|
for x = (x1,v) € R x V,isin the interior of K*.Let B = {u € K: ¢(u) = 1}
and consider r: A~ — B given by r(a) = (1, a) fora € A™. The restriction
of r to A is an isometry from (A, ) onto (B Nint(K ), dy) by Theorem 2.1.2.

To prove the lemma we first show the following claim: if (ux)x and (vg)x
are (norm) convergent sequences in B N int(K) with limits # and v in 0K,
respectively, and there exists C > 0 such that dg (ug, vg) < C for all k > 1,
then u ~g v.

Indeed, as ug, vy € BNint(K) and dy (ug, vr) < C, there exist0 < ax < B
such that agur <x vi <g Prux and Bx/ox < €. By applying ¢ to the
inequalities we get that o < 1 < B, so that o > e € and Bk < eC. By
taking a subsequence we may assume that ¢y — o > ¢~ € and g — B < €€,
as k — oo. Since K is closed, this implies that ou <x v <k Pu, so that
dy(u,v) <log(B/a) <2C < oo. From this it follows that u ~g v.

Recall that, by Calka’s Theorem 3.1.7, w(x) € 9A~ for all x € A, as
w(z) € 0A™. The proof of the lemma is now completed as follows. Suppose,
for the sake of contradiction, that there exists { € co(£2) such that { € A.
Then there exist z!, ..., 7" € A,{l,...,{m €dA,and0 < Ay, ..., Ay < 1
with Y, 4; = lsuchthat ¢ = Y, 4;¢" and ¢' € w(z') for 1 <i < m. Let
(kj')j be such that £ (z1) — ¢/, as j — oco. By taking a further subsequence

we may assume that fkj' (z) — E'. As
du(r(f55 @), r(f@)) = k(@) @) <k@ 2.
it follows from the claim that r(¢%) ~x (&%) for 1 <i < m. This implies that
r@) =rQ_nth) ~kx r(Y kgD,
i i
But Y, 1;& € 9A, as co(w(z)) € dA,and ¢ = Y, A;¢' € A, which is a
contradiction. O

By using the convexity of the horoballs in (A, ) and Theorem 3.3.5 the
following partial result from [99] for Conjecture 8.3.7 can be proved.

Corollary 8.3.9 Let A C V be an open bounded convex set. If f: (A, k) —
(A, k) is a fixed-point free non-expansive map such that

lim «(f*(x), x)/k > 0,
k— o0
then there exists A C 0 A convex such that w(x) C A forall x € A.

Proof Letx € A and remark that by Theorem 3.3.5 there exists a horofunction
b, : A — R such that
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Jim be (¥ (x)) = —o0.

Let H(—r) be the horoball with radius —r of by. Clearly w(x) is contained in
Nr>ocl(H (—r)). Recall from Lemma 3.3.3 that H (—r) is convex for each r >
0; so, Ny>ocl(H (—r)) is a convex subset of dA. Now let y € A and remark that

be(ff M = lim €(f(). fY ) = k(£ x)
= Him ie(FA00, £900) = (Y @) x) +ie(ff e, )

< b (f(x)) + ke (x, y).

Therefore by (f*(y)) — —o0 as k — o0, and hence w(y) € N,=ocl(H (—7)).
The corollary now follows from Lemma 8.3.8. O

There are, however, many examples of fixed-point free non-expansive maps
on (A, k) for which limg_, o0 ¥ (f¥(x), x)/k = 0. Consider for instance the
map f: A7 — AJ given by
X1+ x2 X2
x1+2x2 X1+ 2x2)'

Other results concerning Conjecture 8.3.7 can be obtained by using Propo-

sition 8.3.2. In particular, there exists the following result by Karlsson and
Noskov [101, theorem 5.5].

fxr,x2) =(

Theorem 8.3.10 Let A C V be an open bounded convex set. If f: (A, k) —
(A, k) is a fixed-point free non-expansive map, then there exists { € dA such
that for each x € A and y € w(x) we have that [y, ] C 0A.

Proof Let z € A and ax = k(f¥(z), z) for all k > 1. Note that @y — 00
as k — oo by Corollary 3.1.8. It follows from Lemma 3.3.4 that there exists
a subsequence (ag;); such that ax < ay, for all k < k;. By taking a further
subsequence we may assume that f%i(z) — ¢ € dA asi — oo.

Suppose that y € w(x). By definition there exists a subsequence (m;); such
that m; < k; for all i and f™i (x) — y asi — o0. Let us now consider the
Gromov product (f ki(z) | f™ (x)).. Remark that

20/42) | ™) = a4k (f™ (%), 2) — o (FY @), [ (x))
> ay, + Kk (f™ (x), x) — K (x, 2)
— k(51 @), M) — k(M) M (x))
> ay; — ag—m; + Kk (f™(x), x) — 2k (x, 2)
> ke (f™(x), x) = 26 (x, 2),

as f is non-expansive. The right-hand side goes to infinity as i — oo, and
hence it follows from Proposition 8.3.2 that [y, {] € dA. O
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Further evidence supporting Conjecture 8.3.7 is the following result by
Nussbaum [168], which complements Corollary 8.3.9.

Theorem 8.3.11 Let A C V be an open bounded convex set. If f: (A, k) —
(A, k) is a fixed-point free non-expansive map such that

Jim k(@) ff@) =0

for some 7 € A, then there exists A C dA convex such that w(x) C A for all
x € A.

Proof By Lemma 8.3.8 it suffices to show that co(w(z)) € dA. Suppose by
way of contradiction that there exist ;1, o Mew(@and0< Ay, ..., Ay <1
with ), A; = 1 such that ), rich € A. As w(z) € dA, we may assume that

m > 2 and is minimal. Let (k;)j be such that fk-lf (zx) = ¢l as j — oo.
Putz = ¢! and p = Zf"=2u,-§i, where u; = A;/(1 — X p) for2 <i < m.

Letp/ = Y1, /L,-fk;' (z) for all j > 1. Since m is minimal, we know that
¢,medAand A¢ + (1 —A)n € A. This implies that A + (1 — A)n € A for
all0 < A < 1, as A is convex.

Consider the function

k! k! K}
b (f1(2)(x) = k(x, fH(2)) —k(f(2),2).
By taking a further subsequence we may assume that the horofunction
be(0) = lim x(x. f9@) — e (f9 ). 2)
j—o00
exists for all x € A (see Proposition 3.3.2). Note that
b @) = Jim (4@, @) — k(562
< timinfie(f4 ). 9 @)+ (P @, £ @) — (). 2)
J—>00
<timinfic(/* @), f9@) (@ 2+ k(P @, @)
j—>00

< b.(f* (@),

as limg— o0 K (f*T1(2), f¥(z)) = 0. From this it follows that b,(f*(z)) < 0
for all k > 0, since b;(z) = 0.

Recall that the horoball of b, with radius 0 is convex by Lemma 3.3.3, so
that b, (nj ) <O forall j > 0. Thus, there exists k} > 1 such that

k(L R @) —k(ffr2).2) < 1 (8.10)
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. 1
for all k,ll > kjl.. By construction / — n € dA and fkf' (z) > ¢ € 0A as
Jj — oo. Moreover, [¢, n] £ 0A, so that

liminfx (/. £ (2)) — maxie (£ (2). 2). (17, 2)} = 00

by Proposition 8.3.3. This, however, contradicts (8.10), and we are done. [

8.4 A Denjoy—Wolff theorem for polyhedral cones

If A € V is a bounded open convex set and A is not strictly convex, then
(A, k) does not satisfy Axiom Il in general. In such metric spaces horoballs can
meet the boundary in more than one point. For example, if A is the open two-
dimensional simplex, then the horoballs can be as in Figure 8.3 (see [100]).

Therefore we cannot expect a result like Theorem 8.3.5 to hold for general
solid closed cones in V. In fact, there exist simple examples that confirm this
point. To see this, recall from Section 8.1 that every norm-bounded orbit of
a continuous homogeneous order-preserving map f: K — K on a polyhe-
dral cone K converges to a periodic orbit. Such periodic orbits may lie in the
boundary, and may attract orbits from the interior of K. For example, the linear
map f: ]Ri — ]Ri given by

X1 01 O X1
f X2 = 1 0 0 X2
X3 0 0 1/2 X3

for x = (x1, x2, x3) € R3.. The w-limit set of each x € int(R3), with x1 # x2,
is a periodic orbit of f in aRi. The scaled map g: Ar> — A, given by

fx)

gx) = )

Figure 8.3 A horoball in A3.
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for x € Ay, has the property that every orbit of x in AJ converges to a periodic
orbit in dAj if x1 7# x. Obviously Theorem 8.3.5 fails in that case.

In this section we will discuss extensions of Theorem 8.3.5 to polyhedral
cones. We begin with the following result.

Theorem 8.4.1 Let K C R” be a solid polyhedral cone, ¢ € int(K*), and
Y° = {x € int(K): ¢(x) = 1}. Suppose that f: K — K is a continuous
order-preserving homogeneous map with f(int(K)) C int(K) andrg(f) =1,
and let g: ¥° — X° be given by

L))
o(f(x)

If f has no eigenvector in int(K) and there exists z € int(K) such that
O(z; f) is bounded in norm, then there exists a part P C 0K of K such
that w(x; g) C P for all x € int(K), and w(x; g) is a finite set of size at most
(LNA;2J)’ where N = |1 (P)|.

g(x) forx € ¥°.

Proof Let x € X° and note that there exists uy > 0 such that x < u,z. As
f is order-preserving and homogeneous, we get that f k(x) < pxef*(z) for
all k > 0. This implies that the orbit of x under f is bounded in norm, since
O(z; f) is bounded in norm and K is a normal cone.

By Lemma 8.1.4 there exists a part P, < int(K) such that w(x; f) € P;.
By Theorem 8.1.7 and Proposition 8.2.3 it follows that w(x; f) is a periodic
orbit in P, with period at most (LNA;Z J), where N = |I(Py)|. We claim that
there exists a part P of K such that P = P, for all y € int(K). Indeed,
if for some v, w € int(K) we have that P, # Py, then there exists a sub-
sequence (k;); such that f%(v) — v* and f%(w) — w* asi — oo, and
dr (v*, w*) = oo. This, however, contradicts the inequality dr (v*, w*) =
lim; o0 dr (f4 (), f4 (W) < dr (v, w) < oo.

As rx (f) = 1, there exists an eigenvector u € dK of f with u # 0 and
f(u) = u. For each x € int(K) there exists § > 0 such that fu < x. This
implies that (p(fk(x)) > 8¢p(u) > 0 for all k > 0. Therefore w(x; g) is a finite
set of size at most (LNAsz),WhereN = [I(Py)]. 0O

One might conjecture that the assertion in Theorem 8.4.1 also holds for
unbounded orbits. The following example by Lins [131], however, shows that
the w-limit sets can be more complicated.

Example 8.4.2 To present the example we need a few preliminary remarks.
LetV ={x € R+ x = 0} and let (") bea sequence in V such that

k—1

KR < xk

and xFtl — xK < x* — x*1 forall k > 1, (8.11)
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where the partial ordering < is induced by RT']. We claim that there exists
an order-preserving additively homogeneous map g: R"+! — R”"*! such that
g(xk) = x**1 for all k > 1. Indeed, for each 1 < i < n + 1 there exists an
increasing Lipschitz function y;: R — R, with Lipschitz constant at most 1,
such that y; (xf‘) = xf“ for all £ > 1. In fact, we can take y; to be piecewise

linear. Now let G: V — V be defined by

Gi(x) =vi(x;) forl<i<n+4+landxeV.
Furthermore let g: R"T! — R"*! be given by

g(x) =G(x —x11) +x;1 forallx € R',

It is straightforward to verify that g is additively homogeneous. To see that g
is order-preserving with respect to R’fl, let x < y in R™*! It is convenient to
distinguish two cases: x; — x; < y; — y; and x; — x1 > y; — y;. In the first
case we have that g;(x) = y; (x; —x1) +x1 < yi(yi — y1) +y1 = gi(y), since
y; is increasing. On the other hand, if x; — x; > y; — y1, then

0<yitxi—x1)—viQi—y) <xi—x1—yi +y1 <y —x1,

as y; is Lipschitz with constant at most 1. This implies that

gX)=vyilxi —x) +x1 <y Qi —y) +y1 =8 ().

Therefore g is order-preserving. Taking the log-exp transform of g yields a
homogeneous order-preserving map f: int(RTl) — int(RTl); so, f =
EogolL.

The example will be a scaling of f, where (x*); is chosen appropriately. Let
h: A, — A} be given by

h(x) = % forx € A;.
Lety =1/n € A; and note that
By = SO _f _ EGEO)
Yty Xy X Eigho)
for all k > 1, as f is homogeneous. Put x9 =0 and write a* =x* — x* 1 to get
My = EGO) _Eeh EQ_ al)
VTYNEGEO) T S ECD T Y B @)

Il E@)
2 Hl;=1 Ei(a))
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for all k > 1, where the product is taken coordinatewise. For simplicity we
write b/ = E(a’), so that

.
[T, &

ke

D

The properties of the sequence (x¥); in (8.11) translate into the following
properties for the sequence (b/) j

W (y) = forallk > 1. (8.12)

b{ =1,/ > 1, and b/ ! < b’ forall j > 1.

The properties of the sequence (b’ )j allow us to construct maps h: A) — Ap
satisfying the following theorem due to Lins [131].

Theorem 8.4.3 For each convex set S C 0A; there existamap h: A, — A7,
which is non-expansive under Hilbert’s metric, and a point 'y € A; such that
S S w(y;h).

Proof Let § C 0A; be convex. Then there exist 1 < i < n 4 1 such that
x; = 0 forall x € S. By relabeling the coordinates we may assume that i = 1.
We wish to chose a sequence (bj)j, with b{ =1, bij >1for2<i<n+1,
and b/t < b/ for all j > 1, such that (A*(y)); in (8.12) accumulates at a
countable dense subset S” of S. Here h: AY — A and y = 1/n are as in
Example 8.4.2.

Suppose that we have chosen vectors b, ..., bY.Remark that if & and n are
two points in int(R’f’l) suchthat £, = nyand &€ < nfor2 <i <n — 1, then
there exist m > 1 and vectors bV 1, ..., bV with bf/ﬂ =1, b;vﬂ > 1 for

2<i<n+1and bVt <pN*ti~1for1 < j < N, such that the entrywise
product of & with ]_['}’:1 bN*J is equal to 7. Indeed, for sufficiently large m,
(i /€)™ < bY for alli, so we can take

bV = (i /e)"/™ foralll < j <mand1<i<n+1.

Now suppose that

N
V.o b
e=hV(y) = 1_[]—1] € A2

> TT5 b
and s’ € §’. Then there exists n > &, withn; = & andn; > & for2 <i <
n — 1, such that n/ 3", n; is arbitrarily close to s. By taking bN*1, ... pN+m
as in the previous paragraph we find that

N+m

iy = LY

> T v TR
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which is close to s’. By repeating this process we can secure that (h*(y))x
accumulates at a countable dense subset S = {sl, s2.. .} of §. Indeed, we
can first get to within distance 1 of sl, then to within distance 1/2 of s2, then
to within distance 1/2 of s', subsequently to within distance 1/3 of 53, etc. As
w(y; h) is closed, § = cl(S") € w(y; h), and we are done. O

Lins [131, lemma 3.2] has proved that the w-limit sets of the maps con-
structed in Theorem 8.4.3 are connected sets. We have also seen examples
where each w-limit set is finite. In this regard we mention the following open
problem posed by Lins in [131].

Problem 8.4.4 If f: (A;, k) — (A;, k) is a fixed-point free non-expansive
map, is it true that each w(x; f) € dA, is either finite or connected?

Of course Theorem 8.4.3 does not contradict Conjecture 8.3.7. In fact, there
exists the following result for polyhedral Hilbert’s metric spaces by Lins [131].

Theorem 8.4.5 If A C R" is an open bounded polyhedron and f: (A, k) —
(A, k) is a fixed-point free non-expansive map, then there exists a convex set
A C 0A such that w(x; f) C A forall x € A.

To prove this theorem we follow Lins [131] and make a digression into
the analysis of horofunctions and unbounded orbits of fixed-point free non-
expansive maps on finite-dimensional normed spaces. Subsequently we shall
apply the isometric embedding of (A, k) into (R™, | - |loo) for polyhedral
domains A given in Proposition 2.2.3. We begin with a useful inequality.

Lemma 8.4.6 Let (X, || - ||) be a Banach space and y € X be such that ||y|| =
1. If z € X and there exist 0 < r < R such that ||z|| < R and ||z — ry| >
R — (3/4)r, then ||z — Ry|| > R/4.

Proof Let By denote the unit ball of X and let Bx= denote the unit ball of
the dual space of X*, so Bxx = {¢ € X*: ¢(x) < 1forall x € Bx}. By the
Hahn—Banach theorem there exists ¢ € By such that p(z —ry) = ||lz—ry| >
R — (3/4)r. This implies that ro(y) < ¢(z) — R+ 3/4)r. As ¢(z) < |z|| <
R, we get that ¢(ry) < (3/4)r and hence ¢(y) < 3/4. This implies that
¢o(z—Ry)=9p(z—ry)—¢@(Ry—ry) > R—-3/4r —(R—r)3/4=R/4. [

This inequality is a key ingredient in the proof of the following result.

Theorem 8.4.7 Let Y be a subset of a finite-dimensional normed space
Vol -ID. If f: Y — Y is a non-expansive map and x € Y is such
that limg_ o0 || f¥(x)|| = o0, then there exists a subsequence (f*i (x));j that
converges at infinity such that the horofunction
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bo(@) = Jim Iz = Y0l = Y 0l

satisfies limy_ oo bo(f*(x)) = —oc.

Proof As || f¥(x)|| — oo as k — 00, we can find a subsequence (k;); such
that || f5 ()| > ||f™(x)| for all m < k;j by Lemma 3.3.4. Moreover, it
follows from Proposition 3.3.2 that we may assume, after taking a further
subsequence, that the horofunction

bo@) = fim flz = f9 Ol = 1FY @I

exists for all z € (V, || - ||). Since the unit ball in (V, || - ||) is compact, there
exists yo € V such that ||yp|| = 1 and yp is an limit point of the sequence
(5 /1% ol j- By taking a further subsequence we may assume that

| 750/ 75 ol = yo <277 forallj = 1.
Write y/ = || % (x)||yo for each j > 1. So, we have that
15 @) =y I <2771 5ol forall j > 1. (8.13)
Now fix m € N and remark that
LA~ =yl < 5 ) = @I+ 115 @) = 37l
m
<Y T @ = AT W+ 27 1 )
=1

< mllx = I+ 277 f5 ),
as f is non-expansive. For j sufficiently large we get that
L7 00 = ¥ I < 1A% @l /4.

Take i € N fixed and remark that, as || /5~ (x)|| < ||f% (x)|, we can apply
Lemma 8.4.6, where we interpret R = || f%i (x)||, r = || f% (x)|l, and y = yo,
to obtain

A7 @) =y < 15 ol = G/ 1S ol (8.14)

for all j > i sufficiently large.
Let us now estimate by ( f Kitm (1)), By definition

bo(f70) = lim (£ = U@ = £l

< lim inf | ) — 7ol — 15 (ol
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as f is non-expansive. It follows from (8.13) and (8.14) that
15 Gy = 97 @l < 275 @1+ 15 @l = G/ILR @l
Thus, we find that
bo (£ (x)) < =3/41 R ) + 27 1 5 (o)l > —o0
as i — oo. This implies that limy_, o bo(fk(x)) = —00. ]

By applying the isometric embedding of (A, «) into (R™, || - [|s0) for poly-
hedral domains A and the previous theorem, Theorem 8.4.5 can be proved in
the following manner.

Proof of Theorem 8.4.5 Let A € R” be an open bounded polyhedron. We can
view A as a subset of R"*! by putting

A ={(1,a) e R": qa € A).

Let K = {Ax: A > 0and x € cl(K)} be the closed cone generated by cl(A’)
in R"™t1. As A is an open polyhedron, K is a solid closed polyhedral cone.
Remark that ¢ € K*, with ¢(x) = x1, is in int(K ™). Moreover,

A ={x eint(K): p(x) =1}

and hence (A’,dy) can be isometrically embedded into (R™,| - [lco) by
Proposition 2.2.3. Since (A, k) is isometric to (A’, dy), there exists an isom-
etry W: (A, k) = R™, || - lloo)- The map g: W(A) — W(A) given by
g = W o f oWl is sup-norm non-expansive. As f has no fixed point in
A, we know that « (f¥(x), x) — oo as k — oo for each x € A by Corollaries
3.1.8 and 3.2.5, so that lim_  [|g¥(z) — zllec = 00 for each z € W(A). By
Theorem 8.4.7 there exists a horofunction

bo(u) = lim [lu — g5 (2)lloo — 118° (@) Il
J—>00

such that bo(gk(z)) — —oo as k — o00. Now pick y € A. By using the
isometry W and Lemma 3.3.1(iii) it follows that the horofunction b,: A — R
given by

by(x) = lim k(x, R @) — k(8 (x), y)
—00
exists and satisfies

by (x) = by (y) (¥ (x)) = bo(¥(x)) — bo(¥ ().

This implies that by (f¥(x)) = bo(g* (¥ (x))) — bo(¥(y)) for all k > 1, and
hence limy_; o by(fk(x)) = —00.
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Recall that the horoball H(—r) = {u € A: by(u) < —r} is convex by
Lemma 3.3.3. Let cl(H(—r)) be the norm closure of H(—r) and note that
Ny>ocl(H (—r)) is a convex subset of dA. As w(x; f) € H(—r) forallr > 0,
we get that co(w(x; f)) € Ny>ocl(H(—r)). From Lemma 8.3.8 we conclude
that there exists a convex set A C dA suchthatw(z; f) C Aforallz e A. [

A careful look at the proof of Theorem 8.4.5 shows thatif f: A — A is
a fixed-point free non-expansive map on a polyhedral Hilbert’s metric space,
then there exists a horofunction 5: A — R such that limy_ o b(f*(x)) = —o00
forall x € A. For general Hilbert’s metric spaces such a horofunction need not
exist. In his thesis [130], Lins has given an example of a fixed-point free non-
expansive map on (A, k), where A is the open unit disc in R2, that illustrates
this point.
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Dynamics of integral-preserving maps

In a pioneering paper, Akcoglu and Krengel [2] studied the long-term behavior
of discrete time diffusion processes on finite states. These processes are non-
linear analogues of Markov chains and can be modeled by order-preserving
integral-preserving maps on R’ . Their work was further developed by Lem-
mens, Nussbaum, Scheutzow, and Verduyn Lunel [121,122,161,169-171,197,
198]. These studies provide detailed results on the iterative behavior of order-
preserving integral-preserving maps and their periodic orbits. In this chapter
we will discuss these results.

Recall (see Proposition 2.8.1) that order-preserving integral-preserving
maps f: R’} — R’ are non-expansive under the £;-norm and f(0) = 0. So,
each orbit of f converges to a periodic orbit by Corollary 4.2.5 and Lemma
4.2.6. Moreover, there exists an a-priori upper bound for the largest possible
period of a periodic point in terms of the dimension of the underlying space.
Among other results we shall see that the periods of periodic points of order-
preserving integral-preserving maps, f: R} — R, are precisely the periods
of so-called admissible arrays on n symbols. An admissible array is a combina-
torial object involving n symbols, whose period is bounded by a number y (n)
that only depends on the number of symbols. The important point is that if we
fix the number of symbols, the set of possible periods of admissible arrays can
be computed in finite time, and an explicit upper bound for y (n) can be given.

9.1 Lattice homomorphisms

Before we start we would like to emphasize that throughout this chapter the
partial ordering will always be induced by R’| and the lattice operations x V y
and x Ay on R” correspond to (xVy); = max{x;, y;} and (xAy); = min{x;, y;}
for 1 < i < n. Periodic orbits of order-preserving and integral-preserving
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maps on R’ are closely related to periodic orbits of lattice homomorphisms
g: V. — V, where V is a finite lattice in R”, i.e., V is closed under the oper-
ations A and V. Before we explain this relation in detail it is convenient to
introduce the following notation.

Definition 9.1.1 For amap f: R, — R’ we define the following conditions:

(C1) f is order-preserving and integral-preserving.
(C2) f is non-expansive under the £{-norm and f(0) = 0.
(C3) f(A1) = Al forall A > O.

Using these conditions we subsequently define collections of maps F;(n) for
i =1,2,and 3 by

Fi(n) ={f: R} — R’ : f satisfies C1 and C3},

Fa(n) ={f: R — R : f satisfies Cl},
and
F3(n) ={f: R} — R : f satisfies C2}.

Recall that if f € Fj(n), then f is also sup-norm decreasing by Lemma
1.2.3. As each order-preserving integral-preserving map f: R} — R’ is non-
expansive under the ¢;-norm by Proposition 2.8.1, we find for each n € N
that

Fi(n) € Fa(n) € Fz(n). 0.1

It follows from Lemma 4.2.6 that there exists an a-priori upper bound for the
periods of periodic points of maps in F3(n). Therefore it is natural to define
finite sets P;(n) fori = 1, 2, 3 as follows:

P;(n) = {p € N: there exists f € F;(n) with a periodic point of period p}.
9.2)
Thus, by (9.1) we get that

Pi(n) € P,(n) € P3(n) foreachn € N. 9.3)

The main goal of this chapter is to analyze the finite sets P;(n). To do
this we first need to establish a connection with periodic points of lattice
homomorphisms.

For x, y, z € R” define

[x, i ={z€R": [lx =yl = llx =zl + llz — ¥}

Given a, b, ¢ € R, the median of a, b, and c, denoted med(a, b, c) € R, is
defined as follows: if a, b, and c are all distinct, then exactly one of the numbers
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lies between the other two. This number is called med(a, b, ¢) in this case. If
the numbers are nondistinct, then at least two are equal, and med(a, b, ¢) is
defined to be that number in that case. For example, med(0, —1, 1) = 0 and
med(1,0,1) = 1. For x,y,z € R", we define med(x, y,z) € R"” to be a
vector whose i-th coordinate is equal to med(x;, y;, z;), e.g., if x = (2, 1, 3),
y = (—1,1,3), and z = (-2,0, 3), then med(x, y,z) = (—1,1,3). A set
X C R" is called median closed if med(x, y,z) € X forall x,y,z € X. We
observe that, for each x, y, z € R”,

[x, yIi N [y, zli N [x, z]1 = {med(x, y, 2)}, 04
which has the following consequence.

Lemma 9.1.2 Let X C R”" be median closed and f: X — R" be non-
expansive under the £1-norm. If the restriction of f to {x,y,z} C X is an
{1-norm isometry, then

Jf(med(x, y, 2)) = med(f(x), f(¥), f(2)).

Proof Letm = med(x, y, z) and remark that || f(x) — f(D)|1 = llx — yl1 =
lx —m|1 + |lm — y|l1. As f is non-expansive, we deduce that

1) = FOI = 1f &) = f)ll+1fm) — fODIl = 1) — fFODh

and hence f(m) € [f(x), f(3)]1. In the same way we find that
fm) € [f(x), f(Dh and f(m) € [f(y), f(@]L. Thus, f(m) =
med(f(x), f(¥), f(z)) by (9.4). O

Now suppose that x, y € R} and z = 0. In that case med(x, y,z) = x A y.
This observation and Lemma 9.1.2 provide a connection with so-called lower
semi-lattice homomorphisms. A set V' C R” is called a lower semi-lattice if
x Ay e Viorall x,y € V. Recall that V is a lattice if, in addition, x V y is
in V foreach x, y € V. For § € R” the smallest lower semi-lattice containing
S is called the lower semi-lattice generated by S and is denoted by Vs. A map
g:V — V,where V is a lower semi-lattice, is called a lower semi-lattice
homomorphism if g(x A y) = g(x) A g(y) for all x,y € V. We remark that
each lower semi-lattice homomorphism g is order-preserving, since x < y

impliesx =x Ay < y,sothat g(x) = g(x A y) = g(x) A g(y) < g(»).

Proposition 9.1.3 If f € F3(n) and & € R’ is a periodic point of f with
period p, then f restricted to the lower semi-lattice, Vo, generated by O =
{F5(&): 0 < k < p} is a lower semi-lattice homomorphism that maps Vo onto
itself.
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Proof For m € N define

k
Um={/\yi:1§k§mandyie(9}.

i=1
We prove by induction on m that f(A/L; y") = AL, f(»'), and f restricted
to U, U {0} is an £{-norm isometry. Clearly the assertions are true for Uj.
Suppose they hold for U,,. Let A7 'y' € Upy1. Then y™ ! and AT, v
are in Uy, so that f is an £;-norm isometry on {0, y"*1, A" | y'}. Hence it
follows from Lemma 9.1.2 and the induction hypothesis that

m+1 m

FON YD = fmed™ ™, Ay 0)

i=1 i=1

= med(f ("), F(\¥). 0)
i=1

m—+1

= A\ £6".
i=1

This implies that 7 (A y)) = A" £7(') = A4y and hence each
element in U4 is a periodic point whose period divides p. From this we
immediately deduce that f restricted to Uy, +1 U {0} is an £1-norm isometry.
As O is finite, V is finite as well, and hence V = U, for some m > 1.
Thus, we find that f is a lower semi-lattice homomorphism that maps V(» onto
itself. O

It turns out thatif f € F,(n) and L is the lattice generated by a periodic orbit
of f, then the restriction of f to L is a lattice homomorphism; so, f(x V y) =
f)Vv f(y)and f(x Ay) = f(x)A f(y)forall x, y € L. To see this we first
prove the following lemma.

Lemma 9.1.4 If f € F2(n) and f has a periodic point & € R} with period
p, then \/lf:_ol f*&) is a fixed point of f.

Proof Let z = \/PZ, fX(&). As f is order-preserving, f(z) > f*(&) for all

0 < k < pand hence f(z); > \/0Zy f*(€)i = z; forall i. But Y, f(2); =
> i Zi» since f is integral-preserving, and therefore f(z) = z. O

Remark that if x, y, z € R" and z > x Vv y, then med(x, y, z) = x VvV y. This
observation and Lemma 9.1.4 together yield the next proposition. To state it
we introduce the following notion. For § € R”, the smallest lattice in R”
containing S is called the lattice generated by S and is denoted by L.
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Proposition 9.1.5 If f € Fy(n) and & is a periodic point of f with period p,
then f restricted to the lattice, Lo, generated by O = {f*(£): 0 < k < p}is
a lattice homomorphism that maps Lo onto itself.

Proof Let Vo denote the lower semi-lattice generated by O and let z =
\/,’{:& k(&) be the fixed point of f from Lemma 9.1.4. For each m € N
define

k
\/ 1<k fmandvieVO}.
Clearly there exists M € N such that Lo = Ly, as O is finite. It therefore
suffices to prove, by induction on m, that

/v =\ s forall \/v' € Ly,
i=1 i=1 i=1

and f is an £;-norm isometry on L, U {z}.

By Proposition 9.1.3 we know the assertions are true for m = 1. Now sup-
pose that the assertlon holds for each Ly with 1 < k < m. If \/ —1 V' € Ly,
then \/ -1 Lol e L;,—1 and v € L,,—1. By the induction hypothesis, f is
an £1-norm isometry on {\/ 1 Ly , V", z}. Now remark that as w < z for all
w e Lo,

m—1

med(\/v v ,z)—(\/v)VU \/vi.
i=1

Therefore it follows from Lemma 9.1.2 and the induction hypothesis that

m m—1
FO/ V') = Fmed(\/ v, 0", 2))
i=l i=1
m—1

=med(\/ f@"), f(").2)

i=1
=\/ F@".
i=1

This also implies that fP(\/'L,(v))) = /7L, fP(v) = /I, V', as each
vl € Vp satisfies fP(v') = v’ by Proposition 9.1.3. Thus, each element of L,,
is a periodic point of f, and hence f is an £{-norm isometry on L, U {z}. [

Define Qja(n) (and Qgem(n)), respectively, as the sets of possible periods
of periodic points of (lower semi-)lattice homomorphisms g : V. — V, where
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V is a (lower semi-)lattice in R"”. We obtain the following inclusions from
Propositions 9.1.3 and 9.1.5:

Pi(n) € Po(n) C Qrat(n) € Qsem(n) and  P3(n) € Qeem(n). 9.5)

To analyze the set Qgem(n) we need to further study lower semi-lattice
homomorphisms.

9.2 Periodic orbits of lower semi-lattice homomorphisms

Let V C R” be a finite lower semi-lattice in R”. Two points «# and v in V are
called comparable if eitheru < vorv < u.If A C V and there exists b € V
suchthata < bforalla € A, then A is said to be bounded from above in V and
b is called an upper bound of A in V. Likewise A is said to be bounded from
below in V if there exists b € V such that b < a foralla € A and b is called a
lower bound of A in V. If A is bounded from above in V, there exists a unique
upper bound S of A in V such that 8 < b for all upper bounds b of A in V. The
element S is called the supremum of A in V and is denoted by supy, (A). As V
is a finite lower semi-lattice in R” any set A C V is bounded from below in V
and there exists a unique lower bound « of A in V such that b < « for each
lower bound b of A in V. In fact, « = Aycaa. We call « the infimum of A in
V and we write infy (A). If A is bounded above in V, then it is easy to see that
supy (A) = infy (B), where B = {b € V: b is an upper bound of A in V}.

Lemma 9.2.1 Let V C R” be a finite lower semi-lattice and let g: V — V
be a one-to-one lower semi-lattice homomorphism. If A C V is bounded from
above in 'V, then g(supy (A)) = supy (g(A)).

Proof As V is finite and g: V — V is one-to-one, there exists an integer
p > 1 such that g?~! = g~!. This implies that g~! is order-preserving, since
g is order-preserving. From this we deduce that

g(supy (A)) = /\{g(b) : b is an upper bound of A in V'}

= /\{g(b): g(b) is an upper bound of g(A) in V}
= Supv(g(A)),

and we are done. O

If V C R” is a finite lower semi-lattice, then for x € V with x # infy (V),
we define the height of x in V by



218 Dynamics of integral-preserving maps

hy (x) = max{k > 1: there exist yO, R yk € V with yk =x

and y' <yt for0 <i < k).

We define Ay (x) = 0 if x = infy(V), and we note that 2y (x) > O for all
x € V with x # infy (V). Forx € V we write S, = {v € V: v < x} and we
call x irreducible in V if either Sy = @ or

supy (Sx) < x. (9.6)

Irreducible elements play a key role in the analysis of lower semi-lattice homo-
morphisms. The following basic result from lattice theory will be particularly
useful.

Lemma 9.2.2 [fV C R" is a finite lower semi-lattice, then for each x € V we
have that

x =supy{v € V:v < x and v irreducible in V}. 9.7)

Proof To prove the lemma we first show the following claim: if for each
irreducible v in V with v < x we have that v < y, then x < y.

To prove the claim we suppose that x £ y. Consider the set A = {v €
V:iv < xandv £ y}. Clearly A is non-empty, as x € A. Since V is finite,
A has a minimal element w € A, i.e., there exists nou € A withu < w
and u # w. To prove the claim it suffices to show that w is irreducible in V.
Consider supy, (Sy). For each v € S, we have that v < x and v < y, as w is
a minimal element of A. This implies that supy, (Sy) < y. Asw £ y, we get
that w # supy (Sy,) and hence w is irreducible in V.

Using the claim it is now easy to prove (9.7). Indeed, let y € V be an upper
bound of {v € V: v < x and v irreducible in V}. Then for each irreducible
v € V with v < x we have that v < y. Thus, by the claim, x < y and hence
(9.7) follows. O]

If x is an irreducible element in a finite lower semi-lattice V € R” and
Sy # 0, then we define Iy (x) by

Iy (x) = {i: supy (Sy)i < x;}.

If Sy is empty, so x = infy (V), then we put Iy (x) = {1, ..., n}. The irre-
ducible elements turn out to be very useful in the study of periodic points of
lower semi-lattice homomorphisms, as we shall see now.

Lemma 9.2.3 If V C R" is a finite lower semi-lattice and f: V — V is
a one-to-one lower semi-lattice homomorphism, then the following assertions
are true:
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(i) If y € V, then hy (y) = hy (f*(y)) for all k > 1.
(ii) If y is irreducible in V, then f¥(y) is irreducible in V for all k > 1.
(iii) If y and y' are irreducible elements in V, and y and y' are not
comparable, then

Iy(y)NIy(y) =0.

(iv) If y is an irreducible element in V and y is a periodic point of f with
period p, then 1 < p < n.

Proof To prove the first statement we remark that, as V is finite and f is
a one-to-one lower semi-lattice homomorphism, there exists ¢ > 1 such
that f9(v) = v for all v € V. This implies that f~! and f are both
order-preserving and hence hy (y) = hy (f*(y)) forall k > 1.

If y is irreducible in V and hy (y) = 0, then Ay (f¥(y)) = 0 for all k > 1,
so that fX(y) = y = infy (V) and the assertion follows. Now if &y (y) > 0,
then Sy and Sy, are non-empty. Since f and f ~1 are order-preserving, we
find that f k(Sy) = Spk(y- It therefore follows from Lemma 9.2.1 that

supy (S pr(y)) = fk(supV(Sy)) < ff).

as y is irreducible. Therefore f*(y) is irreducible in V.

To show the third assertion we suppose that y and y’ are two non-comparable
irreducible elements in V and i € Iy (y) N Iy (y). As y and y’ are not compa-
rable, y Ay’ < yandy Ay <y . Thus (y AY); <y and (y AY); <y, as
y and y’ are irreducible in V, which is impossible.

To verify the last assertion we remark that, by (i),

hy () = hy (F()) = ... = hy (f"7 (),

sothat y, f(y), ..., fP~1(y) are noncomparable irreducible elements by (ii).
It now follows from (iii) that Iy (f¥(y)) are pairwise disjoint non-empty
subsets of {1, ...,n} for 0 <k < p. This implies that p < n. O

Lemma 9.2.3 has the following immediate consequence for the periods of
maps f € F3(n). Recall that the period of f: R — R’} in F3(n) is the least
integer p > 1 such that limg_, o kP (x) exists for all x € R”%, and lem(S)
denotes the least common multiple of elements in S.

Corollary 9.24 If f € F3(n), then f is periodic and its period divides
Iem(1, 2, ..., n).

Proof By Corollary 4.2.5 and Lemma 4.2.6 it suffices to show that the period
of each periodic point of f divides lem(1, 2, ...,n).Letx € R’jr be a periodic
point of f € F3(n) with period p. Let O(x) denote the orbit of x under f
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and let V be the lower semi-lattice generated by O(x). If g is the restriction
of f to V, it follows from Proposition 9.1.3 that g: V — V is a lower semi-
lattice homomorphism that maps V onto itself. By Lemma 9.2.2 we know that
x = sup,(S), where S = {v € V: v < x and v irreducible in V'}. It follows
from Lemma 9.2.3(iv) that each v € S has period p,, where 1 < p, < n. Now
let g = lem({p,: v € S}) and remark that

g9(x) = g4(supy (S)) = supy (g7(5)) = supy (S) = x

by Lemma 9.2.1; so, p divides g. As ¢ divides lem(1, 2, ..., n), we are done.
O

It turns out that the upper bound in Corollary 9.2.4 is sharp. In fact, we will
see that there exists amap f € Fi(n) that has periodic points with period p for
all p € Pi(n). As {1,2,...,n} C Pi(n), it follows that lem(1, 2, ...,n) is a
tight upper bound for the possible periods of maps in F3(n). The construction
of this map is somewhat laborious, but, as it will be useful to us later, we
discuss it in detail here.

We write R” = {x € R": x < 0} and denote D" = R”. UR" . Let S: R? —
RR? be given by

Sxr,x) = ((x1 VO)+ (x2 A0), (x; AO) + (x2 V0)) forall (x1, x2) € R>.

We claim that S? is an order-preserving integral-preserving sup-norm decreas-
ing retraction onto D?. Indeed, it is easy to verify that S is order-preserving
and integral-preserving. Moreover, S(A1) = A1 for all A € R and hence S is
also sup-norm decreasing. The map S also has these properties. To see that
$2 is a retraction onto D? we remark that if x1 > 0and xp <0, then

(x1 +x2,0) ifx;+x>0

s? =
(x1, x2) { 0,x1+x2) ifx;+x <0.

Similarly, if x; < 0 and x, > 0, then

2 (x1 +x2,0) ifx;+x <0
S7(x1,x2) = :
O, x1 +x2) ifx;+x>0.
From these observations it is easy to deduce that S is a retraction onto .
Next we prove an auxiliary lemma involving the map S.

Lemma 9.2.5 There exists a retraction ¢ : R" — R”" onto D" which is order-
preserving, integral-preserving, and sup-norm decreasing.
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Proof For1 <1i, j <nwithi # jlet S;;: R" — R" be given by

X% ifi #kand j #k
Sijk =9 VO +&x; A0 ifk=i
X A0+ (x; vO) ifk=j.

Define R;j(x) = Sizj (x) for all x € R". As in the paragraph preceding this
lemma, it can be shown that

(1) R;; is order-preserving, integral-preserving, and sup-norm decreasing.

(2) If k # i and k # j, and we define y = R;;(x), then y; = xy.

(3) R;j isaretraction onto D;; = {x € R": x;x; > 0}.

(4) If x; <0and x; > 0, then either y; <Oand y; = 0,0ory; =0and y; > 0.
The exactly analogous statement holds if x; > 0 and x; < 0.

Using these properties of the maps R;; we complete the proof by induction
on n. We already know that the assertion is true for n = 2. Assume that the
lemma is true for all m < n — 1, where n > 3. Let ¢’: R""! — R" ! be
an order-preserving integral-preserving sup-norm decreasing retraction onto
D", Define ¥ : R* — R" by

V(x1,x) = (x1,¢'(x)) forx; €e Randx € R" 1.

Clearly v is the identity on D" and  is order-preserving, integral-preserving,
and sup-norm decreasing.

By using the map 1 we subsequently define the retraction ¢ : R” — R" by
@ = Rjp0Ri30---0 Ry, oy. By construction ¢ is order-preserving, integral-
preserving, and sup-norm decreasing. Moreover ¢ is the identity on D", and
hence we only need to show that ¢ maps R” onto D".

Put y = ¥ (x) and remark that by the induction hypothesis either y; > 0
forall2 <i <m,ory; <O0forall2 <i < n. Suppose that y; > 0 for all
2 < i < n.(The proof for the other case is similar to this one.) If y; > 0, we are
done. So assume that y; < 0. If y; 4+ y, > 0, then a simple calculation shows
that Ry, (y) = (0, y2, y3,...,y1 + yu) € D" This implies that ¢(x) € D"
in that case. Now assume that y; 4+ y, < 0. In that case Ry,(y) = (y1 +
Yn, Y25 -+, ¥n—1, 0). If we subsequently apply the map Rj¢—1), we find that
Rigi—ny(R1in(3) = 0,2, ¥3, o, Y2, Vi +Yn1+ Y0, O if y1+yu1+yn >
0,and Ri(n—1)(R1n () = 1+ Yu—1+Yn,» Y25 - Yn—2,0,0)if y1 +y, 1 +
yp < 0. Thus, if y; 4+ y,—1 + y» > 0, we see that ¢(x) € D", and we are done.
On the other hand, if we assume that y; + y,—1 + y, < 0, we can repeat the
argument to conclude that either Ryj o --- o Ry,(y) € D" for some j > 3, in
which case ¢(x) € D", or Rjz30---0 Ry,(y) € D" and
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n
R13 O"'ORln(y) = (yl +Zyk7 y2707"'50)7
k=3

where y; + Y y_3 v <Oand y» > 0. Letz = (21,22,0,...,0) = Rjz30--- 0
R1,(¥). A simple computation shows that

R (Z)—{ 0,21 +22,0,...,0) ifz14+220>0
12 (z1 +22,0,0,...,0) ifz;+2z<O.
Thus, ¢(x) = Ri2(z) € D", and we are done. 0

The retraction in the previous lemma is the main ingredient in the proof of
the following proposition.

Proposition 9.2.6 If0=ap <a; < ... <arinRand
Bj={xeR|:a;1 <x<ajl} for0<j<k
and

By = {x e R : a41 < x},
then there exists a retraction r € Fy(n) onto B = U];:oB -

Proof The proof goes by induction on k. First assume thatk = 1. Letp: R" —
R" be the retraction from Lemma 9.2.5 and define r: R", — R by

r(x) =¢x —ajl)+a;l forallx e Rrjr.

For each x € R’ we have that r(x) > r(0) = ¢(—a;1) + a;1 = 0, so that
r(x) € R It is easy to verify that r € F(n). As ¢(x — a11) € D", we find
that r(x) € By or r(x) € By. Butalso if x € By U By, then x — a;1 € D" and
hence p(x — a;l) = x — a1, so that r(x) = x. Thus, r is a retraction onto
B = ByU B.

Nowlet0) = ap < a1 < ... < ar < akx4+1 in R and let B} = B; for
0 < j < k, where B; is as in the statement of the proposition. Furthermore
let By = {x € R : 41 < x < ay411} and B,’(Jrl ={x e R}: a1l < x).
By induction there exists a retraction ¢ € Fj(n) onto B = U’J‘.IOB j» Where
B = B} for0 < j < kand By = {x € R : @41 < x}. Using the map
¢: R" — R”" from Lemma 9.2.5 we first define r": R’} — R’} by

r'(x) =@ —arp1l) + axp 1 forallx € R

Subsequently let r: R, — R’ be givenby r = o or’. Asr',0 € Fi(n),
we have that r € Fi(n). To see that » maps R} onto B’ = U/;z(l)B}, we let
x € R and put £ = r'(x). Then ag+11 < & or & < ag11. In the first
case & € By, so that 0(§) = & and hence r(x) € B’. On the other hand if
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& < ax411, we know that 0(§) € B and 0(§) < o(ar+11) = ar4+11 and
therefore o (x) € U];:OB} C B’. We leave it to the reader to verify that r is a
retraction. O

The linear maps induced by the n x n permutation matrices are in Fj(n).
So, the set

L(n) = {p: p is the order of a permutation on n letters}
={lem(py,...,p): p1,---, Pk € NandZI;:] pj < n}
is contained in P;(n) for all n.

Theorem 9.2.7 For n € N there exists a map f € Fi(n) such that for each
p € P1(n) the map f has a periodic point with period p. In particular, f has
periodlem (1,2, ..., n).

Proof As P1(n) = {p1,..., pm} is finite, there exist maps fi1,..., fim €
F1(n) such that f; has a periodic point x/ with period p jforl < j < m.
For each x/ we select aj > 0 such that x/ < a;1. Define a; = Z§=1 a;j for
1 < k < m and put agp = 0. We know from Proposition 9.2.6 that there exists
a retraction » € F(n) onto B = U;f’z_olBj, where B; = {x € Rﬁ: ajl <x=<
ajril}forl < j<m—1land By ={x e R} :a,_11 < x}.

Now consider f € Fj(n) given by

fx)=firx)—aj11)+aj11 forr(x) e Bj_;.

For j # k we have that B; N By is either empty or consists of a single vector A1
with A > 0. As each f; € Fi(n), we see that f is well defined. Moreover, if
we letgj = x/ +aj—11,thena; 11 < Ej <ajl,sothat§ € B;_;. Therefore
&/ is a periodic point of f with period p j- We leave it to the reader to check
that f € Fi(n).

The map f has period lem (py, ..., pm). As L(n) S Pi(n), it follows
that lem (1, 2, ..., n) divides the period of f, and hence we conclude from
Corollary 9.2.4 that f has period lem (1, 2, ..., n). O

This shows that Ilcm (1, 2, ..., n) is a sharp upper bound for the possible
periods of maps in JFi(n). This upper bound is, however, far from optimal
for the individual periods of the periodic points of maps in Fj(n). To gain
further insight into the set of possible periods of the periodic points, we need
to examine the periodic points of lower semi-lattice homomorphisms more
closely. It will be convenient to introduce the following technical definition.

Definition 9.2.8 Suppose that W is a lower semi-lattice in R"” and that
g: W — W is alower semi-lattice homomorphism which has a periodic point
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& € W with period p. Let V be the lower semi-lattice generated by the orbit
of & under g and denote the restriction of g to V by f. A finite sequence
(' )iL, € Vis called a complete sequence for & if it satisfies

() Yy <é&forl <i<m,
(i) y' isirreduciblein V for 1 <i < m,
(iii) p =lem(py, ..., pm), where 1 < p; < n is the period of yi under f,
) hy(y) < hy(y*Dforl <i <m,
(v) y' and y/ are not comparable for all i # j, and
vi) OG5 )N O; f) =@ foralli # j.

The following result shows that each periodic point of a lower semi-lattice
homomorphism has a complete sequence.

Proposition 9.2.9 If W is a lower semi-lattice in R" and g: W — W isa
lower semi-lattice homomorphism which has a periodic point & € W, then
there exists a complete sequence for &.

Proof Let V be the lower semi-lattice generated by the orbit of £ under g and
let f denote the restriction of g to V. By Lemma 9.2.2 we have that

& =supyf{v e V:v <& and v irreducible in V}. 9.8)

Now let U be a minimal subset of {v € V: v < & and v irreducible in V} such
that £ = supy (U). Suppose that |[U| = m and write U = (z',...,2"}. By
relabeling we may assume that hy (z') < hy(z't!) forall 1 < i < m. As
m is minimal and § = supy (U), we know that for each 1 < k < m there
exists 1 < i < n such that zf.‘ > max{zi]: 1 < j <mandj # k}. Therefore
22, .., 7" are pairwise incomparable. From Lemma 9.2.3 it follows that
the period, pg, of z* under f is at most n. Moreover, each py divides p, as
fP() =vforall v € V. Thus, if we define ¢ = lem(py, p2, ..., pm), then g

divides p. On the other hand,

&) = fiGsupy({zl, ..., ")) =supy (!, ..., ") =&

by Lemma 9.2.1. Therefore p divides g, so that p = q.

Thus (zF )i, is a sequence in V' that satisfies properties (i)—(v) in Definition
9.2.8. To make it satisfy the last property we remove elements in the following
way. Let y! =zl If y/ = z°0) for 1 < j < k, where o (j) < o(j + 1) for
1 < j < k, then we put y**!1 = z7&+D where o (k + 1) is the first index
with o (k) < o (k 4+ 1) < m such that the orbit O(z°*+D; ) is disjoint from
all orbits O(z°Y); f) with 1 < j < k. By construction the finite sequence
% )i_, satisfies properties (i), (i), and (iv)—(vi) of Definition 9.2.8. It also
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satisfies the third property. Indeed, p; = p; whenever the orbits of 7 and 7/
are not disjoint, so that

p=lem(p1, ..., pm) =lem({q; : g; period of y'}).
Thus, (y")lf=1 is a complete sequence for &. O

Using the complete sequences we can associate a semi-infinite integer
matrix (a;;), where 1 < i < m and j € Z, with a periodic point of a lower
semi-lattice homomorphism in the following way. Let £ € W be a periodic
point of a lower semi-lattice homomorphism g: W — W with period p. Let
V C W be the finite lower semi-lattice generated by the orbit of £ under g and
denote the restriction of g to V by f. Thus, f: V — V is a one-to-one lower
semi-lattice homomorphism on V. By Proposition 9.2.9 there exists a complete
sequence (y' )it for&. Let p; denote the period of y' under £. It follows from
Definition 9.2.8(ii) and Lemma 9.2.3(ii) that f/(y") is irreducible in V for all
1 <i <mand j € Z. Therefore, I'v(f/(y')) is non-empty, and hence we can
select foreach 1 <i <mand 0 < j < p; an integer a;; € Iv(f! (). For
general j € Z we define a;; by

ajj = ajx where 0 <k < p; and j = k mod p;.

We note that a;; € Iy (f/(y")) forall 1 <i <m and j € Z, because y' has
period p; under f. The resulting semi-infinite matrix (a;;) is called an array
of €. It turns out that these arrays satisfy certain arithmetical and combinatorial
constraints. To analyze these constraints we introduce in the next section the
notion of an admissible array on n symbols.

9.3 Periodic points and admissible arrays

An admissible array on n symbols is a semi-infinite matrix in which the entries
are taken from a finite symbol set ¥ = {1, 2, ..., n} and the rows have to sat-
isfy certain arithmetical and combinatorial conditions. The precise definition
is the following.

Definition 9.3.1 Let (L, <) be a finite totally ordered set and let ¥ =
{1,2,...,n}. Foreach A € L let ¥, : Z — X be a map. The semi-infinite
matrix ¢ = (9,(j)), where A € L, j € Z, and the rows are ordered accord-
ing to their height in (L, <), is called an admissible array on n symbols if ¥
satisfies the following:
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(i) For each A € L there exists an integer | < p; <nsuchthat ) :Z — X
is periodic with period py; so, 9, (s + pr) = U(s) for all s € Z and
(s) £ () foralll <s <t < py.

(i) If A1 < Ap < ... < A,41 is a sequence of distinct elements in L and

O (si) = Oy, (6) forl <i <,

then
r
Z(ri —5;) #Z0mod p, where p =ged({py,: 1 <i <r+1}).
i=1
Here gcd(S) denotes the greatest common divisor of the elements of S.
The period of an admissible array is defined to be the lem({p,: A € L}).
Furthermore, for n € N we let

Q(n) = {p € N: pis the period of an admissible array on n symbols}.

We shall see that any array of a periodic point of a lower semi-lattice
homomorphism g: W — W, where W C R”, is an admissible array on n
symbols. Before explaining this relation in detail, we make some basic obser-
vations about admissible arrays. First, we remark that we can always take
L = {1,2,...,m} where the ordering is the usual ordering. The advantage
of the more general definition, however, is that we can easily talk about sub-
arrays. In particular, if L’ € L and the ordering on L’ coincides with the
ordering on L, then ©' = (%, (j)) where A € L’ is also an admissible array on
n symbols. Such an array is called a sub-array of ¥.

It is easy to see how the first property of an admissible array fits with the
arrays of periodic points of lower semi-lattice homomorphisms. Indeed, if (a;;)
is an array of a periodic point of a lower semi-lattice homomorphism, then
a;j(j) + a;j is periodic map from Z to {1, 2, ..., n} with period p;, and 1 <
pi < n by Definition 9.2.8(ii) and Lemma 9.2.3(iv). Moreover, if a;; = aji
for some 1 < j < k < p;, then by construction Iy (f/(y")) N Iy (f¥(y'))
is non-empty, so that f/(y’) and f¥(y’) are comparable by Lemma 9.2.3,
which is impossible, as the orbit of y’ is an anti-chain. Thus, a; i # aj for
all 1 < j < k < p;. This shows that the array (a;;) satisfies the first property
in Definition 9.3.1.

It turns out that the second property in Definition 9.3.1 also holds. To see
this we need to think about the information that is encoded in the array (a;;)
of the periodic point of the lower semi-lattice homomorphism. Recall that the
entry a;; corresponds to the element f/(y’) for 1 <i < mand j € Z, and
that both f and f~! are order-preserving on the lower semi-lattice generated



9.3 Periodic points and admissible arrays 227

by the periodic orbit of &. From the array (a;;) we can read off which elements
in {f/(y/):1 <i < mandj e Z} are comparable. For example, suppose
that there exist i1 < i < i3 such that a; 5, = a;,,, and a;,5, = aj,;, for some
S1, 11,82, 1y € Z. Then we know that f*! (yi') and f" (yi2) are comparable and
£52(y2) and f2(y") are comparable by Lemma 9.2.3. Moreover it follows
from properties (iv) and (vi) in Definition 9.2.8 that

FROM < M) and () < 200,
as iy < ir < i3. Since f and f~! are order-preserving, we know that
fsl+k(yi1) < fiz-‘rk(yiz) and fS2+m(yi2) < f12+m(yi3)
for all k, m € 7Z. In particular,
yi] E fl]—AX‘|(yi2) and yiz S ftz—sz(yi3)
and hence
yil < f(t1—S1)+(tz—Sz)(yi3).

By construction, the elements of the complete sequence (y");":1 are not com-

parable, and hence (t; —s1) + (12 —s2) # 0 mod p;,. A pictorial representation
of the situation is given in Figure 9.1.
We can generalize this idea slightly to deduce that

(t1 — 51) + (12 — s2) Z 0 mod p,

where p = gcd(p1, p2, p3), as follows. We know there exist Ay, A, Az € Z
such that

Aip1+ Azpa + A3p3 = p.

So, if (t; — s51) + (2 — s2) = 0 mod p, then there exist By, By, Bz € Z such
that

(t1 —s1) + (82 —52) — (B1p1 + Bapa + Bap3) = 0.

2 4
A3 \
\2 3 N\ 6 7
A2
-
» 5.1 1

Figure 9.1 Admissible array.
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Using the periodicity of y!, y2, and y>, we find that
FrOMm = Ry < f1%) and f2(y2) = fERRGR) < 20,
This implies that

yil < f(t|—S1)—BIP1 (in) and yiz < f(tz—Sz)—szz (yi3)’

so that y't < f#(y3), where 1 = (t; —s2) + (12 —s52) — B1 p1 — B p>. From the
fact that f~53P3(y3) = y’3 we now deduce that y't < fA=Bir3(yiz) = i3,
which is impossible.

Generalizing these observations further leads to the following result.

Proposition 9.3.2 Let W be a lower semi-lattice in R" and let g: W — W
be a lower semi-lattice homomorphism which has a periodic point ¢ € W
with period p. Let (a;j), where 1 < i < m and j € Z, be an array of &.
Putr¥ = {1,2,...,n}and let L = {1,...,m} be equipped with the usual
ordering. If we define v = (V.1 Z — X) by

U(j) =an,j forallk e LandjeZ, 9.9)
then ¥ is an admissible array on n symbols with period p.

Proof Let V.C W be the finite lower semi-lattice generated by the orbit of &,
and let f denote the restriction of g to V. Assume that (a; j),wherel <i <m
and j € Z, is an array of £ and suppose that (y");”=1 is a complete sequence
for & that generates this array. Also let p; denote the period of y' under f for
1 <i<mPutX ={1,...,n}and equip L = {1, ..., m} with the usual
ordering. Define ¢ = (¢,.(j)) by (9.9).

By construction a;, j = aj jip, forall j € Z and A € L. Moreover, if
ay,j = ax, then Iv(f/ (y)‘)) N Iv(fk(y)‘)) is non-empty and hence Lemma
9.2.3 implies that f/(y*) and f*(y*) are comparable. But, as f is order-
preserving and y* is a periodic point of f, the orbit of y* is an anti-chain
and hence f/(y*) = f¥(y*). This implies that j = k 4+ mp;, for some m € Z,
which completes the proof of the first property in Definition 9.3.1.

To prove the second property suppose that there exist s1, ..., Sy, t1,..., %
in Z and distinct A1 < A2 < ... < Ar41 in L such that

0y, (si) =y, () forl <i <r.
Let p = gcd({p;,;: 1 <i <r + 1}). Suppose, by way of contradiction, that

-
Z(l,‘ —s;) =0 mod p.

i=1
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Then there exist By, ..., Br41 € Z such that
r r+l1

D i —s) =) Bipy =0. 9.10)
i=1

i=1
As 93, (s;) = Oy, (%), we know that [ (y*) and f'i (y*+1) are comparable
by Lemma 9.2.3. Since A; < X;4+, we conclude from Definition 9.2.8 that
ity < flighity forl <i<r. 9.11)
As f is order-preserving and y* has period p;,, we deduce from (9.11) that
yhi < fU=sD=Bip (yrivy forl <i <. 9.12)

Applying (9.12) iteratively gives

r r
Y < UMY, wherev =) (6 —si) — Y Bipa,.
i=1

i=1

Now put 4 = —B11p;,,, and remark that, as f/*(y*+1) = y*+1_ it follows
from (9.10) and (9.12) that

y)hl < fv+,u(y)~r+1) — y)w-l_
But this contradicts property (v) in Definition 9.2.8, and we are done. 0
This proposition yields the following inclusions.

Theorem 9.3.3 For each n € N we have that

Pi(n) € Po(n) € Qua(n) € Q(n) and P3(n) S Qsem(n) S Q(n).
Proof By (9.5) it remains to be shown that Qs¢em C Q(n), as Qa(n) <

Osem(®). If p € Qgem(n), then there exist a lower semi-lattice homomor-
phism g: W — W, where W is a lower semi-lattice in R”, and a periodic
point § € W of g with period p. Let (a;;) be an array of & and define # as in
Proposition 9.3.2. Then ¥ is an admissible array on n symbols with period p,

and hence p € Q(n). ]

Although the definition of an admissible array is somewhat complicated, the
set Q(n) can be computed in finite time. Of course this becomes increasingly
hard as n increases. We shall discuss this issue in the next section, but first we
prove the following striking equalities:

Py(n) = P3(n) = Qa(n) = Qsem = Q(n) foralln € N.

We note that these equalities do not involve the set Pj(n). In fact, at present a
complete combinatorial description of Pj(n) is unknown.



230 Dynamics of integral-preserving maps

To show that P,(n) = Q(n) we need to construct for each p € Q(n) an
order-preserving integral-preserving map f: R} — R’ and a periodic point
of f with period p. It turns out that we can associate with each admissible
array ¢ a sand-shift map fy € F»(n) that has a periodic point with the same
period as v

Recall from Section 1.6 that a sand-shift map is defined in the following

manner. Let Cq, ..., C, be containers each containing a finite amount of sand,
x;,and let x = (x1,...,x,) € ]R’:L. Assume that with each container C; an
infinite sequence of buckets b;1, bi2, ... is associated. Let v;; denote the vol-

ume of bucket b;; and assume that anozl vim = oo for all i. Now for each
container C; pour the contents of C; into bucket b; until either b;; is full or C;
is empty. If b;; is full the remaining sand in C; is poured into b;» until either
bz is full or C; is empty. If b;» is full the process is repeated until C; is empty.
The amount of sand in bucket b;j is given by

k—1
My (x) = min (vik, max(x; — > vim, 0}). (9.13)
m=1

To get the sand back into the containers we use a fixed rule y: {1,...,n} x
N — {1,..., n} by pouring the contents of bucket b;; into container Cy  x)
for 1 <i < nand k € N. The new distribution of sand in the containers is
givenby y = (y1, ..., yu) € R’, where

yj = Z Mix(x) forl < j <n.
y(i.k)=j

The map f, : R} — R’ is called a sand-shift map with rule y .
For our purposes we can assume that each bucket has volume 1. So, (9.13)
reduces to

M;r(x) = min (1, max{x; —(k—1), 0}) foralll <i <nmandk € N. (9.14)

It turns out that given an admissible array ¢ we can specify a rule yyp, so that
the associated sand-shift map has a periodic point whose period coincides with
the period of 9.

To formulate the rule yy, it is convenient to first collect some notation. Let
¥ = (Py: Z — X | A € L) be an admissible array on n symbols with period
p. We write R(9,) = {0,(q): g € Z} to denote the range of ¥#,. For each
symbola € X welet A, ={A € L: a € R(¥,)} and we put k(a) = [Ag4|. If
k(a) > 0, we label the elements of A, by A1(a) < Ax(a) < ... < Ac@)(a).
Using this notation we now define a rule y, as follows.
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Definition 9.3.4 Given an admissible array 9 = (9,: Z — X | A € L)onn
symbols with period p, the rule yp: {1,...,n} x N — {1, ..., n} is defined
as follows:

(@ Ifl1 <i<mnand1 <k < «k(i), then
vo (i, k) = Oy, )(s + 1), where s is such that i = ¥, ;)(s).
(b) If 1 <i <nandk > «(i), then
yo (i, k) =1i.

Moreover, we denote by fy: R} — R’} the sand-shift map with rule y; and
where each bucket has volume 1.

We remark that the rule y is well defined, as the maps @, are periodic with
period p, and ¥, (s) # ¥, (¢t) whenever 0 < |s — t] < p;.

The idea is to show that the sand-shift map f: R’} — R’} has a periodic
point with period p, if ¢ has period p. To construct this periodic point it is
useful to introduce the following auxiliary numbers.

Definition 9.3.5 Given an admissible array 9 = (9,: Z — X | A € L)onn
symbols, we define, for each g € Z,a € X, and A € L, numbers 5:,1, , by

1&gl =1/2if 0i(q) = a,
2. EZ,)\ = 1 if there exist distinct A} < Ay < ... < Aq41in L with A = A and
there exists § € Z such that a = ¥, (g — §),

05, (si) =, (1) forl <i<r,
and
,
Z(ti —s;)=06mod p, where p=ged({py;:1=<i=<r+1}),
i=1
3. £, = 0 otherwise.

For example, in Figure 9.1, éf’h = E-ka = 51011 =1/2and Sé{/\z = ngl =1.
For each ¢ € Z we subsequently define £¢ € R’} by

gl => &, foralll <i=<n. 9.15)
A€l
We shall see that £7 is a periodic point of the sand-shift map fy and has the
same period as the admissible array ¢. To prove this we first collect some basic
properties of the numbers EZ! e
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Lemma 9.3.6 Ifv = (Wp:Z — X | A € L) is an admissible array on
n symbols and the numbers 55’)\ are defined as in Definition 9.3.5, then the
following assertions hold:

(i) The numbers 55, , are well defined.
(i) Ifa & R(9;), then & , = 0.
(iii) If €], > O, then gj,x, = 1forall N < A witha € R(%;/).

Proof The second assertion follows immediately from the definition of Ej, ,-To
prove (i) we argue by contradiction. Assume that simultaneously Ej, ,=1/2
and éZ’A = 1. Then there exist distinct A < A2 < ... < Apq1in L withA; = A
and there exists § € Z such that ¥, (¢ — 8) = a,

Oy (si) =0, () forl <i<r,

and
,

Z(t,- —s;) =06 mod p, where p=ged({py;:1=<i=<r+1}).
i=1

But also 9 (g — 8) = 9,(q) = a, as 5;1,)\ = 1/2. Since 9, is periodic with

period p; and 9, (s) # U, (¢) for all 0 < |t — s| < p;, we deduce that § =
0 mod p,. This, however, implies that

,
Z(ti —5;) =0 mod p,
i=1

which contradicts the second property in Definition 9.3.1.

To prove the last assertion we assume that an’ , > Oandlet )’ < A be such
that a € R(¥,/). There are two cases to consider: Saq’k = 1/2 and ’;‘g’k = 1.
In the first case ¥, (q) = a. Since a € R(¥y) there exists k € Z such that
Uy (k) = a.Put § = g —k and remark that 9,/ (k) = ¥,.(q) and a = 9,/(q —§).
Moreover, ¢ —k = § mod p, where p = gcd(p,’, p,) and hence EZ,N =1.0n
the other hand, if ég) ,, = 1, then there exist distinct Ay < A2 < ... < Ay411n
L with A1 = X and there exists § € Z such that ¥, (g — §) = a,

V05, (si) = 0y, () forl <i <r,

and

-
Z(t,- —s;)=06mod p, where p=ged({py;:1=<i=<r+1}).

i=1
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As a € R(Py), there exists k € Z such that ¥/ (k) = a. Put Ay = A/, 59 = k,
th=q—38,8 =q —k,and p’ = gcd(p, py,)- Clearly

0, (8i) = 1_9)”.“([,') forO<i<r

and a = 9,,(q — 8'). Moreover, there exists m € Z such that

.
Z(Ii—Si)=f0—so+3+m,0=q—5—k+8+mp=q—k+mp.
i=0

Since p’ divides p and 8’ = g — k, we find that

,
Z(l‘i —s;) =6 mod p’

i=0
and hence 53 o =L O

We now use Lemma 9.3.6 to prove that £7 is a periodic point of the sand-
shift map f3: R, — R’ with the same period as ¥.

Proposition 9.3.7 Let v = (9,: Z — X | A € L) be an admissible array
on n symbols with period p and let fy: R — R be the sand-shift map
with rule yy given by Definition 9.3.4. If €1 € R is given by (9.15), then
fo(ED) = &9 and £9 is a periodic point of fy with period p.

Proof The proof of this proposition is based on the following two claims.
Claim 1.

£ a = Eg:?éﬂ)’k forallg,s,t € Zand A € L.
Claim 2.
ay. — q .
fo (D)= Zém forallg € Zand 1 < j < n.

(i)
D ()=i, D (s+1)=j

If we assume these claims for the moment, the proof of the proposition can
be completed in the following manner. It follows from the claims and Lemma
9.3.6(ii) that

fo (D) = Z g, = Z 53:Esl+1),x = Z E;‘I,j\rl :§7+1

(i) i reL: jeR())
D (s)=i, " (s+1)=j D (s)=i, I (s+1)=j

forallg € Zand 1 < j < n. Thus, f(£9) = £9%! for each ¢ € Z. To verify
that £7 is a periodic point of fy we first remark that if i = 9, (s), then

q _ &9 _ 91D _ £9+Da
%_i,)n - gzh(s),)» - Eﬂ)h(s—&-p;‘),)n - Ei,k
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by Claim 1. On the other hand if i ¢ R(¥), then &7, = £7""* = 0 by Lemma
9.3.6(ii). This implies that £977 = £9 for all ¢ € Z and p = lem({py: A €
L}), and therefore f7(£9) = &49.

Let us now fix g € Z. To show that p is the period of £7 under fy, let © > 1
be the smallest integer such that f#(£9) = £9. We need to prove that p;
divides p for all A € L. So, let A € L and suppose that 9, (q) = j. It follows
from Lemma 9.3.6(iii) that A is the only element in L such that S;{ , = 1/2.
Therefore §7 = >, ; &7, is not an integer. This implies that S;.H'“ is not an
integer, as é;”” = f#"(€7); = &]. Therefore there exists a unique ' € L such
that 5.7’:,“ = 1/2and ¥),(q + u) = j. If M < A, then it follows from Lemma
9.3.6(iif) that £/ ™" < &7. Likewise, if & < A/, then &7 < &/ Thus, » = 1/,
as f;‘]q = S;.H“ . From this equality it follows that 9 (¢ + 1) = j = ¥,(q) and
hence p; divides p by Definition 9.3.1(i). Thus, £4 has period p under fy.

To complete the proof it remains to show the claims. To prove the first claim
we distinguish two cases: ng(sm = 1/2 and 51;1“&)’)‘ = 1. Note that if we
can prove the equality in these two cases, the equality will also hold whenever
%mJ:OlM$MA:UlmmﬁmﬁzﬁmwMMMMmh@+ﬂ:
Vu(g+1),sothat&"" =1/2=¢] . Onthehandif&] . =1, then
there exist distinct A} < A < ... < A,41 in L with Ay = X and § € Z such
that 9;,(s) = P(g — 9),

V5, (si) = Wy, (&) forl <i <r,

and

;
Z(ti —s;)=06mod p, where p=ged({py,:1=<i=<r+1}).

i=1

As ) (s) = Uir(g — §), we know that ¥, (s + 1) = V(g + ¢t — &), so that

q+t _ _ &9
Ep st = L =89, (-

To obtain the second claim we remark that

fo@EDj = Y Mg(E?) forl<j<n,

yo (i,k)=j

where M (§9) = min{1, max{} , ., éfl — (k — 1), 0}}, as the buckets have
volume 1. It follows from Lemma 9.3.6 that

gl ifk < k()
M (£9) = i, A (i)
i) 0 otherwise.
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Now by using Definition 9.3.4 we deduce that
PED; = Y Mp@ED = Y Ea= Y&

(k) yy (ik)=] (@K): yo (k=] (A):
Dh. ()=, " (s+1D)=j

which completes the proof. O

Combining this proposition with Theorem 9.3.3 yields the following
equalities.

Theorem 9.3.8 For each n € N we have that
Pr(n) = P3(n) = Qrat(n) = Qsem(n) = Q(n).

Proof By Theorem 9.3.3 and the fact that P>(n) € P3(n), it suffices to show
that Q(n) € P>(n). So, suppose p € Q(n). Then there exists an admissible
array on n symbols with period p. Let fy: R} — R’} be the sand-shift map
defined in Definition 9.3.4 and let £€° be defined by (9.15). It follows from
Proposition 9.3.7 that £° is a periodic point of fy with period p. As fy €
F>(n), we conclude that p € Py(n). O

We mentioned earlier that this theorem leaves open the following problem.

Problem 9.3.9 Does there exist a complete characterization of the set Pi(n)
in terms of arithmetical and combinatorial constraints?

It is known [171] that Pi(n) = Q(n) for all n < 50, which suggests that
P1(n) may also equal Q(n) for all n € N. The main obstruction to proving the
equality for all n is that there appears to be no obvious class of maps in P;(n)
that relates in a natural way to admissible arrays.

Given the construction of the sand-shift fy: R — R’} and the periodic
point £0 € R’ it is natural to ask how the admissible array i relates to the
admissible array induced by an array of £°. In fact, one may wonder if they are
equal. It turns out that this is the case if the admissible array satisfies a simple
additional condition. We shall explain this issue in detail in the remainder of
the section, but it is not essential for the sequel.

An admissible array 9 = (9, : Z — X | A € L) is said to be minimal if, for
every proper subset L’ of L, we have that

lem({py: A € L'}) <lem({py: A € L)).

We recall that each sub-array, ' = (%,: Z — X | A € L), is also an
admissible array on n symbols and hence

Q(n) = {p € N: pis the period of a minimal

admissible array on n symbols}.
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Under the additional assumption of minimality of the admissible array ¢ we
shall see that the array of the periodic point £° of the sand-shift map fy
coincides with . Before starting the proof of this result we remark that if
U= (,:Z — ¥ | A€ L)isaminimal admissible array on n symbols, then
for each A € L there exists a prime power mg~A such that m‘;* divides p;, but
mg* does not divide p;s for all A’ # A. Using this observation we prove the
following auxiliary lemma.

Lemma 9.3.10 Let % = (9, : Z — X | A € L) be a minimal admissible array
on n symbols and let

¢ =lem({py: A" # hand ) € LY U {py/m,}).
Foreacha € ¥ and A € L let
Sa=1tm e Z: €M =1},
where & ;’fk is defined as in Definition 9.3.5. Then we have that
San = Sax+rqg. foralrelZ.

Proof If a € R(¥,), then S;’f)\ = 0 forall m € Z, so that S, , = @. In this case
clearly Sy.» = Sg,n +rqy forallr € Z.

Now assume that a € R(¥;). Then there exists k € Z such that ¥, (k) = a.
If m € S, 5, then E:,lx = 1, and hence there exist distinct A; < ... < A,41 in
L,with .; = A, and § € Z such that a = ¢, (m — §),

Dy, (si) = Oy, (1) forl <i <,

and Y i, (ti — s;) = § mod p, where p = ged({p;,: 1 <i <r+1}). We
remark that p | g,. For each r € Z, there exist A1, ..., Ar4+1 € Z such that

ro=A1py+- -+ Art1Day, -

We shall now show that fg‘a"?;”’ = 1.Forl <i <rlets] =s; — A;py, and

remark that 0, (sl.’) = Oy, (s;)) = Oy, () forall 1 < i < r. Moreover, if
8 =rp+6,then % (m +rp —8) =9 (m —8) =a and

r r r
Z(li — Sl/) = Z(ti —s5i)+ ZAip)hi =0+rp—Arp1Pryy = 8’ mod p.
i=1 i=1 i=1

This implies that éa"’l;'rp = land hence m +rp € S, forallr € Z. As p

divides g;, we get that m + rqy € S, and hence S, 3 + rga S S,,5 for all
r e Z.

To obtain the other inclusion we remark that if m € S, . and r € Z, then
m—rq, € Sq,sothatm = (m —rqy) + rq, € Sa.» + rq, and therefore
Sa.n C Sa +rgyforallr € Z. O]
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We can now prove the following theorem.

Theorem 9.3.11 Let © = (U): Z — X | A € L) be a minimal admissible
array on n symbols with period p and let fy: R, — R’ be the sand-shift
map associated with . Suppose that E™ € R} is defined by " =", ",
where S{”A is given by Definition 9.3.5 for each 1 < i < nandm € Z. If we
define

Sy ={meZ: &, >, anda = 9,(0)}

and

= /\ &",

mES)L

then the following assertions are true:

(i) z* is an irreducible element in the lower semi-lattice V generated by
{g":0<m < p}.
(ii) 7" is a periodic point of fy with period p;..
(iii) Iv(ff,‘(zk)) = {9 (k)} forall k € Z.
(iv) z* and 7 are not comparable for each ) # ) in L.
(v) hy(Z*) < hy (2" whenever A < X' and R(9) N R(®3/) # 0.

i) €% =\, 2"

Proof We first prove the second assertion. Let S, , be defined as in Lemma
9.3.10. If m € S, then m 4 rp, € S, by Claim 1 in the proof of Proposition
9.3.7,s0 that S, = S, + rp; forall r € Z. Since a = 9,(0), §_, = 1/2 and
hence &', > 52’)\ if and only if either é;’fk = 1/2or 5;')’)‘ = 1. Remark that

Z’f/\ = 1/2 if and only if ¢, (m) = a and hence m = rp, for some r € Z.
Thus, we find that Sy is the disjoint union of Sy, ),, and {rp,: r € Z}. In
particular, we see that no element of Sy, (), is an integral multiple of p;. As

Er =31 & ;’fk, we deduce from Lemma 9.3.6(iii) that
m € Sy if and only if £" > £0 for a = 9, (0). 9.16)

This implies that 7} = Numes, &' = g9 for a = 1;(0). Let us denote the
restriction of f to the lower semi-lattice V generated by {§": 0 < m < p}
by g. Then g is a lower semi-lattice homomorphism and therefore

g =N\ gmEm= N\gmtr= N\ &= N\ =2

mesS,, mesS,, keSy+pa keS;,
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Thus z* is a periodic point of g whose period ¢ divides p;. Now suppose that
q # pa. Then, forr € Z,

Z)L zgrq(zk) — /\ grq(ém) — /\ Sm-i—rq — /\ ék.

mesS,, mesS,, keS)+rq

This implies that £X > 7% = £ fora = 9, (0) and k € Sy +rq. Thus S, +rq C
Sy, for all » € Z by (9.16), and hence S, = S, + rq for all » € Z. From this
we deduce that g = 0+ ¢ € Sy and, since g divides p, and g # p,, we find
that ¢ € Sy, (0),1. From Lemma 9.3.10 we get that ¢ + g € Sy, (0),» < S» and
@.=@+q)—qe S —q=S,Butg, & {rp.: r € Z}, as there exists a
prime power m‘;* that is a divisor of p; but not of g;. Thus, g5 € Sy, (0),» and
hence 0 = g) — g5 € Sy, (0),» by Lemma 9.3.10, which is a contradiction. This
shows that ¢ = p;.

Next we prove assertion (i). We first show thatif { € V and ¢ < z*, then
Ca < 72 — 1/2 for a = 9,(0). There exists J C {0, 1,..., p — 1} such that
¢ =Njeys £/ If J C S;, then ¢ > 7. But ¢ < z*, so there exists j € J such
that j ¢ S,. For this j we must have that éal 5, = 0, and hence it follows from
Lemma 9.3.6 that

Ga<&l <& —12=2—1)2,

since a = 1, (0).

To see that z* is irreducible in V, it suffices to construct w € V such that
{<wAzr < forall¢ € V with¢ < z*. Putw = §9 = g9 (£°), where
@;. is as in Lemma 9.3.10. Note that

w, = & = Z D
MNeL

It follows from Claim 1 in the proof of Proposition 9.3.7 that EZA)J = ES 5 for
A # A, as py is a divisor of g; whenever ' # A. Hence

we =&+ D &L (9.17)
MeL: M#h
Lemma 9.3.10 implies that ;“)\ = 1 if and only if SB,A = 1.If a = 9,(0),

then E[?, ,, = 1/2 and hence an?)t # 1. Since g, is not an integral multiple of p;,
ngk = 0 and therefore

by (9.17). If a = ¥,.(g,.), then by the same argument 5},’ < wg. If 9,,(0) # a
and 9, (q») # a, then neither Eg, 5 nor EZ;L can be equal to 1/2. Thus in that case
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). 6 €{0,1}. Asg”, = 1ifand only if &0, = 1, we find that £, = £,
in that case. From (9.17) it follows that w, = 52 if 92,.(0) # a # 9,(q,.). From
these inequalities we deduce that (w Az"), = 2 forall a # 95(0), as z* < £°,
and (w A7), = wy = 7% — 1/2 for a = 9, (0). We already saw thatif ¢ € V
and ¢ < 7%, then ¢, <z — 1/2 fora = ©,(0). Thus, ¢ < w A z* < z* for all
¢ < z%in V, and hence z* is irreducible.

To prove assertion (iii) we note that a = ¢ (0) is the only coordinate for
which (w A %), < z2, and hence Iy (z%) = {9,(0)}. As z* is irreducible, we
know that g¥(z%) is also irreducible by Lemma 9.2.3(ii). Moreover, one can
show, as before, that if £ € V and ¢ < gX(z*), then ¢ < g¥(w) A g¥(2}) <
g¥(z*) and a = ¥, (k) is the only coordinate such that (g5(w) A gX(z"))a <
gX(z*)4. Thus, Iy (g8 (z*)) = {9,.(k)} for all k € Z.

It is convenient to prove assertion (vi) before (iv) and (v). To do so it is
sufficient to show that for each 1 < a < n there exists A € L such that
& > .533 for all m € S, since z* < £0. If ;9 — Légj > 0, then there exists
A € L with ¥, (0) = a. In that case it follows from (9.16) that §7* > 53 for all
m € S). Now assume that éfl) — LS}BJ =0.If é;? = 0, there is nothing to prove,
since 0 < 74 < éo for all A € L. On the other hand, if ES > (0, then there exists
A € Lsuchthat&?, =1Tand&), =0forall A > A’ in L. Remark that

£) = ch?,)\ = Z ES,A
AEL A<M
and &"'= 3, &, 1t follows from Lemma 9.3.6(iii) that gm>¢g0 if
E:,lx’ = 1. Thus, we need to show that there exists A € L such that for all
me S, & =1a7t = )\, c5 "
Since Sg’w = 1, we know there exist distinct A; < ... < A,41 in L, with
A1 = A/, and § € Z such that a = ¥y (=9),

Dy (5i) = gy () forl <i<r,

and ) /(i —s;) = dmod p, where p = ged({py,: 1 < i < r+ 1}).
Put . = A,41 and let m € S;,. Then 5,;7)\ > 5}?,13 where b = 1,(0). As
519’)\ = 51%(0),/\ = 1/2, either &', = 1/2 or &', = 1. In the first case we know
that there exists k € Z such that m = kp;. Puts =s; for1l <i <r,tf =1
forl <i <r—1,andt} = t,+kp,. Thena = ¥,,(m—5%), where §* = m+3,

O, (s]) =0y, () forl <i<r,

and ) i, (tf —s;) = 8" mod p. Therefore £",, = 1. On the other hand, if
g;’f)\ = 1, then there exist A,+] < ... < Ajys+1 in L and u € Z such that
ﬁ)»,_H (m - M) = b9
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Wiy Srai) = Wori (tr4i) forl <i <s,

and ) i, (tr4i — sy4i) = p mod p’, where p’ = ged({py,,: 1 <i <s+1}).
As ¥, ,(0) = b we may assume that u = m. Now we note that

r+s

D (6 —si) =68+ pmod p*,  where p* = ged(p, p'),

i=1
and 9, (m — (8§ + n)) = ¥,/(—8) = a. This implies that %”N = 1. Therefore
we conclude that & ;”A, = 1 for all m € S,, which shows that

£0=\/z7" (9.18)

reLl

It is now easy to prove that z* and Z* are not comparable for all A # A/
in L. Indeed, it follows from (9.18) that if L’ is a proper subset of L such that

£0 = Vier 7*, then

g1 =\/giH =\ =¢

rel’ reL’

for ¢ = lem({p,: A € L'}). But, as ¢ is a minimal admissible array, we get
that ¢ < p, which contradicts the fact that £° has period p under g. Thus no
two elements z* are comparable.

It remains to show that (v) holds. If R(%) N R(¥;,) # ¥ for A < A/, then
there exist s, ¢ € 7Z such that ¥, (s) = ¥;/(¢). We claim that Sy, + (t — s) C

S9,0).5.- Indeed, if £, .. > 0, then &5, = 9§'* > 0 by Claim 1
in the proof of Proposition 9.3.7. As A < 2/, this implies that 5,9’";{;), , = lby
Lemma 9.3.6(iii). Therefore EZ’;}L&)_; = 1, which shows that m + (t — s) €
S9;.0).-

From the inclusion we deduce that

g = AN &= N\

meS, +(t—s) MESy, (0),2.

By definition és;(()),x = 1forallm € Sy, (0),», so that E;”A(OM > 5%(0),)» =1/2
for all m € Sy, (0),5.- This implies that

/\ ém>/\$m=ZA

mGS,yk(o),)\ meS),

and hence g(’_s)(z*/) > 7" Ashy(g"(y)) = hy(y) forally € Vand m € Z,
we conclude that hv(z}‘/) > hy(z"), which completes the proof. O]
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From Theorem 9.3.11 it follows that if ¥ is a minimal admissible array on
n symbols, then the admissible array induced by the periodic point £° of the
sand-shift map fy: R}, — R’ defined in Definition 9.3.5 coincides with ¥.
Thus, every minimal admissible array on n symbols is the array of a periodic
point of a map in F,(n).

9.4 Computing periods of admissible arrays

For fixed n € N the set of possible periods of admissible arrays on n symbols,
denoted Q(n), can be computed in finite time. To see this we first remark that

Q(n) = {p € N: p is the period of a minimal array on n letters}.

As the period of each ¥, in an admissible array ¢ is at most n, there are only
finitely many candidate sets S € {1, ..., n} for the periods of the individual
maps ¥, to consider. Moreover, given a set S C {1, ..., n} there are finitely
many ways to order the elements of S, which corresponds to selecting the
totally ordered set (L, <), and there are only finitely many choices for each
map 9, as they are periodic. Thus, for a given n, we only need to decide for
finitely many arrays ¢ if they are admissible or not. To verify if an array is
admissible one needs to check the two conditions from Definition 9.3.1. The
first condition is automatically fulfilled by choosing the maps ¥, appropriately.
To check the second condition we only need to consider s;, ¢ € Z with 0 <
siyti < lem({pp: A € L}) forall 1 < i < r. From these observations it
follows that the set Q(n) can in theory be computed in finite time. However,
the computation of Q(n) becomes rapidly harder when n gets large. A detailed
analysis of the set Q(n) for 1 < n < 50 has been given in [171]. In this section
we discuss some basic properties of Q(n) that allow us to quickly compute
QO (n) for relatively small n.

To simplify matters it is useful to first identify a large set P(n) such that
P(n) € Q(n) foralln € N.

Definition 9.4.1 For each n € N the set P (n) is defined inductively by P(1) =
{1}, and forn > 1, p € P(n) if either

(A) p =lem(py, p2), where p; € P(ny), p» € P(ny) andn = ny + np, or
(B) p = rlem(py, p2, ..., pr), Where r > 1 and there exist m > 1 such that
pi € P(m)forl <i <randn =mr.

It is easy to see that P (n) contains the set

L(n) ={lcm(pt, ..., pm): p1+---+pm <nand p1, ..., pm € N}, (9.19)



242 Dynamics of integral-preserving maps

which is the set of orders of permutations on n letters. In general P (n) is much
larger than L(n), e.g., 12 € P(6) \ L(6). It can be shown that P(n) € Q(n)
for all n € N. Instead of proving this inclusion directly, we show that P(n) C
P1(n) for all n € N, which is a slightly stronger statement; see Theorem 9.3.3.

Theorem 9.4.2 For eachn € N, P(n) C Pi(n).

Proof We argue by induction on n. Clearly P(1) € P;(n). Now suppose that
P(m) C Py(m) for all m < n. We need to show that P(n) C P;(n). So let
p € P(n). By definition there are two cases, (A) and (B). If we are in case (A),
then p = lem(py, p2), where p; € P(ny), po € P(n2), and ny + ny = n.
By induction we get that p; € Pi(n1) and p» € Pj(n2), so that there exist
f € Fi(n) and g € Fi(n2), which have periodic points £ € R’} and n € R’?
with periods p; and pj, respectively. Define : R, — R’ by h(x,y) =
(f (x), g(y)) for all (x,y) € R x RI2. It is easy to verify that h € Fy(n)
and that (&, n) is a periodic point of 4 with period lem(p1, p2) = p. Thus
p € Pi(n) in case (A).

In case (B) the induction hypothesis gives p; € Pi(m) for 1 <i < r. By
Theorem 9.2.7 we know that there exists f € Fj(m) such that f has periodic
points &' € R™ with period p; for I <i < r and O(§") N O(&/) = ¢ for all
i # j.Define h: R} — R} by

h(xl,xz,...,xr) = (f(xr),xl,xz,...,xrfl),

where x! € R for1 <i <r.Clearly h € Fi(n). Let§ = &', ..., &) € R7.
As OEHNOE) =@ foralli # j, h9(E) = & only if r divides g. Moreover
W (x) = (FRGaeh), A2, .., f5(x7)) for each k € N. Therefore, h*" (&) =
& if and only if p; divides k for all 1 < i < r. The smallest such k is equal
to lem(p1, pa2, ..., pr) and hence & has period rlem(py, p2, ..., pr) under h.
This shows that p € Pi(n). L]

The set P(n) is fairly easy to compute, certainly in comparison to Q(n).
Using the inclusion P(rn) C Q(n) it is straightforward to compute Q(n) for
small . For example, Q(1) = {1} and Q(2) = {1, 2}. We know that Q(3) C
{1,2,3,6},but6 ¢ Q(3).Indeed, if 6 € Q(3), there would exist an admissible
array 0 = (O : Z — {1,2,3} | A = 1,2) with period 6 such that ¢ has
period 2 and 9, has period 3. This implies that R(¢1) N R(¥7) is non-empty
and hence there exist s, € Z such that 9;(s) = v»(¢). But this contradicts
the fact that s — ¢ £ 0 mod 1 and therefore 6 ¢ Q(3). The reasoning above
exemplifies the following basic property of admissible arrays.
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Lemma 943 If v = (0,: Z — X | A € L) is an admissible array on n
symbols and there exists L' C L such that gcd(p;., pr) = 1 forall A # ) in

L', then ), 1 pp < n.

Proof 1f )", .,/ ps > n, then there exists A # A" in L’ such that R(J;) N
R(9) # @. This implies that ¥, (s) = ©,/(¢) for some s, € Z, which
contradicts the fact that s — ¢ 2 0 mod 1. O

As a consequence of Lemma 9.4.3, we deduce that 6, 12 ¢ Q(4) and hence
04 = P@) ={1,2,3,4}. To compute Q(5) quickly it is convenient to use
another basic property of Q(n).

Lemma 9.4.4 If p € Q(n) and q divides p, then g € Q(n).

Proof Clearly it is true that if p € P»(n) and g divides p, then g € P>(n). As
P>(n) = Q(n) by Theorem 9.3.8, the set Q(n) also has this property. O

Note that the property in Lemma 9.4.4 is not immediately clear from the
definition of the admissible arrays. To compute Q(5) we first remark that
0(5) < {1,2,3,4,5,6, 10, 12, 15, 20, 30, 60}. But 10, 12, and 15 are not in
Q(5) by Lemma 9.4.3, so that Q(5) = P(5) = {1,2,3,4,5, 6} by Lemma
9.4.4. Similarly we know that Q(6) C {1, 2, 3,4,5, 6, 10, 12, 15, 20, 30, 60}
and that 10 and 15 are not in Q(6) by Lemma 9.4.3. As {1, 2, 3,4,5,6, 12} =
P(6) C Q(6), it follows from Lemma 9.4.4 that Q(6) = {1,2,3,4,5,6, 12}.
To construct an admissible array on 6 symbols with period 12 we cannot use
periods 3 and 4, but instead we have to use periods 6 and 4. An example of an
admissible array on 6 with period 12 is given by

112(3(4|5(6|1[2]3[4]|5]|6
213|4|5(2|3|4|5|2(3|4]|5

Using the same type of arguments, the set Q(n) can be computed for 1 <
n < 10. See Table 9.1 below. It turns out that P(n) = Q(n) for all 1
n < 10. In fact, it has been shown in [171], with the aid of a computer, that
P(n) = Q(n) for 1 < n < 50. From this equality one might conjecture that
Q(n) isequal to P (n) for all n, but it has been shown in [171, theorem 7.10 and
corollary 7.11] that if p; and p; are twin primes, so p; = pa+2, with pr > 11
and py # 41, then g = 237%p1py € Q(56 + 2p>), but g ¢ P(56 + 2p>). In
particular, 56 056 is in Q(78), but not in P(78). In connection with Problem
9.3.9 we remark that P(n) € Pi(n) € Q(n) by Theorems 9.3.3 and 9.4.2,
so that Pi(n) = Q(n) for 1 < n < 50. Moreover, it is known that 56 056 €
P1(78) and therefore P(n) # Pi(n) in general.

IA
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Table 9.1 The elements of Q(n) for 1 <n < 10.

n  Elements of Q(n)

1 1

2 1,2

3 1,2,3,

4 1,2,3,4

5 1,2,3,4,5,6

6 1,2,3,4,56,12

7 1,2,3,4,5,6,7,10, 12

8 1,2,3,4,5,6,7,8,10,12, 15,24

9 1,2,3,4,5,6,7,8,9,10, 12, 14, 15, 18, 20, 24
10 1,2,3,4,5,6,7,8,9, 10, 12, 14, 15, 18, 20, 21, 24, 30, 40, 60

In view of the computational difficulties in determining Q (), the following
question is interesting.

Problem 9.4.5 Does there exist a different characterization of Q(n) that
allows it to be computed more easily?

The computation of Q(n) for 1 < n < 50 requires more sophisticated prop-
erties of admissible arrays. For the interested reader we discuss some of these
properties at the end of this section, but first we give an asymptotic estimate
for the largest element of Q(n).

Let g(n) = max{p: p € L(n)}, so g(n) is the maximum order of a per-
mutation on 7 letters. Landau [118] has proved the following classical result
concerning the asymptotics of g(n):

lim 2088
im —— =
n—>o /nlogn

1. (9.20)

A proof of this result can be obtained using the prime number theorem; see
Miller [147]. More precise estimates for g(n) have been obtained by Massias
[141]. We note that as L(n) € P(n) C Pi(n) € Q(n), g(n) is a lower bound
for the largest element of Q(n). It turns out that on a log scale they have the
same asymptotics.

Theorem 9.4.6 If y(n) = max{p: p € Q(n)}, then

y log y (n)
m —— =

=1.
n—o0 \/nlogn

Proof Let y(n) = [[i_, p;", with p < p» < ... < p;, be the prime
factorization of y(n). Since y(n) € Q(n), there exists an admissible array
U= @y:Z— X | A€ L)onnsymbols such that y (n) = lem({g,: » € L}),
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where g, is the period . This implies that for each 1 < i < s there exists
A € L such that p;’” is a divisor of g,. As g, < n, we deduce that

pii<n forl <i<s. 9.21)

Let 0 < r < s be the integer such that p, < /n and p,| > /n, where we
define r = 0if p; > 4/n, and r = s if p; < /n. Put

r S
nm=[]p" and nm= [] "

i=1 i=r+1
where y1(n) = 1if r = 0, and y»(n) = 1 if r = s. From Lemma 9.4.4
it follows that y1(n) € Q(n) and y»(n) € Q(n). Let us first analyze y»(n).
Remark that y2(n) = [[i_.,, p{" and p; > /n for i > r + 1. Therefore
af = 1 foralli > r 4+ 1 by (9.21). Since y2(n) € Q(n), there exists an
admissible array ¢ = (¥, : Z — X | A € L) on n symbols such that y»(n) =
lem({g} : » € L'}), where ¢;_is the period of ¥, for A € L’. Moreover for each
r+1 <i < s there exists A; € L’ such that p; divides q)/”_. As q;”_ <n, p;is
the only prime among p,1, ..., ps that divides q;"_. From this it follows that
pi = q)’”_, since y2(n) = lem({g;: A € L'}). Thus, ged(q;, ¢;,) = 1 for all
A # A in L"and hence )", .,/ ¢; < n by Lemma 9.4.3. Therefore

y2(n) =lem({g; : 2 € L'} < g(n). 9.22)

To estimate y;(n) we let w(/n) denote the number of primes p such that
p < /n. As p{ < n, we get that

yim) =[] p <n™V™. (9.23)

i=1

Combining equations (9.22) and (9.23) gives

log g(n) < logy(n) =logyi(n) + log y2(n) < 7(/n)logn + log g(n).

(9.24)
Now using the prime number theorem, which says that
lim w(n)logn _1
n— 00 n
we see that
. nw(/n)logn ) 7 (y/n)log /n 2
Iim ——— = llm( )( )ZO,
n—00 nlogn n— 00 ﬁ \/m
so that (9.20) and (9.24) yield
lim logy() _
n—oo /nlogn
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Although on a log scale there is no difference between g(n) and y (n), it can
be shown that L(n) is strictly contained in Q(n) for all n > 6. A proof of this
result and many other properties of y (n) can be found in [172].

We conclude this section with some more sophisticated properties of admis-
sible arrays that are useful in the computation of Q(n). This material is not
essential for the remainder of the book, but is included for the curious reader.

Theorem 9.4.7 Let L = {1, ..., m + 1} be equipped with the usual ordering
and m > 1. Suppose that = (0;: Z — X | i € L) is an admissible array
on n symbols. Let R; denote the range of ¥; and let p; be the period of ¥; for
i € L. If the following conditions hold:

(i) RiNRiy1 WD foralll <i <m,
(ii) there exists an integer r > 1 such that gcd(p;, pi+1) divides r for all
1<i<m,and
(iii) there exist 1 < k < m + 1 and integers ri > 1 and rp > 1 such that

r = rir, and ged(pr—1, pr) and gcd(pk, pr+1) are divisors of r1, where
we let po = pmy2 = 1,

then
m+1=|L <rirp—rn+1.

Proof We first note that if k is as in the statement of the theorem, then we may
assume that k > 1. Indeed, if kK = 1, then we can consider the reversed array
%' =@/:Z— X |ielL’),where L' = L and <’ is the reverse ordering on
L' =1L,soa <" bifand only if b < a. Itis clear that ¥’ is also an admissible
array on n symbols.

As Ri N Rj+1 #Wforall 1 <i < m, there exist s;, t; € Z such that

Di(si) = 0i41(t;) foralll <i <m.

For1 < j <m welet

J
nj =y (si —1).
i=1
Now for I < j <m and j # k — 1 we claim that

Nk—1 # nj mod ry. (9.25)

To prove this, note that for 1 < j < k — 1 we have that

k-1
Nk—1—1nj = Z (si —1;).

i=j+1
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It follows from the assumptions that gcd({p;: j + 1 < i < k}) divides rq, so
that 71 — n; # 0 mod r1, as ¢ is an admissible array. On the other hand, if
k—1 < j < m,then

J
nj—m—1 =y (si — ).
i=k

Again the assumptions imply that ged({p; : k <i < j + 1}) divides ry, so that
nj — Nk—1 # 0 mod rq. This proves the claim.

Let 7: Z — 7Z/rZ be the quotient map that maps a € Z to its equivalence
class modulo r. Define

T={nj:1<j<mandj#k—-1}U{n_1+sr:0=<s <)

Asm —n; = Zi:j-q—lsi —t; #0mod r for 1 < j <[ < m, it follows from
(9.25) that |T| = m — 1 +rp and 7 restricted to T is one-to-one. As a final step
we show that w(n) # Oforalln € T. Clearly n(n;) # Oforalll < j <m
and j # k — 1; otherwise n; = le:l si — t; = 0 mod r, which contradicts
the fact that % is an admissible array. But also if 7w (nx—1 + sr1) = 0 mod r for
some 0 < s < rp, then nx—1 = 0 mod ry. This implies that

k—1

Nk—1 = Z(Si —1;) =0mod rq,

i=1
which contradicts the fact that ¢ is an admissible array, as gcd({p;: 1 <i <k})
divides ry. Thus, 7 is a one-to-one map of T into (Z/rZ) \ {0}, and hence

ITl=m—-14+rn<r-—1,
which completes the proof. O
The following simple consequence of Theorem 9.4.7 is often easier to apply.

Corollary 948 If 9 = (¥;: Z — X | i € L) is an admissible array on n
symbols, where ¥; has period p; and range R; for i € L, then the following
conditions hold for S = {p;: i € L}:

A. There does not exist R C S such that

(i) |R| =r+1, wherer > 1and gcd(p;, pj) dividesr forall p;, pj € R
with p; # pj, and
(ii) Ri N R; # 0 forall p;, pj € R.
B. There does not exist R C S such that
(i) |R| =rirp —ro+ 2, wherer; > 1 and ry > 1 are integers,
(ii) ged(p;, pj) divides r = riry forall p; # pjin R,
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(iii) there exists pr € R such that gcd(pi, pi) divides ry for all p; # pk
in R, and

(iv) RiNR; #@ forall p;, pj € R.

Proof Obviously assertion A is a special case of assertion B, where r; = 1.
To prove assertion B, we simply consider the sub-array 9’ = (¢;: Z — X |
i € L") of 9, where L’ consists of those i € L such that p; € R, and apply
Theorem 9.4.7. O

9.5 Maps on the whole space

Instead of looking at maps on the positive cone we can consider maps
f: R" — R” that are non-expansive under the ¢{-norm. We know from Corol-
lary 4.2.5 and Lemma 4.2.6 that the set R(n), consisting of those p € N for
which there exists an £{-norm non-expansive map f: R” — R” that has a peri-
odic point with period p, is finite. In view of Theorem 9.3.8 we may wonder
if there exists a characterization of R(n) in terms of arithmetical and combi-
natorial constraints. Surprisingly, such a characterization exists and is closely
related to the set Q(n). A key result in our analysis is the following lemma,
where E2" = {(x, y) € RY xRi:xAy=0}

Lemma 9.5.1 An integer p is an element of R(n) if and only if there exists a
map f € F3(2n) such that f has a periodic point & € E*" with period p and
O() S E*

Proof If p € R(n), there exist an £;-norm non-expansive map f: R* — R”
and a periodic point § € R" of f with period p. As Qy # @, we know that
f has a fixed point, n € R”", by Proposition 3.2.4. Define h: R* — R”" by
h(x) = f(x+mn)—nforall x € R". Clearly £ is also non-expansive under the
£1-norm and 4 (0) = 0.

Let J: R" — E2" be defined by J(x) = (xV0, (—x)VvO0) forallx € R".Itis
easy to verify that J is an £;-norm isometry that maps R” onto E*". Therefore
the inverse, J 1, is also an £1-norm isometry on E2". Let R: R%r” — E?" be
the retraction onto E*" given by

Rx,y)=(x—xAy),y—(xAy) forall(x,y) e R} xRY.

It is not hard to show that R is £1-norm non-expansive.
Finally let g: Ri” — R%_" be defined by

g@)=UohoJ 'oR)(z) forallze R,
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By construction, g(0) = 0 and g is non-expansive under the £1-norm, so that
g € F3(2n). Moreover, { = J(§ — n) is a periodic point of g with period p
and gX(¢) € E*" forall k € N.

On the other hand, if g € F3(2n) and £ € E?" is a periodic point of g
with period p and gF(£) € E?" for all k € N, then f: R” — R”, given by
f(x) = 'oRogoJ)(x)forall x € R", is £;-norm non-expansive and has
J~1(&) as a periodic point with period p. Therefore p € R(n) in that case. [

Note that Lemma 9.5.1 implies R(n) € P3(2n), which gives the following
inclusion by Theorem 9.3.8.

Corollary 9.5.2 For eachn € N, R(n) C Q(2n).

In general R(n) # Q(2n), but, as we shall see, there exists an additional
constraint on the admissible arrays on 2n symbols such that their periods char-
acterize the set R(n). To formulate this additional constraint it is convenient to
introduce the following notion.

Definition 9.5.3 Given an admissible array 9 = (9,: Z — X | A € L), we
say that a symbol a € X is reachable from g € Z if either

(i) a = V¥(gq) for some A € L, or
(i1) there exist distinct A1 < Ay < ... < Ar41 in L and § € Z such that
a=1,,(q—9),

Dy (8i) = 0, () forl <i <r,
and
.

Z(ti —5;) =486 mod p,

i=1
where p = ged({py;: 1 <i <r +1}).

We denote the set of all symbols that are reachable from g by R(gq, 9¥); so,
R(gq, V) ={a € X: aisreachable from g}.

IfY =1{1,2,...,2n}anda € T, wewriteat =a+nifl <a<nanda®™ =
a — n otherwise. Further, for S € ¥, weletS* ={a e Z:ae Sorat e S}.
Using these notions we can now formulate the additional constraint on the
admissible arrays on 2n symbols.

Definition 9.5.4 An admissible array ¥ on 2n symbols is called a restricted
admissible array on 2n symbols if

{a,a™} € R(g,v) foralla € ¥ and g € Z.
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Note that if p is the period of ¥, then R(q, ) = R(g + p, ¥) forallq € Z,
and hence we can decide in finite time whether an admissible array on 2n
symbols is restricted or not. Define, for eachn € N,

Q'(2n) = {p € N: pis the period of a restricted admissible

array on 2n symbols}.
The characterization of R(n) can now be stated as follows.
Theorem 9.5.5 Foreachn € N, R(n) = Q'(2n).

We first prove that Q' (2n) € R(n) for each n € N. As we shall see, the addi-
tional constraint on the admissible ¢ ensures that the orbit of the periodic point
g0 ¢ Ri" defined in Equation (9.15) is contained in E?” under the sand-shift
map fy: Ri” — ]Ri”. So we can apply Lemma 9.5.1 to derive the following
inclusion.

Proposition 9.5.6 For eachn € N, Q’'(2n) C R(n).

Proof If p € Q’(2n), then there exists a restricted admissible array ¢ =
(Un:Z — X | » € L) on 2n symbols with period p. Let fy: Ri” — Ri” be
the sand-shift map with rule yy defined in Definition 9.3.4 and let £9 € R%_"
for ¢ € 7 be given by (9.15). It follows from Proposition 9.3.7 that £° is a
periodic point of fy with period p and fg (€% = &9 for all ¢ > 0. More-
over, we get from Definition 9.3.5 that £/ > 0 if and only if a € R(q, ¥).

As ¥ is a restricted admissible array, we deduce that &7 f;‘;ﬂ = 0 for all
a € {1,2,...,2n} = ¥ and ¢ > 0. Thus, Lemma 9.5.1 implies that
p € R(n). O]

The proof of the opposite inclusion, R(n) € Q’(2n), relies on the following
proposition.

Proposition 9.5.7 Let W C E*" be a lower semi-lattice and let g: W — W
be a lower semi-lattice homomorphism that has a periodic point § € W with
period p. Let (a;j), where 1 <i <mand j € Z, be an array of §&. Put ¥ =
{1,2,...,2n}and let L = {1, ..., m} be equipped with the usual ordering. If
Y = (U: Z — X | A €L)isdefined by

W.(j)=an,j foralld e Landj € Z, (9.26)
then ¥ is a restricted admissible array on 2n symbols with period p.

Proof Let V. C W be the lower semi-lattice by O(§) and write f to denote
the restriction of g to V. Assume that (a;;), where 1 < i < m and j € Z,
is an array of £ and suppose that (yi);” | is a complete sequence for & that
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induces this array. Further let p; denote the period y’ under f for 1 <i < m.
Put ¥ = {1,2...,2n} and let L = {1, ..., m} be equipped with the usual
ordering. Now define o = (¢,: Z — X | A € L) by (9.26).

It follows from Proposition 9.3.2 that ¢ is an admissible array on 2n symbols
with period p. Therefore it remains to show that

{a,at} € R(g,9) forallae T andq € Z. 9.27)

If |L] = 1, then it follows from Definition 9.5.3 that |R(g, 9)| = 1 for all
a € ¥ and g € Z, and hence (9.27) holds. To prove (9.27) if |L| > 1, we use
the following claim: if [L| > 1 and a € R(q, ¥), then there exists y € V such
that y, > Oand y < f9(§).

It suffices to prove the claim, as {a,a’} C R(g, ) implies that there exist
y,y' € Vwithy, > 0and y’, > 0,suchthat y < f9(¢) and y' < f4(§),
which contradicts the fact that f9(£) € E>*.

So,let [L] > 1 and a € R(q, V). As |L| > 1 it follows from Definition
9.2.8 that y* > infy (V) for all A € L. This implies that S gk (3 is non-empty
forall A € L and k € Z, because f is order-preserving and y* is a periodic
point of f. It follows from Lemma 9.2.3 that for each A € L and k € Z we
have that

*OMa >0 foralla € Iv(f* (™)), (9.28)

as fk(y)\)u > supV(ka(yx)) > 0. Since a € R(q, ), there are two cases
to consider. We begin with the first one: a = ¥, (g) for some A € L. By
construction a = ¥,(q) = a4 € Iv(f4(y*)). Hence f4(y*), > 0 by (9.28).
As y* < & by Definition 9.2.8, we also get that f9(y*) < f9(¢) and hence
the proof of the claim is complete in this case.

In the other case there exist distinct A; < A» < ... < AryjinL andd € Z
such thata = 9y, (g — 9),

05, (si) =, (4) forl <i <r,

and

-
Z(t,' —5;) =486 mod p,
i=1
where p = ged({py;: 1 < i < r + 1}). The remainder of the argument is
similar to the one used in the proof of Proposition 9.3.2. First remark that there
existintegers A, Ay, ..., A,y such that p = Zf:ll Aipy AsY i ti—si =
6 mod p, there exist integers B1, B, ..., Br11 such that

r+l

> (ti—si) =) Bipy, =6. (9.29)
i=l1 i=l1
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Because Oy, (s;) = D, &), f5 (y)"') and f"'(y)"'“) are comparable by
Lemma 9.2.3(iii). From this we deduce that f* (y)‘i) < fh (y)"'+1), since
Ai < Aj41. This implies that

yh o< flimSi=Bipy (i) for ] < <r, (9.30)

because y* has period p;, . under f. Applying (9.30) iteratively gives
r r
VS fUOM, wherev = (6 —s) =) Bipr,. (93D
i=1 i=1

Put u = By 1P,y and remark that f* (y)"+') = y)"+' . Therefore

Y fUTR (R = fO(yhr) (9.32)

by (9.29). Now we can use Definition 9.2.8(i) and the fact that f is order-
preserving to deduce that

FI0GM) < FAM) < £1E).

Furthermore, it follows from (9.28) that f‘f_‘S (yk1 Ja > 0,asa =0y,(q—9) =
ay, g5 € Iy (f47%(y*1)). This proves the claim in the second case. [

Using this proposition it is now easy to show the other inclusion.
Proposition 9.5.8 Foreachn € N, R(n) € Q'(2n).

Proof Let p € R(n). By Lemma 9.5.1 there exists a map f € F3(2n) which
has a periodic point & with period p and O(§) < E?". Let V be the lower
semi-lattice generated by the orbit of £ and let g be the restriction of f to V.
It follows from Proposition 9.1.3 that g is a lower semi-lattice homomorphism
that maps V onto itself. Moreover V is contained in E2", as E2" is a lower
semi-lattice. Thus it follows from Proposition 9.5.7 that p € Q’(2n). O

A combination of Propositions 9.5.6 and 9.5.8 yields R(n) = Q’(2n) for all
n € N, which proves Theorem 9.5.5. The additional constraint on the admis-
sible arrays complicates the computation of R(n). For small n, however, it is
still feasible to determine R(n). For 1 < n < 10 a list of the elements of R(n)
is given in Table 9.2. The interested reader is referred to [122] for details. We
conclude this section with an analysis of the asymptotics of the largest element
of R(n).

Theorem 9.5.9 Ify(n) = max{p: p € R(n)} forn € N, then

im J28Y )
n—o00 \/2nlogn
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Table 9.2 The elements of R(n) for 1 <n < 10.

n Elements of R(n)

1 1,2

2 1,2,3,4

3 1,2,3,4,5,6

4 1,2,3,4,5,6,7,8,10, 12

5 1,2,3,4,5,6,7,8,9, 10, 12, 14, 15, 20

6 1,2,3,4,5,6,7,8,9,10, 11, 12, 14, 15, 18, 20, 21, 24, 28, 30

7 1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 18, 20, 21, 22, 24,
28, 30, 35, 36, 40, 42, 60

8 1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 18, 20, 21, 22,
24,26, 28, 30, 33, 35, 36, 40, 42, 44, 45, 48, 56, 60, 70, 84

9 1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 20, 21,
22,24, 26, 28, 30, 33, 35, 36, 39, 40, 42, 44, 45, 48, 52, 55, 56,
60, 63, 66, 70, 72, 84, 90, 105, 120, 140

10 1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22, 24, 26, 28, 30, 33, 34, 35, 36, 39, 40, 42, 44, 45, 48, 52,

s

55, 56, 60, 63, 65, 66, 70, 72, 77, 78, 80, 84, 88, 90, 105, 110,
120, 126, 132, 140, 168, 180, 210

Proof Let g(n) = max{p: p € L(n)} and let 7w (n) denote the number of
primes not exceeding n. We first prove the following inequality:

g2n —m(2n)) < yY(n) foralln e N. (9.33)

To derive this inequality it suffices to find for each ¢ € L(2n — w(2n)) a
restricted admissible array on 2n symbols with period ¢. Let ]_[f:1 q;x ' be the
prime factorization of ¢g. As g € L(2n—m(2n)), there exists a permutation j on
2n — (2n) letters which has a disjoint cycle representation ;. = 12 . .. Uk,
where the order of w; equals q;x i for 1 < i < k. Moreover, Zi:l qlfx <
2n — w(2n). Let D; denote the domain of u; for 1 < i < k; so, |D;| = q;xi
and put D = U; D;. Since k < m(2n), we know that fozl(qf"' + 1) < 2n.
So, we can rename the elements of D such that D C {1,2,...,2n} and the
sets D; satisfy |D?| < |D;| + 1 and D7 N D; = @ foralli # j. Now let
a; be the smallest element of D; and let ,ulj (a;) denote the j-th iterate of a;
under ;. We define an array & = (9;: Z — {1,2,...,2n} | 1 <i < k) by
D (j) =u{(a,')foralll <i<kandje€Z.As Dl.'ﬂD; =@foralli # j, v
is a restricted admissible array on 2n synbols with period g = ]_[le qlfx i, and
hence inequality (9.33) holds.
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If we write y(n) = max{p: p € Q(n)}, then we know that ¥ (n) < y(2n)
foralln € N, as R(n) € Q(2n). Thus,

log g(2n — w(2n)) - log ¢ (n) - log y (2n) (9.34)
2nlogn ~ 2nlogn — /2nlogn ’
for all n € N by (9.33). It follows from Theorem 9.4.6 that

. logy(n)
lim ——= =1
n—oo /nlogn
and hence
. logy(@n)
lim —— = 1. 9.35
n—oo /2nlogn ( )
On the other hand, Landau [118] proved that
. logg(n)
Iim ——= =1,
n—o00 \/nlogn

so that we can use the prime number theorem, lim,,_, 5 (7 (n) logn)/n = 1,
to deduce that

. logg(2n — n(2n))
1 =1. 9.36
nroo 2nlogn (9-36)
Combining equations (9.34), (9.35), and (9.36) yields
logy(n)
im ——==1
n—o00 \/2nlogn




Appendix A

The Birkhoff—Hopf theorem

In Section 2.1 we briefly discussed a classical result by Birkhoff [25,26] (see
page 31) concerning the contraction ratio of linear maps that leave a closed
cone invariant. A closely related theorem was proved by Hopf [90, 91], who
was apparently unaware of Birkhoff’s work. The Birkhoff-Hopf results have
stimulated various authors to generalize and sharpen the original theorems and
to elucidate their connections. A partial list of contributors includes Bauer [17],
Ostrowski [175, 176], and Bushell [43, 44, 46]. Related theorems have been
obtained by Krasnosel’skii, Pokornyi, Sobolev, and Zabreiko [109, 111, 230]
[110], who also seem to have been unaware of the work by Birkhoff and Hopf.

The purpose of this appendix is to discuss a generalization of the theorems
of Birkhoff, Hopf, Bauer, Ostrowski, Bushell, and others. We shall call the
cumulative result the Birkhoff—-Hopf theorem. Our presentation roughly fol-
lows [61]. Although the focus of this book is on finite-dimensional cones, we
will work in infinite dimensions here, as there are no additional complications.
In fact, our approach will be to show that the general infinite-dimensional ver-
sion of the Birkhoff—Hopf theorem can be deduced from a special case where
the linear map leaves ]R%r invariant.

A.1 Preliminaries

Let us start by introducing some new definitions and generalizing several ear-
lier concepts to the context of infinite-dimensional spaces. All of this will be
rather straightforward. A subset K of a real vector space V is called a wedge
if K is convex and AK € K for all A > 0. A wedge is called a cone if, in
addition, K N (—K) = {0}. As before a cone induces a partial ordering <g on
Vbyx <g yify —x € K.
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Recall that a vector space V is called a topological vector space if V is
endowed with a topology in which every point is a closed set and the multi-
plication and addition operations are continuous. Such a topology is always
Hausdorff; see [190, chapter 1]. In the version of the Birkhoff~Hopf theorem
we shall present here, however, topology will play a limited role, and we shall
not need to assume that V is a topological vector space.

Let K be a cone in a real vector space V. For y € K and x € V we say that
y dominates x if there exist a, 8 € R such that oy < x < By. In that case we
define

M(x/y; K) = inf{g € R: x < By}
and
m(x/y; K) =sup{e € R: ay < x}.
Moreover, we let
w(x/y: K) =M(x/y; K) —m(x/y; K). (A1)

As usual we shall drop K in the notation above when there is no danger of
confusion. Obviously M (x/y) > m(x/y), so that w(x/y) is nonnegative and
finite if y dominates x. If y = 0 and y dominates x, then x = 0 and we put
w(0/0; K) =0.If y € K\ {0} and x € V is dominated by y, then it is easy to
verify that ry also dominates Ax + uy forall A, w € Rand ¢t > 0, and

A
o((Ax +py)/ty) = |t—|w(X/y). (A2)

Moreover, if x1, xo € V are dominated by y € K \ {0}, then y also dominates
X1 + x2 and

o((x1 +x2)/y) < w(x1/y) + o(x2/y). (A.3)
These observations yield the following lemma.

Lemma A.1.1 Let K be a cone in a real vector space V. If y € K \ {0} and
Vy = {x € V: y dominates x}, then Vy, is a linear subspace of V. Moreover,
if we let py(x) = w(x/y; K) for x € V), then py(-) is a semi-norm on V,,
i.e, py(x +2) < py(x) + py(2) and py(Ax) = |A|py(x) forall x,z € V) and
relR

If S is a compact Hausdorff space and V is the space of continuous
real-valued functions on S, then V contains a natural cone K consisting of
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nonnegative functions x: S — Rsq. If y is a strictly positive, continuous
function, so y(s) > 0 for all s € §, then y dominates each x in V. In that
case
x(s) . x(0)
w(x/y) = max —— — min —.
seS y(s)  seS y(t)
Because of this example, w(x/y) is sometimes called the oscillation of x/y.
In particular, we see thatif S = {1,...,n}, V =R",and K = R’ then

w(x/y) =tx/y) —b(x/y),
for all x € R” and y positive. (Here x/y denotes the vector with coordinates
Xi/Yi-)

As in finite-dimensional spaces we have an equivalence relation ~g on K
by x ~k y if x dominates y and vice versa. The equivalence classes are called
parts of K. Clearly {0} is a part of K, and if x ~x y with y # 0, then there
exista, > Osuchthataoy <x < By.Forx,y € K,withx ~g yand y # 0,
we let Hilbert’s metric be given by
M(x, y)

m(x/y)

For consistency we put di (0, 0) = 0. It is straightforward to verify that the
assertions in Proposition 2.1.1 also hold when K is a cone in a real vector
space V.

Although we do not need to assume V to be a Hausdorff topological vector
space in the Birkhoff—-Hopf theorem, point set topology will play a small part
in the proof. In particular, it is useful to recall the following basic fact; see [190,
chapter 1].

dp(x,y) = log

Lemma A.1.2 If E is a finite-dimensional real vector space, then there exists
a unique topology t that turns E into a Hausdorff topological vector space. In
particular, all norms on E yield the same topology, and if dim(E) = n, then
each linear isomorphism of R" into E is a homeomorphism.

If V is areal vector space and E C V is a finite-dimensional linear subspace,
we shall always assume that E is endowed with the natural Hausdorff topology
7 of Lemma A.1.2. Moreover, if K is a cone in V, then K N E will denote the
closure of K N E in E under the Hausdorff topology .

The following basic fact concerning convex sets will also be useful in our
subsequent work; see [58, p. 413].

Lemma A.1.3 Let C be a convex set in a topological Hausdorff vector
space V. If x € int(C) and y € C, then Ax + (1 — A)y € int(C) for all
O<Aa<l.
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A.2 Almost Archimedean cones

To clarify some pathological cases in the proof of the Birkhoff-Hopf theorem,
it is useful to introduce the notion of an almost Archimedean cone, due to
Bonsall [29].

Definition A.2.1 A cone K in a real vector space V is called almost
Archimedean if for each z € V we have that z = 0 whenever there exists
y € V such that —ey <k z <k ¢y forall ¢ > 0.

Not all cones are almost Archimedean. For example, the cone Kjex = {x €
R2: x; > 0, orx; = Oandxp > 0}. The partial ordering < correspond-
ing to Kjex corresponds to the lexicographic ordering on R?. Indeed, x < y
if and only if x; < yj, or x;y = y; and xo < y;. Thus, z = (0,1) and
y = (1,0) satisfy —ey < z < ¢y for all ¢ > 0. The reason that Kjex is
not almost Archimedean is that the closure of Kjex is not a cone, but a wedge;
see Figure A.1.

In fact, the following proposition holds; cf. [93].

Proposition A.2.2 If K is a cone in a real vector space V, then K is almost
Archimedean if and only if for each linear subspace E C V, with dim(E) < 2,
we have that E N K is a cone.

Proof Let K be an almost Archimedean cone in V and let E C V be a linear
subspace with dim(E) < 2. It is clear that E N K is a wedge. To prove that
E N K is a cone it remains to show thatif z € EN K and —z € E N K, then
z = 0. If there exist no u, v € ENK such that u and v are linearly independent,
then EN K = {Aw: A > 0} for some w € EN K. In that case E N K is a
cone, so z = 0. On the other hand, if there exist u, v € E N K such that # and v
are linearly independent, then the linear isomorphism (a, b) + au + bv from
R? to E is a homeomorphism by Lemma A.1.2. As au + bv € E N K for all
a,b > 0, we deduce that w = agu + bov € int(E N K) for ag, by > 0. (Here
int(E N K) is relative to E.) Lemma A.1.3 implies that &z + ew € int(E N K)
for all ¢ > 0. Thus, —ew < z < ew for all ¢ > 0, which implies that z = 0.

Figure A.1 Lexicographic cone.
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To prove the opposite implication let y, z € V and suppose that —gy < z <
ey for all ¢ > 0. Let E denote the linear subspace spanned by y and z. Note
thatz+eye ENKand —z+ey e ENK foralle > 0.Clearly z +- ey — 2
and —z + &y — —z as ¢ — 07, in the Hausdorff vector space topology on E.
It follows that z and —z are in E N K, which implies that z = 0. O

For x,y € V, we write V(x, y) to denote the linear span of x and y in V,
and let K(x,y) = K N V(x,y), where K is a cone in V. A key property of
almost Archimedean cones is the following.

Lemma A.2.3 If K is an almost Archimedean cone in a real vector space V
and x,y € K are such that x ~x y and dg(x,y) = O, then x = By for some
B =0.

Proof Let E = V(x,y)and B = M(x/y). Note that 8 > 0,as x,y € K. If
dg(x,y) =0, then either x = y = 0 or 8 = m(x/y). In the first case we are
done. The second case implies that By —x € ENK and x — By € EN K. As
K is almost Archimedean, E N K is a cone by Proposition A.2.2, and hence
By — x = x — By = 0, which shows that x = By. O

A.3 Projective diameter

To formulate the Birkhoff-Hopf theorem we need to introduce the projective
diameter of a linear map L: V — W that maps a cone K into a cone K’. The
basic idea is to measure the diameter of its range L(K) € K’ under Hilbert’s
metric. There are several natural ways to do this. The first one is the following.

Definition A.3.1 Let K be a cone in a real vector space V and suppose that
A C K.If A\ {0} is contained in a part of K, we define

diam;(A; K) = sup{dy(x, y): x,y € A\ {0}}.
Otherwise, we put diamj (A; K) = oo.

The second definition involves the convex hull of a set A in V, which will
be denoted by co(A).

Definition A.3.2 If K is a cone in a real vector space V and A C K, we define
diamy(A; K) = sup{dy(x,y): x,y € co(A) and x ~ y}.

The two definitions are in general not equivalent. Indeed, if we consider
Kiex, then (0, 1) and (1,0) are in different parts of the cone Kjex, so that
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diam; (Kjex; Kiex) = 00. On the other hand, if x, y € Kjex and x ~g, y,
then dy (x, y) = 0, so that diamy (Kjex; Kiex) = 0.

Although Definition A.3.2 may seem more contrived, it appears to be the
most suitable one for our purposes. We define the projective diameter of a
linear map L: V — W, where L(K) C K’, by

A(L; K, K') = diamy(L(K): K'). (A4)

It follows that A(L; K, K') = sup{dg (Lx, Ly) : x,y € K with Lx ~g Ly}.
For the analysis it is convenient to establish the equivalence between the two
definitions if K is almost Archimedean. To prove this equivalence we first
consider a special case.

Lemma A.3.3 If K is an almost Archimedean cone in a real vector space
V and A C K is convex, then diam|(A; K) = diamy(A; K). If, in addition,
diamy(A; K) < oo, then A \ {0} is contained in a part of K.

Proof Let us suppose for the moment that the second assertion is true. If
diam;(A; K) < oo, thenu ~g v forall u, v € A\ {0}, so that diam;(A; K) =
diamy(A; K). If diamp(A; K) = oo and u ~g v forall u,v € A\ {0}, then
again diam;(A; K) = diam(A; K). If diamy(A; K) = oo and there exist
u,v € A\ {0} with u #g v, we get that diam; (A; K) = oo by definition, and
hence diam;(A; K) = diamy(A; K). Therefore it suffices to prove the second
assertion.

For the sake of contradiction assume that diam,(A; K) < oo and there exist
u,v € A\ {0} with u % v. This means that either there exists no « > 0 such
that v < au, or there exists no 8 > 0 such that u < fv. By symmetry we may
assume that there exists no 8 > 0 such that

u < Bv. (A.5)
For0 <e < 1,weletu, =u + ev and v, = v + su. We have that
Ve=v+eu<e '(u+ev)=eu,
and

U =u+ev < 871(U+8M) =871Ug.

It follows that M (ve/ue) < e !and M(ug/ve) < el s0 that m (v /ug) > e.
EMus/ve) <y < ¢~ then we find that

(I —ey)u < (y — e,
which contradicts (A.5). Thus, we may assume that

M (ug/ve) = m(vefue) ™' =71
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Let us now distinguish two cases: (1) there exists no« > 0 such that v < au,
and (2) there exists 8 > 0 such that v < Bu. In the first case the same argument
as above shows that M (v /ug) = e~ 1. As A is convex, (1 + &) 'u, € A and
(1+ &) 'v, € A, so that

diamy(A; K) > dpg (1 + ) ute, (1 4+ &)~ ve) = dpg (e, ve) = loge ™2,
This contradicts the assumptions that diam,(A; K) < co.

In the second case we know that M (v/u) = B for some 0 < 8 < oo. Let
E = V(u, v) and note that Bv —u € E N K. Since K is almost Archimedean,
we get that 8 > 0. Note that M (v, /u) = B + ¢, so that

B+e

dp (14 &) "ve, u) = dp (ve, u) = log —

As B > 0,log((B+¢)/e) — oo when e — 0T, which violates diam, (A; K)
0.

A

In the next lemma we prove a few more facts about diam; (A; K) for i
1, 2. In particular, we show that

diamj(co(A); K) = diam;(A; K).

Combining this equation with Lemma A.3.3 shows that if K is an almost
Archimedean cone, and A C K, then

diam; (A; K) = diam;(co(A); K) = diamy(A; K), (A.6)

and hence Definitions A.3.1 and A.3.2 are equivalent for almost Archimedean
cones.

Lemma A.3.4 Let K be a cone in a real vector space V and suppose that
A CK.

(i) If T ={tx:t >0and x € A}, then
diam; (T"; K) = diam; (A; K) fori =1,2.

(ii) diamj(co(A); K) = diam(A; K).
(iii) If V is a Hausdorff topological vector space and K is closed, then

diam; (cl(A); K) = diam; (A; K) fori =1,2.

Proof To prove (i) we first note that if A \ {0} is not contained in a single
part of K, then diam;(A; K) = diam;(['; K) = oo. On the other hand,
if A is contained in a part of K, then u ~g v for all u,v € T \ {0}.
As dy(ax,By) = dg(x,y) for all «, 8 > 0 and x,y € A, we get that
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diam;(A; K) = diam(I"; K). To show that diam,(I'; K) = diamy(A; K),
it suffices to prove that

diamy (co(I"); K) < diamj(co(A); K).

For x € co(T") \ {0} we have that

m
X = Z arxk,
k=1

where a; > 0O and x;y € A\ {0} for 1 < k < m < oo. Suppose that y €
co(T)\ {0} and x ~k y. So, y = Y ;_, biyk, where by > 0 and y; € A\ {0}
forl <k <n <oo.Puta =73 arand b = ), by. Remark that if we let
& =x/aand n = y/b, then £, € co(A) \ {0} and dy(x,y) = dy (&, n).
Thus, diamy (co(I"); K) < diamy(co(A); K).

To prove the second assertion we first remark that the equality holds if
diam;(A; K) = o0. So, assume that diam;(A; K) < oo. Then A is contained
in a part of K. If A = {0}, we are done. Suppose that A # {0}. Clearly
diamj(co(A); K) < diam;(co(A U {0}); K). It therefore suffices to prove that

diam; (co(A U {0}); K) < diam;(A; K).
Let R > diam;(A; K). For u € co(A U {0}) and u # 0 we have that

m
u==:s Zkkuk,
k=1
where 0 < s < 1, A > 0,and u € Aforl <k Sm,andzkkk =1.1If
v € A, then there exist o, Br > 0 such that
v < up < Prv

and log(Bx/ak) < R for all k. These inequalities imply for 0 < s < 1 that
s(ZAkak)v <u< s( Z Akﬂk)v,
k k

which yields
A AiageR

Now suppose that u, v € co(A U {0}) \ {0}, so v = 7> y_; ykvx, where 0 <
t <1,y >0,and vy € Aforl <k < n, and Zk yx = 1. We have already
shown that dg (1, v;) < R, so there exist &g, pr > 0 such that

Sku < vp < pru
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and log 6 /pr < R for all k. The same argument shows that
t(zém)u <v< t(ZPka)M < teR(ZSkyk)u.
k k k

This implies that dg (1, v) < R. As R was arbitrary, we get that dg (u, v) <
diam; (A; K), and hence

diamj (co(A U {0}); K) < diam;(A; K).

Using Lemma A.3.3 and statement (ii) of this lemma, we have now proved that
if K is almost Archimedean, Equation (A.6) is satisfied.

Now suppose that K is a closed cone in a Hausdorff topological vector space
V. Clearly K is almost Archimedean; so, Equation (A.6) implies that

diam;(A; K) = diam(A; K).

It is easy to show that cl(co(A)) 2 co(cl(A)) and hence it suffices to prove
that

diamp(cl(A); K) < diamy(A; K)

when A C K is convex. The inequality is trivial if diam;(A; K) = oo, so we
may assume that diamy(A; K) < co. Lemma A.3.3 implies that A is contained
inapartof K. If A = {0}, then the inequality is trivial. So suppose that A # {0}.
Let u, v € cl(A) be such that u ~g v. Write b = M (v/u) and a = m(v/u).
Leta’ > a and b’ < b. By definition we have that b'u — v and v — a’u are not
in K. As K is closed, there exist neighborhoods U/ of u and V; of v such that
0 ¢ U UV, and b'uy — vy and v| — a’uy are not in K for all u; € U; and
v1 € V1. Asu,v € cl(A), there exist u* € U N A and v* € V; N A. Remark
that u* ~k v*, and that »'u™* — v* and v* — a’u* are not in K. This implies
that M (v*/u*) > b’ and m(v*/u*) < a’, so that dg (u*, v*) > log(b'/a’). If
we let b’ — b and a’ — a, we see that diamy(A; K) > dg(u, v) foru ~x v
arbitrary in cl(A), which completes the proof. O

A.4 The Birkhoff-Hopf theorem: reduction
to two dimensions

Let V and W be real vector spaces and let K € V and K’ € W be cones.
Suppose that L: V — W is a linear map such that L(K) C K’. The Hopf
oscillation ratio of L is defined by

N(L; K,K") =inf{p > 0: w(Lx/Ly) < pw(x/y) forall x ~g yin K}.
(A7)
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Furthermore, we define the Birkhoff contraction ratio of L by

k(L; K, K"y =inf{A > 0: dg(Lx, Ly) < Adg(x, y) forall x ~g yin K}.
(A.8)
If K and K’ are clear from the context we simply write N (L) and k(L). Of
course, if x, y € K \ {0} and x ~k y, then as in Proposition 2.1.3 we have that

M(Lx/Ly) < M(x/y) and m(x/y) <m(Lx/Ly).

Thus, w(Lx/Ly) < w(x/y) forall x ~g y, sothat N(L; K, K’) < 1. In the
same way we find that k(L; K, K') < 1.

We note that if L is one-to-one and L(K) = K, then the same argument
applies to L~! and we get that

M(Lx/Ly)=M(x/y) and m(Lx/Ly)=m(x/y) (A9)
for all x ~g y in K. In that case we also have that
w(Lx/Ly) = w(x/y) (A.10)
and
dy(Lx,Ly) =dp(x,y) (A.11)

for all x ~g y in K. After these preliminary observations we now state the
Birkhoff-Hopf theorem.

Theorem A.4.1 (Birkhoff-Hopf) Let K be a cone in a real vector space V
and let K’ be a cone in real vector space W. If L: V — W is a linear map
with L(K) € K’ and A(L) is defined by (A.4), then

N(L)=k(L) = tanh(%A(L)). (A.12)

Of course tanh(y) = (e¥ — e™)/(e” + ™), and we put tanh(co) = 1, so
that A(L) = oo in Equation (A.12) gives N(L) = k(L) = 1.
Birkhoff [25] basically established

k(L) = tanh(j—tA(L))

in case V = W is a Banach space, K = K’ is a closed cone, and L: V — V
is a bounded linear map with L(K) € K. Independently Hopf [90,91] proved
that

1
N(L; K, K) = tanh(ZA(L; K, K)),

though he restricted himself to Banach spaces V of measurable functions, e.g.,
L, and the closed cone of measurable functions that are almost everywhere
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nonnegative. Moreover, Hopf never explicitly defined N(L) and never used
Hilbert’s metric. Hopf’s work was generalized by Bauer [17] and Ostrowksi
[175]. Bushell [44] proved that k(L; K, K) = N(L; K, K), where K is a
closed cone in a Banach space.

Before we start discussing the proof of the Birkhoff-Hopf theorem, we point
out that (A.12) need not hold if K and K’ are not almost Archimedean, and
we define A(L; K, K') by A(L; K, K') = diam;(L(K); K). Indeed, con-
sider V.= W = R"” and let K = K’ = Kjex. If L is the identity, then it
is easy to verify that w(x/y) = 0 and dy(x,y) = O for all x ~g,, ¥ in
Kiex, so that N(L) = k(L) = 0. However, diam;(L(Kjex); Kiex) = o0 and
diam; (L (Kiex); Kiex) = 0.

The quantity N(L; K, K’) is defined in terms of x, y € K with x ~¢ y.In
practice it is convenient to weaken the restrictions on x and y in K.

Lemma A.4.2 The following equality holds:
N(L; K,K") =inf{u > 0: w(Lx/Ly; K') < pw(x/y; K) for all

(A.13)
y € K \ {0} and x € Vsuch that y dominates x}.

Proof Clearly N(L; K, K') does not exceed the right-hand side. To obtain the
opposite inequality we show that if x € V is dominated by y € K \ {0},
then there exists z € K with y ~g z such that w(Lx/Ly) = w(Lz/Ly) and
w(x/y) = w(z/y). By definition there exist @, b € R such that ay < x < by.
Definez =x+ (1 —a)yandnotethaty <z=y+x —ay < (1 4+ b —a)y.
Thus, y ~g z and Equation (A.2) gives w(z/y) = w(x/y) and w(Lz/Ly) =
w(Lx/Ly). O

The next lemma, while relatively straightforward, is a crucial step in the
proof of the Birkhoff-Hopf theorem, and shows that the general case can be
reduced to the two-dimensional case.

Lemma A.4.3 To prove the Birkhoff-Hopf theorem A.4.1 it suffices to prove
(A.12) when dim(K) = dim(K') = 2, dim(V) = dim(W) =2, and L: V —
W is one-to-one.

Proof Let us first eliminate some trivial cases. If dim(K) < 1 ordim(K') < 1,
one can easily verify that N(L) = k(L) = A(L) = 0, so that (A.12) holds. If
dim(K) = dim(K’) = 2 and dim(V) = dim(W) = 2, but L is not one-to-one,
it follows that dim(L(K)) < 1 and again N(L) = k(L) = A(L) = 0.

Now let us consider the general case, so K is a cone in a real vector space
V and K’ is a cone in a real vector space W. Let x, y € K and define C =
KNV(x,y)and C' = K’ N W(Lx, Ly), where V(x, y) denotes the linear
span of x and y in V, and W(Lx, Ly) is the linear span of Lx and Ly in W.
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For u, v € C we have that u <c vifandonlyifu <g v.Likewise Lu <¢r Lv
if and only if Lu <gs Lv. Thus, if u, v € C and u ~k v, then

M@w/v;C)=M(u/v;K) and m(u/v;C)=mu/v;K). (A.14)

Analogous equalities hold for Lu and Lv in C’. Obviously, L(V(x,y)) <
W(Lx, Ly) and L(C) € C'. Define N(x,y) = N(L;C,C"), k(x,y) =
k(L;C,C"), and A(x,y) = A(L; C, C"). Technically we should distinguish
L:V — W and the restriction of L to V (x, y), but no confusion should arise.
By assumption

N(x,y)=k(x,y) = tanh(%A(x, ¥)).
Equation (A.14) implies that
N(x,y) =inf{u > 0: w(Lu/Lv; K') < pw(u/v; K) forallu,v € C
with u ~g v},
k(x,y) =inf{A > 0: dy(Lu, Lv; K') <idyu,v:K)forallu,v e C
with u ~g v},
and
A(x,y) =sup{dy(Lu, Lv): u,v € C and Lu ~g/ Lv}.
This implies that
sup{k(x,y): x,y € K} =sup{N(x,y): x,y € K}
= sup{tanh(iA(x, y):x,y €K}

1
= tanh(sup{ZA(x, y):x,y € K}),

so that N(L) = k(L) = tanh(%A(L)), and we are done. O]

The following theorem proves a special two-dimensional case which lies
at the heart of the proof of the Birkhoff~Hopf theorem. In fact, most of the
subsequent reasoning is aimed at deriving the general two-dimensional case
from this special case.

Theorem Ad4 Let V =W = R2and K = K’ = R2. IfL: R* > R%is
such that L(R%_) - Rﬁ_ and L is represented by the nonnegative matrix

7]
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where a > 1, then

1 a—1
N(L) =k(L) = tanh(ZA(L)) =- el
Proof We have that
N(L) =sup{M:x~yinRi and w(x/y) # 0}. (A.15)
w(x/y)

As K = Ri, we can restrict x and y in (A.15) to be in int(Ri). Moreover, as

w(L(Ax)/L(py)) _ o(Lx/Ly)

o(Ax/wy) o(x/y)

for all A, © > 0, we may assume that x = (1,s) and y = (1, ¢), with s,z > 0
and s # ¢ in (A.15).
A simple calculation shows that

t 1 1 t
N(L) = supf| 2L - 1 ‘/‘1——’:s,t>0
oa+s 1+ as S

and s # t} = sup{(s): s > 0},

where
(@? = Ds

PO s+

It is an easy calculus exercise to show that

sup?(s) = ?(1) = (@ — 1)/(ax + 1).

s>0
A similar calculation yields the formula

+s)(+
k(L) = sup{log % log 2: 0<s <t} (A.16)

Define f (1) = log (1 +at)/(a +1)); so, (A.16) gives

fO-16).

k(L) = sup{ 0<s <t}
logt —logs

Then the generalized mean value theorem implies that there exists s < 7 < ¢
with

J(@) = f(s) (@*—Dr

= fl(D)r =

logr —logs T @+ 1)1+ ar) =0(®).
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Since
5 S @) — f(s)
im————= =
t—s logt —logs
we conclude that k(L) = sup{d*(s): s > 0} = (¢ — 1) /(¢ + 1).
Finally we show that tanh(}TA(L)) =(e—1)/(e¢+1).Lete; = (1,0) and
e> = (0, 1) be the standard basis vectors in R2. As ]Ri is almost Archimedean,
diam; (A; R%) = diamy(A; R%). Therefore it follows from Lemma A.3.4 that

7 (s),

A(L) = diamj (co({Ley, Le2}); R%)
= diam| ({Le1, Leo}; R%)
=dy(Ley, Ley)
= log(a?).

This implies that
A2 1w —1

AD2ZL]T T a4 1

tanh(é—l1 A(L)) =
O

A useful observation to show that the general two-dimensional case of the
Birkhoff-Hopf theorem can be reduced to Theorem A.4.4 is given in the
following lemma.

Lemma A.4.5 Let V and W be real vector spaces and K C V and K' C W be
cones. Suppose that L: V. — W is a linear map such that L(K) C K'. Let V|
and Wy be real vector spaces and suppose that S: Vi — Vand T: W — W,
are linear maps, which are one-to-one and onto. Denote K| = S™U(K) and
Ki =T(K").IfL: Vi - Wyisgivenby Ly =T o L o S, then we have that

N(L; K, K') = N(L; K1, K},
k(L; K, K') = k(L1; K1, K}),

and

A(L; K, K') = A(Ly; Ky, KY).

Proof As S is one-to-one and onto, we know from (A.9) that M (Sx/Sy; K) =
M(x/y; K1) and m(Sx/Sy; K) = m(x/y; K1) for all x, y € Ky with x ~g,
v. Thus, w(Sx/Sy; K) = w(x/y; K1) and dy(Sx, Sy; K) = du(x,y; K1)
forall x, y € Ky with x ~g, y. Similarly o (Tx/Ty; K{) = w(x/y; K') and
dp(Tx,Ty; K}) =dy(x,y; K') forall x, y € K’ with x ~g y. From these
equalities the lemma follows. O
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A.5 Two-dimensional cones

To show that the general two-dimensional case of the Birkhoff—Hopf theorem
can be reduced to Theorem A.4.4, we need to better understand the geometry of
two-dimensional cones. It turns out that there are essentially two types of two-
dimensional cones: those that are almost Archimedean and those that are not.
The following theorem gives a precise characterization. Although the results
are geometrically obvious, the proof seems to demand some care.

Theorem A.5.1 If K is a two-dimensional cone in a two-dimensional vector
space E, where E is equipped with the standard topology, then either

(i) cl(K) is a cone, in which case there exist linearly independent vectors
u,v € E such that

cl(K) ={Au+ pv: A > 0and n > 0} (A.17)
and
int(K) = {Au + pv: A > 0and u > 0}, (A.18)

or
(ii) cl(K) is not a cone, in which case there exist linearly independent vectors
u,v € E such that

cl(K) ={Au+ puv: A € Rand pn > 0} (A.19)
and
int(K) = {Au+ puv: A € Rand n > 0}. (A.20)

Proof We begin by recalling the following basic fact, which is easily proved
with the aid of Lemma A.1.3: if A is a convex subset of a Hausdorff topological
vector space and int(A) # @, then int(cl(A)) = int(A). In particular, we have
that int(cl(K)) = int(K).

As K is a two-dimensional cone, there exist linearly independent vectors
a,b € K suchthat Aa+ ub € K forall A, u > 0. Note that {Aa 4+ ub: A, u >
0} is an open subset of K, so that Aa + ub € int(K) for all A, u > 0. In
particular, a + b € int(K). If B € K denotes an open ball about a + b,
then —B is an open ball about —(a + b) in the complement of K. Therefore
—(a+b) ¢ cl(K). Define x =2a + b € int(K) and y = —(a + b) & cl(K).
Note that x and y are linearly independent. Let

t=sup{te (0,1):tx+ (1 —1)y & cl(K)}.

By definition of x and y, we know that 0 < 7 < 1. As cl(K) is convex,
tx+ (1 =ty &cl(K)forall0 <t <tandtx + (1 — 1)y € K \ {0}
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x=2a+b

y=—(a+b) "
0 cl(K)

Figure A.2 cl(K) is not a cone.

Figure A.3 cl(K) is a cone.

Putu = tx + (1 — 7)y. If —u € cl(K), then cl(K) is not a cone and we
are in the second case; see Figure A.2. We claim that —u € 9K in that case.
Indeed, otherwise —u € int(cl(K)) = int(K), in which case Lemma A.1.3
gives 0 = u/2 + (—u/2) € int(K), which is impossible. Thus, Au € 0K for
all A € R, and u is linearly independent of any v € int(K). Let v € int(K). By
construction,

cl(K) D {Au+ pv: A € Rand u > 0}

and

int(K) = int(cl(K)) 2 {Au 4+ puv: A € Rand u > 0}.

To prove (A.19) and (A.20), we consider Au 4 pv € cl(K). Suppose by way of
contradiction that p < 0. Then Lemma A.1.3 implies that Au = (Au + pv) +
|p|v € int(K'), which contradicts the fact that Au € 0K for all A € R.

Now suppose that —u ¢ 0K. Then we shall show that we are in the first
case; see Figure A.3.

Leto = sup{s € (0, 1): sx+(1—s)(—u) & cl(K)}. As before we know that
O<o < 1.Putv=0x+ (1 —0o)(—u). Note that v € dK and, as x and y are
linearly independent, v # 0. We claim that u# and v are linearly independent.
Indeed, if # = Av for some A € R, then a simple calculation shows that

(Aa—A(l—a)t—t)x+(—k(l—a)(l—t)—(l—r))y:O.
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As x and y are linearly independent and 0 < 1 and T < 1, we deduce that
A =—1/(1 — o) and 0 = 0, which contradicts the fact that o > 0.

Since u# and v are linearly independent and u, v € 3K \ {0}, we conclude
that

c(K) D {Au+ pv: A >0and u > 0}
and

int(K) = int(cl(K)) 2 {Au + pv: A > 0and u > 0}.

If Au+pv € cl(K) forsome A < Oand u € R, then [Alu+((u|+1)v € int(K),
so that

(Au 4 pv) + [Mu + (u| + Dv = (u + |u] + Do € int(K)

by Lemma A.1.3, which is impossible. Thus, Au + uv € cl(K) implies that
A > 0. In the same way it can be shown that u© > 0, when Au + uv € cl(K),
and therefore

cl(K) ={Au + pv: A > 0and u > 0}.
Since u, v € 9K \ {0}, we also find that
int(K) = {Au+ puv: A > 0and u > 0}.
It follows from (A.17) that cl(K) is a cone. O

Theorem A.5.1 has a number of consequences that are used in the proof of
the Birkhoff-Hopf theorem.

Corollary A.5.2 Let K be a two-dimensional cone in a two-dimensional
vector space E. Assume that c1(K) is a cone and let u, v € 0K be such that

cl(K) ={Au+ pv: A > 0and n > 0}.
Ifx,y e K\ {0} and x ~g y, then
M(x/y;cl(K)) = M(x/y; K) and m(x/y;cl(K)) =m(x/y; K).

Moreover; if x,y € int(K) and x = lu + piv and y = hu + v, where
A1, A2, w1, p2 > 0, then

M(x/y; K) = max{Ai1/Az, n1/ 2} and m(x/y; K) = min{A1/Ap, 1/ 2},

In that case we also have that

o(x/y; K) =wx/y; c(K)) = [A/A2 — p1/12]
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and

MM)‘

i (x5 K) = dig (x, 3 1K) = [log
A2

Proof If x,y € K \ {0} and x ~g y, then either x = Ay for some A > 0,
or x and y are in int(K). In the latter case, the equalities can be easily derived
from (A.17) and (A.18). On the other hand, if x = Ay, then M (x/y; cl(K)) =
M(x/y; K) =Aand m(x/y; cl(K)) =m(x/y; K) = A. O

Corollary A.5.3 Let K be a two-dimensional cone in a two-dimensional real
vector space E. If c1(K) is not a cone, then for each x,y € K withx ~g y we
have that w(x/y; K) = 0and dy(x,y) = 0.

Proof 1t follows from Theorem A.5.1 that if x ~ y, then either x = y = 0,
orx,y € K\ {0}and y = Ax for some A > 0, or x, y € int(K). The statement
is clear in the first two cases. So suppose that x, y € int(K). Then we can
write x = Au + pwiv and y = Ayu + uov, where u, v € E are as in Theorem
AS.1, A, A2 € Rand g, up > 0. It follows from (A.19) and (A.20) that
M(x/y; K) = n1/p2 and m(x/y; K) = py1/ua2, so that o(x, y; K) = 0 and
dp(x,y) =0. O

We conclude this section with the following corollary.

Corollary A.5.4 Let V and W be two-dimensional real vector spaces and let
K C Vand K' € W be almost Archimedean cones. If L: V — W is a linear
map such that L(K) C K, then

N(L; K,K") = N(L; cI(K), cI(K")),

k(L; K, K’y = k(L; cl(K), cl(K")),
and
A(L; K, K"y = A(L; cI(K), cl(K")).

Proof We may assume that dim(K) = dim(K’) = 2 and L is one-to-one,
otherwise the left- and right-hand sides are zero in the equations. As K is
almost Archimedean it follows from Theorem A.5.1 that there exist u, v € 0K
with cI(K) = {Au + pv: A > 0and u > 0} and int(K) = {Au + pv: A >
0 and i > 0}. Similarly, there exist u’, v € 9K’ such that cI(K') = {Au’ +
pwv': A > 0and u > 0} and int(K’) = {Au/ + puv': A > Oand u > 0}. We
shall only prove that k(L; K, K') = k(L; clK, cI(K")) and leave the proofs of
other quantities in the equations as an exercise to the reader.
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By definition
k(L; K,K') =inf{A > 0: dy(Lx, Ly; K') < Adp(x, y; K)

i (A.21)
forall x ~g yin K}

and
k(L; cl(K), cl(K")) = inf{A > 0: dy(Lx, Ly; cl(K")) < Adp(x, y; cl(K))
for all x ~¢(x) y in cl(K)}.
(A.22)
If x, y € int(K) = int(cl(K)), then x ~g y and x ~|k) y. Since L is one-to-

one, Lx and Ly are in int(K’) = int(cl(K")). It follows from Corollary A.5.2
that

du(x,y; K) =dp(x, y; cl(K))
and dy(Lx,Ly; K'Y =dy(Lx, Ly; cl(K")). (A.23)
If x ~¢ yand x ¢ int(K), then x ~ k) y, and either x = y = 0 or
x = oy = Au for some o, L > 0, or x = oy = pv for some o, u > 0. In
either case dy (x, y; K) = dy(x, y; cl(K)) = 0, so that dg(Lx, Ly; K') =
dy(Lx, Ly; cI(K’)) = 0. This implies that
k(L; K,K") =inf{x = 0: dg(Lx, Ly; K') < Adg(x, y; K) A24)
for all x, y € int(K)} '
and
k(L; cI(K), cl(K")) = inf{A > 0: dg(Lx, Ly; cl(K")) < Ady(x, y; cl(K))
for all x, y € int(K)}.
(A.25)

It thus follows from (A.23) that k(L; K, K’) = k(L; cI(K), cI(K")). O

A.6 Completion of the proof of the Birkhoff-Hopf theorem

Before we prove the Birkhoff-Hopf theorem we show that the case A(L) = oo
can be obtained via a limiting argument from the case where A(L) < oo.

Lemma A.6.1 Suppose that the Birkhoff-Hopf Theorem A.4.1 is true when-
ever A(L) < oo. Then it is also true if A(L) = oo.

Proof If A(L) = o0, it follows from the definition that for every R > 0
there exist x, y € K \ {0} with Lx ~g/ Ly and dg(Lx, Ly; K') > R. We may
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assume that x ~g y, otherwise we replace x by x+¢y and y by y+4¢ex for some
small ¢ > 0. Asdy(Lx, Ly; K') > R > 0, x and y are linearly independent.
Consider V(x,y) € Vand W(Lx, Ly) € W.Let K(x,y) = KNV(x, y) and
K'(Lx,Ly) =K' NW(Lx, Ly). Write L': V(x, y) — W(Lx, Ly) to denote
the restriction of L to V (x, y). Define a cone C C V (x, y) by

C={Ax+upuy:A>0and u >0} C K(x, y).

Note that L'(C) € K'(Lx, Ly). For convenience we write C’ = K'(Lx, Ly).
Recall that for u, v € C’ we have that u ~¢ v if and only if u ~ g/ v. In that
case dg (u,v; C") = dgy(u,v; K’'). As Lx ~k/ Ly, we have that Lx ~¢/ Ly.
Moreover,
L(C\{0}) ={ALx+puLy: 2 >0,u>0and A + u > 0}
={sz:s >0and z € co{Lx, Ly})}.
Thus, L(C \ {0}) is contained in a part of C' and L(C \ {0}) # {0}. It follows
from Definitions A.3.1 and A.3.2 and Lemma A.3.4 that
A(L; C; C") = diamy(L'(C); C)
= diam(L'(C); C)
= diam; ({Lx, Ly}; C")
=dy(Lx,Ly; K') > R.

As A(L"; C,C") < oo, we can apply (A.12) and find u, v € C, withu ~¢c v
and dg (u, v; C) > 0, such that

dy(Lu, Lv; C’ R
w >tanh(_)
dp (u, v; C) 4

Since C C K (x, y), we have that
dyu,v; C) >dyu, v; K(x,y)) =dyu,v; K)

for all u,v € C with u ~¢ v. We already know that dgy (Lu, Lv; C') =
dy(Lu, Lv; K'), so that

dy(Lu, Lv; K') R
————————— > tanh (—)
dp(u, v; K) 4

Since R > 0 was arbitrary, we conclude that k(L; K, K') = 1.
Note that (A.12) also implies that there existu’, v’ € C withw (' /v’; C) >0
and
w(Lu' /LV'; C") R
SV C) (B,
w( /v'; C) 4
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Sincew('/v'; C) > w'/v'; K(x,y)) = 0@ /V'; K)andw(Lu'/Lv'; C') =
w(Lu'/Lv'; K'), we find that
w(Lu'/Lv'; K') R
———— " > tanh (—)
w@' /v K)

sothat N(L; K, K') = 1. O
Let us now prove the Birkhoff~-Hopf Theorem.

Proof of Birkhoff-Hopf Theorem A.4.1 By Lemma A.4.3 we know that it suf-
fices to prove (A.12) when dim(V) = dim(W) = 2 and L is one-to-one. We
may also assume that A(L) < oo by Lemma A.6.1. We distinguish two cases:
(1) cl(K) or cl(K') is not a cone, and (2) cl(K) and cl(K’) are both cones.

If we are in the first case, we claim that

N(L) = k(L) = tanh(%A(L)) =0, (A.26)

which proves (A.12). To prove these equalities we first assume that cl(K”)
is not a cone. If x,y € K and Lx ~g/ Ly, then w(Lx/Ly; K') = 0 and
dy(Lx, Ly) = 0 by Corollary A.5.3, so that (A.26) holds. Now suppose that
cl(K’) is a cone, but cI(K) is not. If x ~k y, then it follows from Corollary
A.53 thatdy (x, y) = 0and w(x/y; K) = 0. This implies that dg (Lx, Ly) =
0and w(Lx/Ly; K') = 0, and hence N(L) = k(L) = 0. By Corollary A.5.2
we know that

dp(u, v K') = dy (u, v; cl(K"))
for all u ~g+ vin K’. Therefore
A(L; K, K" = diamy(L(K); K') = diamy(L(K); cl(K")).
As L(int(K)) € L(K) C cl(L(int(K))), we get that

diam, (L (int(K)); cI(K")) < diamy(L(K); cl(K'))

) ) , (A.27)
< diamp (cl(L (int(K))); cl(K")).

By applying Lemma A.3.4(iii) we find that each inequality in (A.27) is an
equality. Therefore
diamy (L (int(K)); cl(K")) = diama(L(K); cl(K)') = A(L; K, K'). (A.28)

On the other hand, Corollary A.5.3 implies that dgy (x, y; K) = Oforallx, y €
int(K), so that dy(Lx, Ly; cI(K")) = dy(Lx,Ly; K’) = Oforall x,y €
int(K). Thus, we find that A(L; K, K') = 0 by (A.28), which shows (A.26).
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Let us now consider the case where cl(K) and cl(K’) are cones. Then we
may assume that K and K’ are closed by Corollary A.5.4. It follows from
Theorem A.5.1 that there exist u, v € V linearly independent such that

K ={iu+ puv: A >0and u > 0}.
Likewise there exist u’, v/ € W linearly independent such that
K ={/+puv': A>0and p > 0}.

Define S: R2 — V by S(A, u) = Au + pv, and define 7: W — R? by
T(w' + pv') = (r, p). Clearly ST1(K) = R% and T(K') = R2.

The Birkhoff-Hopf Theorem A.4.1 holds for L if it holds for the linear map
Li:R?> - R? givenby L; = T oL oS by Lemma A 4.5. Note that L (R?%) =
RZ. If we identify R? with 2 x 1 column vectors, then L; is represented with
respect to the standard basis vectors e; = (1, 0) and e, = (0, 1) by the matrix

a b
A=
[l
where Li(e1) = aey + cey and Li(ez) = bey + des. As Li(R%) = R%, we
have that a, b, c,d > 0 and det(A) # 0, as L is one-to-one.

To finish the proof we further transform L; so that Theorem A.4.4 can be
applied. Let D and D, be diagonal matrices given by

X1 0 Y1 0
D = d D, = .
1 [ 0 x } ne [ 0 » }
We claim that there exist x1, x2, y1, y2 > 0 such that

D|AD; = 1?/3 1;'3 s

where 0 < 8 < 1 and 8 # 1/2. Indeed,

[ axiyi bxiyz |

D{AD, =
1am2 | cxayr  dxayz |

For0 < x; < 1,letxy; = 1—x1,y1 = 1/(ax1+cx2),and y» = 1/(bx1+dx3).
This ensures that D{AD; is a column stochastic matrix. Let us now show that
0 < x1 < 1 can be chosen such that D{ A D, is row stochastic. The sum of the
entries of the first row of D1 AD; is given by

axy bxy

o) = axy +c(1—xp) * bxi +d(1 —xp)

As limy _, o+ o(x;) = 0 and lim, _,;- o(x1) = 2, there exists 0 < x; < 1
such that o(x;) = 1. In fact, x; is unique. As D{AD> is a 2 x 2 column
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stochastic matrix, it follows that DA D, is also row stochastic for that value

of x1. Hence
_ B 1-p
D]AD2—|: -8 8 i|,

where 0 < 8 < 1. Moreover, 8 # 1/2, as D1AD» is one-to-one. If 8 < 1/2,

we let
0 1
(1]

and, if B > 1/2, we let P be the 2 x 2 identity matrix. Thus,

PD1AD2=[ v I-v ]

l—y vy
where 1/2 < y < 1. Finally, let
1/ —y) 0 }
D =
[ 0 /(1 —y)

and put L, = PD{AD;D. Note that

a 1

where @ > 1. Moreover, Lz(Ri) = R%r and L, is one-to-one. It now follows
from Theorem A.4.4 that (A.12) holds for L;. We conclude from Lemma A.4.5
that (A.12) also holds for L. ]

The Birkhoff-Hopf theorem has a simple explicit form when K = R’} and
K' = RZT.If A = (a;;) is an m x n matrix, then A(R’,) € R’ if and only if
ajj > Oforall1 <i <mand1 < j < n. Moreover, foreach x, y € R’jr we
have that x ~RL Y is equivalent to

Li={i:x;>0={i: y; >0} =1I,.
In that case

Xiyj

dy(x,y) = log( max —) (A.29)
i,jely XjYi

These observations yield the following theorem.

Theorem A.6.2 Let A = (a;j) be an m x n nonnegative matrix, and let
e1,...,e, denote the standard basis vectors in R". If there exists J C
{1, ..., n} such that Ae; ~R Aej foralli, j € J and Ae; =0 foralli ¢ J,
then

A(A) = lrrjlzé)} dy(Ae;, Aej) < oo. (A.30)
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In particular, if A is positive, so J = {1, ..., n}, then
4pidqj
A(A) = max dp(Ae;, Aej) =log ( max —) (A.31)
1<i,j<n i,jp.q Apjagi

Proof Equation (A.30) follows from Lemma A.3.4, since

ARY) = () xjAej: r; > Oforall j € J}.
jel

The second equality is a consequence of (A.29). O

Explicit formulas like those in Theorem A.6.2 can also be given when K and
K’ are polyhedral cones by using the facet-defining functionals. Analogues of
Theorem A.6.2 for integral operators with positive kernels were obtained by
Hopf [90]; see also [62].

In the infinite-dimensional case it useful to note that we have proved slightly
more than is stated in Theorem A.4.1. To see this we need the notion of a
cone-linear map.

Definition A.6.3 If K is a cone in a real vector space V, K’ is a cone in a real
vector space W, and f: K — K’ is a map such that

Sflax + By) = af(x) + Bf(y)

forall x,y € K and a, 8 > 0, then f is said to be cone-linear.

It is known (see [32]) that if K is a closed cone in a Banach space X and K’
is a closed cone in a Banach space Y, then a cone-linear map f: K — K’ may
not have a continuous linear extension F: X — Y,evenif X = cl(K — K). As
continuity does not enter the statement of the Birkhoff-Hopf Theorem A.4.1,
we easily obtain the following extension.

Theorem A.6.4 If K is a cone in a real vector space V, K' is a cone in a real
vector space W, and f: K — K’ is a cone-linear map, then

1
N(f) = k(f) = tanh(7 A(f)).

Proof By Theorem A.4.1 it suffices to note that f has a linear extension
F:Vy - W, where Vo = {u — v: u,v € K} is a linear subspace of V.
Indeed, if x = u — v € Vj, then we can define F(x) = fu) — f(v).
To see that F is well defined we remark that if x = u — v € Vy and
x =u —v e Vyfor some u,u’,v,v € K, thenu +v = u' + v, so that
f@+ f@W)= fu+v)= f@ +v)= f@W)+ f(v). This implies that F
is well defined. It is easy to verify that F is linear and F(K) C K'. O
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A.7 Eigenvectors of cone-linear maps

As in finite-dimensional Perron—Frobenius theory one typically wishes to
prove the existence of a (unique) eigenvector v € K \ {0} of a cone-linear
map f: K — K with f(v) = rv, where r = rg(f) is the cone spectral
radius; see [32,62,110,111,117,138,139,155,166,167,173,193,194,196]. If
K is a closed cone in Banach space X, then for each x € K, we define, as in

Section 5.3,
1/k

() = limsup | F* )y
k— 00
where f: K — K is a cone-linear map which is continuous at 0. The cone-
spectral radius of f is defined by

rg (f) = sup{u(x): x € K}.

Alternatively, we can define || f¥||x = sup{|| f*(x)|lx: x € K and ||x||x < 1}
and consider the Bonsall cone spectral radius,

Pe(f) = Jim (174 = it A
It is known [138] that 7 (f) = rx (f) when f: K — K is a cone-linear map
that is continuous at 0.

To find conditions under which a cone-linear map f: K — K has a unique
eigenvector in K \ {0} with eigenvalue equal to the cone spectral radius, we can
combine the Birkhoff-Hopf Theorem A.4.1 and Banach’s contraction Theo-
rem 3.2.1. Indeed, if K is a closed normal cone in a Banach space X and
x € K, then the same argument as in Lemma 2.7.2 shows that (X, dy) is a
complete metric space, where £, = {y € K: x ~g yand ||y| = 1}. Recall
that a cone K in a Banach space is normal if there exists 6 > 1 such that
lx]| < 8]ly|l forall x, y € K with 0 < x < y. This idea leads to the following
theorem.

Theorem A.7.1 Let K be a closed normal cone in a Banach space X and let
f: K — K be a cone-linear map which is continuous at Q. If there exists an
integer p > 1 such that A(fP) < oo and fPT1(K) # {0}, then f has a unique
normalized eigenvector v € K \ {0} such that f (v) = rg (f)v. Moreover, if we
let ¢ = tanh(A(fP)/4) < 1, then

du (f* (x),v) < Fdy (x, v)
forall x € K \ {0}.

Proof As A(fP) < oo, it follows from Lemma A.3.3 that fP(K) \ {0} is
contained in a part of K. Since FPH(K) # {0}, there exists u € fP(K) such
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that f(u) # 0. Let K, denote the part of K containing u. Note that u = f7(x)
for some x € K \ {0}, so that f(u) = f(fP(x)) = fP(f(x)) € K,. This
implies that f(K,) € K.

Let¥, ={x € K, ||x|| = 1} and define g: £, — X, by

_ W
17l

It is easy to see that gF(x) = fX(x)/| fX(x)| forall k > 1. As f(K,) € K.,
we have that gk(Zu) C X, for all k > 1. It follows from Theorem A.6.4 that

dg (g’ (x), g7 (y) =du(fP(x), fP () < cdu(x,y)

for all x,y € X,, where ¢ = tanh(A(f?)/4) < 1. As K is normal,
(X, dy) is a complete metric space, so that g” has a unique fixed point,
say v € X,, by Banach’s contraction theorem (see Theorem 3.2.1). Note that
g(v) = gP(g(v)) € &, is also a fixed point of g” and hence g(v) = v.

Let A = || f(v)]| > 0 and remark that f(v) = Av. By Theorem A.6.4 we get
that

forx € &,.

g(x)

tdp(x,v) = d (f* (), f* ()
=dy (f*(x), Pv)
=du(f*(x), v).
It remains to show that . = rg (f). Note that w(v) = A, sothat A < rg (f).

Let x € K be such that f7(x) # 0. Thus, f(x) ~x u. Asv € X,, u ~g v,
so that f7(x) ~k v. Hence there exist a, b > 0 such that

arPv <g fP(x) <k bAPv.
Applying f™ to these inequalities yields
a Pty <g fPHM(x) <g APy,
As K is normal, there exists § > 1 with || f?7"(x)|| < §bAP*™ . Therefore

u(x) = limsup | F2Tm )| Y P < lim sup(&b)l/(”m))» =,

m—00 m— o0

so that rx (f) < A, which completes the proof. L]

If all conditions of Theorem A.7.1 are satisfied except for the normality of
K, the original Krein—Rutman theorem and subsequent generalizations give
further conditions which ensure the existence of a normalized eigenvector v €
K of f with eigenvalue rx (f). Once v is known to exist, the arguments of
Theorem A.7.1 prove that v is unique and that the geometric-rate convergence
estimates given in Theorem A.7.1 remain valid.
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Even if A(f) = oo in the Birkhoff-Hopf theorem, the Hilbert metric
can still provide useful information about f. In particular, it may happen
that dg (f(x), f(y)) < du(x,y) for all x,y € K with dy(x,y) > 0. For
nonnegative matrices this leads to the notion of a “scrambling matrix.”

An m X n nonnegative matrix A = (a;;) is said to be row-allowable if
A(int(R’})) € int(R?). Equivalently, A is row-allowable if each row of A
contains at least one positive entry. A row-allowable nonnegative matrix A =
(a;j) is called scrambling if foreach 1 < iy <ip < mthereexists1 < j <n
such that a;, ja;,; > 0. It is known (see, for example, [202, pp. 80-3]) that if
A is a row-allowable scrambling matrix, then

dy(Ax, Ay) <dg(x,y) (A.32)

forallx,y € int(R’_@) with dy (x, y) > 0. For m = n, Equation (A.32) implies
that A has at most one normalized eigenvector in int(R). It may, however,
happen that a row-allowable scrambling matrix has no eigenvector in int(R’} ).
For example, the matrix
a b
A=
6]

where a, b, ¢ > 0, has an eigenvector in int(R’jr) if and only if ¢ > a.
More generally there exists the following result for cone-linear maps.

Theorem A.7.2 Let V and W be Hausdorff topological vector spaces and
K C Vand K' C W be closed cones with non-empty interiors. Let f: K —
K’ be a cone-linear map with f(K) C K'. If for all linearly independent
u,v € 0K, with (u + v)/2 € int(K), it is true that either f(u) € int(K') or
f() €int(K"), then

du(f(x), f(¥) <du(x,y)
forall x,y € int(K) withdy (x,y) > 0.

Proof Let x,y € int(K) with dy(x,y) > 0, so x and y are linearly inde-
pendent. As usual we write K(x,y) = K N V(x,y) and K'(f(x), f(y)) =
K' N W(f(x), f(). Thus, K(x,y) and K'(f(x), f(y)) are closed cones
in the two-dimensional spaces V (x,y) and W(f(x), f(y)), respectively. If
f(x) and f(y) are linearly dependent, then dg (f(x), f(y¥)) = 0, and we are
done. So, suppose that f(x) and f(y) are linearly independent. Let L denote
the linear extension to V(x, y) of the restriction of f to K(x, y), and note
that L is a one-to-one linear map that maps V (x, y) onto W(f(x), f(¥)). As
x,y € int(K), we know that x and y are also in int(K (x, y)) in V(x, y).
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\. . .

Figure A4 K(x,y).

This implies that f(x) and f(y) lie in the interior of K'(f(x), f(y)) in
W(f(x), f(3)), as L is one-to-one.

By the Hahn—Banach separation theorem there exists a continuous linear
functional ¢: V(x, y) — R such that 9(w) > 0 for all w € K(x, y) \ {0}.
Similarly, there exists a continuous linear functional ¥ : W( f(x), f(y)) - R
such that ¥(z) > Oforall z € K'(f(x), f(3)) \ {0}. By rescaling x and y
we may assume that ¢ (x) = 9 (y) = 1. Let [ be the straight line through x
and y. As K (x, y) is a closed cone, there exist u and v in/ N 9K (x, y) as in
Figure A 4.

Clearly (u + v)/2 € int(K(x, y)); so, either f(u) € int(K') or f(v) €
int(K’) by assumption. For definiteness we suppose that f(u) € int(K’). By
Theorem 2.1.2,

dp(x,y; K) = log[u, x, y, v].
As L is one-to-one, we have that
[u,x,y,v] =[Lu, Lx, Ly, Lv].

Write u' = Lu/y(Lu) and v' = Lv/y(Lv), and let S: W(f(x), f()) —
W(f(x), f(y)) be defined by

S(af () +bf ) =au' + bV

for a, b € R. Note that S is a one-to-one linear map that maps f(u), f(x),
and f(y) into the interior of K'(f(x), f(y)) and S(f(v)) € K'(f(x), f(y)).
Since S is one-to-one, f(x) = Lx, f(y) = Ly, f(u) = Lu, and f(v) = Lv,
we have that

[, S(Lx), S(Ly), v'] = [Lu, Lx, Ly, Lv].
Now note that u’, S(Lx), S(Ly), and v’ lie on the line

I'={zeK'(fx), fO): ¥ (@) =1}
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\u” W S(Lx) S(Ly) o v/

Figure A.5 K'(f(x), f()).

As u’ € int(K’), we know that there exist #” and v in I’ N K’ (f(x), f(y))
as in Figure A.5. (Obviously, u” # u’, but v” could be equal to v'.) As u’ €
int(K’) we find that

[w”, fx), f(»),v"]=[u", S(Lx), S(Ly), v"]
< [u', S(Lx), S(Ly), V'] = [u, x, v, v].

This implies that dy (f (x), f(¥)) < dg(x, y), and we are done. O

The condition in Theorem A.7.2 can be shown to be optimal. We con-
clude the appendix by showing that row-allowable scrambling matrices are
contractions under Hilbert’s metric.

Corollary A.7.3 Let A = (a;j) be an m x n nonnegative matrix. If A is
row-allowable and scrambling, then

dy(Ax, Ay) <du(x,y)
forall x,y € int(R'}) withdp (x, y) > 0.

Proof We will use Theorem A.7.2. So, suppose that u and v are linearly
independent in dR’, and (u + v)/2 € int(R). We need to show that either
Au € int(RY) or Av € int(R’}). Assume that Au € dR’. Then there exists
1 <i < m such that

n
(Au); =" aijuj =0. (A.33)
j=1
Let J = {j:uj = 0}. As (u +v)/2 € int(R}), v; > Oforall j € J. It
follows from (A.33) that ¢;; = O for all j ¢ J. Now foreach 1 < k < m
there exists 1 < ji < n such that azj a;;, > 0, since A is scrambling. So, each
Jx € J and agjvj, > 0. Thus, Zj agjv; > 0 foreach 1 < k < m, so that
Av € int(R}). O



Appendix B

Classical Perron—Frobenius theory

In this appendix we provide proofs of most of the results from Sec-
tion 1.1 concerning classical linear Perron-Frobenius theory. We begin (see
Theorem B.1.1) by proving a generalization, valid for general cones, of Per-
ron’s theorem which is stated in Theorem 1.1.1. From this result we then
derive the finite-dimensional Krein—Rutman theorem (Theorem 1.1.6). We
also show that many of the results in the general version of Perron’s the-
orem remain valid for irreducible linear maps, and this yields Theorem
1.1.7. We subsequently give a complete proof of the third assertion in the
classical Perron-Frobenius Theorem 1.1.2, which depends on special prop-
erties of the cone R’} and is of a qualitatively different nature from the
other two assertions (see Proposition B.4.3). We next use this part of the
Perron—Frobenius theorem to prove Theorems 1.1.8 and 1.1.9 concerning
the peripheral spectrum and iterative behavior of linear maps on polyhedral
cones.

Our treatment here is concise and meant only as an introduction to the lin-
ear theory. The reader should consult the books by Bapat and Raghavan [15],
Berman and Plemmons [22], Minc [148], and Seneta [202], or the survey paper
by Tam [214], for a more thorough discussion of linear Perron—Frobenius
theory.

B.1 A general version of Perron’s theorem

It is well known that a linear map L: V — V on a real n-dimensional
vector space V can be identified with a real n x n matrix A by selecting
a basis vy, ..., v, for V. More precisely, the basis induces a linear isomor-
phism, T: xjv; + - -+ + x,v, — (x1,...,X,), from V onto R", and TLT!
corresponds to a real n x n matrix A. The spectrum, o (L), of L is defined by
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o(L) ={) € C: Ax = Ax for some x € C" \ {0}},

i.e., the set of eigenvalues of L. From basic linear algebra we know that o (L)
is independent of the choice of the basis of V. If A € R is an eigenvalue
of L, then there exists x € V \ {0} such that L(v) = Xtv. Furthermore, if
A= ,oe“9 € C\ R is an eigenvalue of L, then there exist x, y € V \ {0} and,
when suitably interpreted, x 4 iy is an eigenvector of L with eigenvalue pe'”.
This implies that

L(x) = pcos(®)x — psin(?)y and L(y) = psin(?)x + pcos()y.
(B.1)
It is easy to verify that x and y in (B.1) are linearly independent over R. We
shall need this elementary fact later.
A linear map L: V — V which leaves a solid closed cone K in V invariant
is said to be primitive if there exists an integer m > 1 such that

L™ (K \ {0}) < int(K).

Note that an n x n nonnegative matrix A = (g;;) maps R’} \ {0} into int(R’} ) if
and only if @;; > Oforall 1 <i, j < n.So, ann X n nonnegative matrix A is
primitive if and only if there exists an integer m > 1 such that A is positive.

In the following theorem, recall that if V is a finite-dimensional real vector
space and L: V — V is a linear map, then r (L), the spectral radius of L, sat-
isfies (L) = sup{|z|: z € o(L)}. It is known that r(L) = limg_, LK)k,
where ||L¥|| = sup{||L¥x|| : x € V with ||x|| < 1} and || - || is a norm on the
vector space V.

Theorem B.1.1 Let K be a solid closed cone in a finite-dimensional real
normed space V with dim(V) > 1, and let L: V — V be a linear map
with L(K) C K and spectral radius r (L). If L is primitive, then the following
assertions hold:

(i) r(L) > 0 and r(L) is an algebraically simple eigenvalue of L with an
eigenvector v € int(K) with ||v] = 1.
(ii) For every x € K \ {0} we have that

LF(x)
1m k— =V
k—o0 [[L*(x)||

In particular, every eigenvector w € K of L is a scalar multiple of v.
(iii) If » € (L) and A # r (L), then || < r(L).

Proof Recall thatif x € K and y € int(K), then x + y € int(K). Moreover, if
x,y € K withy < x and x ¢ int(K), then y ¢ int(K). Indeed, if y € int(K),
then x +y € int(K), and since we assume thatx —y € K, (x —y)+ (x +y) =
2x € int(K), contrary to our assumption.
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We claim that L(int(K)) < int(K). To show this we assume, by way of
contradiction, that u € int(K) with L(u«) € 0K. Since u € int(K), there exists
M > 0 such that L(u) < Mu, so that L>(u) < ML(u). Since L(u) ¢ int(K),
the previous remarks imply that L?(u) ¢ int(K). Continuing in this way, we
see that L¥(u) ¢ int(K) for all k > 1, which is impossible, as L™ (K \ {0}) C
int(K). Let ¥ = {x € K: ||x]| = 1} and £° = {x € int(K): ||x|| = 1}. The
assumptions imply that L™ (X) is a compact subset of int(K). Select u € X°
and let dy be Hilbert’s metric on int(K). As L™ (X) is compact, there exists
R > 0 such that

L™(2) € Br(u), (B.2)

where Br(u) = {x € int(K): dy(x,u) < R}. In particular, it follows from
(B.2) that

sup{dg (L™ (x), L™ (y)): x, y € int(K)} < 2R.

Now define f: int(K) — int(K) by

Fo = 29 forx € int(K)
x) = —— forx €in .

1Ll
Note that f/(x) = L/ (x)/||L/(x)| forall j > 1, and define g(x) = f™(x) for
all x € int(K). It follows from the fact that g(X) C X° and from the Birkhoff—
Hopf Theorem A.4.1 that there exists a constant 0 < ¢ < 1 such that, for each

X,y € X°,
du(g(x), g(y)) < cdu(x,y).

Thus, it follows from Banach’s contraction Theorem 3.2.1 that g has a unique
fixed point v € £° and g¥(x) — v as k — oo, for all x € X°. Furthermore,
since g(f(v)) = f(g(w)) = f(v), f(v) is also a fixed point of g. So, f(v) =
v, and we see that L(v) = ||L(v)||v. Because f™(x) € X° forall x € K \ {0},
we also find that

Lmk(x)

A B.3
koo IL" GO B3

for all x € K \ {0}. If we replace x in (B.3) by L/ (x) for x € K \ {0} and
0 < j < m, and if we note that L/ (x) is unequal to 0, we obtain from (B.3)
that limy_, oo LK 17 (x) /|| L¥"+7 (x)|| = v. We deduce from this that

L)
lim T =v forallx € K\ {0}.
k—o0 L (x) |l
Letr = ||L()|| > 0,s0 L(v) = rvand v € int(K). We now show that r is
equal to the spectral radius of L. To begin we note that there exists a constant
C > 0 such that
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—Cv <x <Cv forallx € V with ||x|| < 1.
It follows that
0<L/(x)+Crlv=L/(x+Cv) < L/(2Cv) =2Crv.
Dividing by r/ we get that
0<r/Li(x)4+Cv<2Cv forallx € V with ||x| < 1. (B.4)

From Lemma 1.2.5 we know that every closed finite-dimensional cone is nor-
mal. So, we can use Equation (B.4) to find a constant C; > 0 such that
r~J||L7 (x)|| < C,C, which shows that r is the spectral radius of L.

If L(w) = rw for some w € V and w # Av for all A € R, then for ¢ > 0
sufficiently small § = v+ew € int(K), L(§) = r§, and £ is not a real multiple
of v. But then Lk(é)/HLk(E)H = &/|&|l # v, which contradicts (B.3), so we
conclude that v is the unique, up to scalar multiples, eigenvector of L with
eigenvalue r.

To show that » has algebraic multiplicity 1, we must prove that there does
not exist w € V with (L — rI)(w) = v. If L(w) = rw + v, then a simple
induction argument shows that

LYw) = rfw + kr* v forallk > 1. (B.5)
Note that (B.4) implies that there exists a constant C > 0 such that
r Lk )] < Colwl.
So, if we divide both sides in (B.5) by rk, we get that
Collwl = r L )l = lw + k¢~ = k™" = ],

which is impossible for k large.

To complete the proof of the theorem, it remains to show that if A € o (L)
and |A| = r, then A = r. By replacing L by r~'L we may as well assume
that r = 1. If L(x) = —x for some x € V with ||x|| = 1, then an elementary
linear algebra argument shows that x and v are linearly independent. For ¢ > 0
sufficiently small, v 4+ ex € int(K). So, Lk(v +ex) =v+ (—=D¥ex and x is
not a multiple of v, which contradicts Equation (B.3).

Now suppose that L € o (L) with |[A|] = 1 and . € C\ R. Then A = e’ for
some 0 < ¥ < 27 and ¥ # . In that case there exist linearly independent
vectors x,y € V satisfying (B.1) with p = 1. We claim that {v, x, y} is a
linearly independent subset of V. The proof is an elementary exercise in linear
algebra, but we include it for completeness.
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Suppose by way of contradiction that there exist «, 8, ¥y € R, not all zero,
such that

av+Bx+yy=0. (B.6)
Applying L to both sides of (B.6) gives
av + (Bcos(P) + y sin(P))x + (y cos(¥) — Bsin(¥))y = 0. B.7)

Subtracting (B.6) from (B.7), and using the fact that x and y are linearly
independent, we find that

(cos(®) — DB +sin(¥)y =0 and (—sin(?)B + (cos(¥) — 1)y = 0.

Since (cos(¥) — 1)2 + sin®(9) = 2(1 — cos(?)) and 1 — cos(?) > 0 when
sin(¢) # 0, we conclude that 8 = y = 0. This implies thatae = 8 =y =0,
which is a contradiction.

Now select § > O such that {u € V: |[u — v|| < 8} C int(K). For x, y, and
¥ as above, select ¢ > 0 such that /||x]|2 + ||v]|2 < 8. Because

L*(v + &x) = v + e(cos(kd¥)x — sin(k)y),

the Cauchy—Schwarz inequality implies that | L* (v 4 ex) — v|| < 8. For 0 <
Y < 2m, define

g(r) = v+ e(cos(y)x — sin(¥)y),

so g(kv mod 2m) = Lk(v + ex). Since {v, x, y} is a linearly independent set
inVv,

W) .
gl
The map ¢ — % — v is continuous, and hence there exists . > 0 such
that
2] =
gl
for all 0 < ¢ < 2m. In particular, we find for each k > 1 that
LF(v 4 ex)
lizeareor 122
1L + ex)]|
which contradicts (B.3). We conclude that if A € o (L) with A # r, then
|| < r, which completes the proof. O

Notice that Perron’s Theorem 1.1.1 is a special case of Theorem B.1.1 where
m=1,V=R" K = R'jr, and L is an n x n matrix with all entries positive.
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B.2 The finite-dimensional Krein—-Rutman theorem

Theorem B.1.1 has a number of important consequences. For example, one
can use it to prove a finite-dimensional version of the Krein—-Rutman Theorem
1.1.6. To get started we need to make a few preliminary observations.

Let B be an n x n real matrix and suppose that (By)x is a sequence of real
n x n matrices with ||By — B|| — 0 as k — o0. For k > 1 let r; denote
the spectral radius of By, and let r denote the spectral radius of the matrix
B. Assume that the characteristic polynomial p(z) of B has distinct roots
{1, ..., ¢p €C, where ¢; has algebraic multiplicity m; so, Z;’zl mj = n.
Now if px(z) denotes the characteristic polynomial of By, then we can use
Rouché’s theorem [191, p. 218] from complex analysis to show that for each
§ > 0and 1 < j < p there exists an integer k(§, j) > 1 such that for each
k > k(é, j) the polynomial pi(z) has precisely m; roots z € C, counting
multiplicity, satisfying |z — ¢;| < 6. From this fact it is easy to deduce that

klggo Te=1n
We also see that the corresponding result holds for sequences of bounded
linear maps (B ), on finite-dimensional normed spaces V with || By — B|| — 0
as k — oo. In infinite-dimensional Banach spaces, however, it may happen
that || B — B|| — 0 but r¢ does not converge to r. S. Kakutani constructed an
interesting counterexample, which can be found in [185, pp. 282-3]).

Theorem B.2.1 (Krein—-Rutman) Let K be a solid closed cone in a finite-
dimensional real normed space V with dim(V) > 1. If B: V — V is a linear
map with B(K) C K and spectral radius r, then there exists v € K with
B(w) =rvand |v|| = 1.

Proof By Lemma 1.2.4 we know there exists ¢ € K* such that ¢(x) > 0 for
all x € K \ {0}. Let (ex)x be a sequence of positive reals with g — 0 as
k — o0, and fix u € int(K). Fork > 1 and x € V, define

Bi(x) = B(x) + erp(x)u.

So, By is a primitive linear map, as By (K \ {0}) C int(K).

Let ry denote the spectral radius of By for & > 1. Theorem B.1.1 implies
that r; > 0 and there exists v; € int(K) with By (vr) = rrvg and |Jvg|| = 1 for
all k£ > 1. By the remarks preceding the theorem, we know that

lim r, =,
k— o0
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since || By — B|| — 0 as k — oo. By taking a subsequence we may assume
that vy — v, where v € K and ||v|| = 1. It follows that

B(w) = lim B(vr) = lim By(vy) = rrvy = rv,
k—o00 k— 00

which completes the proof. O

B.3 Irreducible linear maps

As we shall see in this section, much of Theorem B.1.1 remains true if L in
Theorem B.1.1 is only assumed to be irreducible in the sense of Definition
1.1.4. See also Proposition 1.1.5.

Theorem B.3.1 Let K be a solid closed cone in a finite-dimensional real
normed space V with dim(V) > 1. If L: V — V is a linear map with
L(K) C K and spectral radius r(L), and L is irreducible, then the following
assertions hold:

(i) r(L) is an algebraically simple eigenvalue of L with an eigenvector v €
int(K). Moreover, r(L) > 0 if L # 0.
(ii) Every eigenvector w € K of L is a scalar multiple of v.

Proof First we remark that the assertions are trivial if dim(V) = 1. So, assume
that dim(V') > 2. For simplicity write r = r(L). It follows from Proposition
1.1.5 that there exists A > r such that (A\/ — L)~ }(K \ {0}) C int(K). Let
B = (A — L)~! and note that Theorem B.1.1 applies to B.

From Theorem B.2.1 we know that there exists v € K, with ||[v]| = 1, such
that L(v) = rv, and hence (Al — L)(v) = (A — r)v. This implies that

—r)"lv=0I-L)""(v) = B(v),

so we see that v € int(K). Because v € int(K), the same argument as in
the proof of Theorem B.1.1 implies that (A — r)~! is the spectral radius of
B. It also follows from Theorem B.1.1 that (A — r)~! > Oand (A — )~ ! is
an algebraically simple eigenvalue of B. Moreover, each eigenvector w € K
of B must be a scalar multiple of v. We shall use these facts to derive the
corresponding results for L.

We first show that r > 0, for which it essential to assume that dim(V) > 2,
since in our definition the zero 1 x 1 matrix is irreducible. If r = 0, then
L(v) =0, and since v € int(K), there exists § > 0 such that v + x € K for all
x € V with ||x|| < 8. It follows that if || x| < §, then L(v +x) = L(x) € K
and L(v — x) = —L(x) € K, from which we deduce that L(x) = 0 for all
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x € V. Thus, (W — L)"'(x) = A~ !x for all x € V. This contradicts the fact
that (A — L)~ (K \ {0}) € int(K), since K contains at least one proper face
if dim(K) > 2.

If L(w) = rw for some w € V \ {0}, and w # pv for all u € R, then

h—r"'w=nI-L)""(w) = B(w),

which is impossible, as each eigenvector of B with eigenvalue (A — )~ ' is a
scalar multiple of v.

To prove that r is an algebraically simple eigenvalue, we need to show that
there does not exist u € V with (L — rI)(u) = v. Arguing by contradiction,
assume that (L — ) (u) = v. Using the fact that B(v) = (A —r)~'v, a simple
calculation shows that

v=(A =1 —-BHw =B —-0—-r)""D0—r)w,

which is impossible, as (A — r)~! is an algebraically simple eigenvalue of B.
Finally we show that each eigenvector w € K of L is a scalar multiple of
v. Assume that L(w) = pw for some w € K \ {0} and p > 0. This implies
that (L — A1)(w) = (p — M)w, so that B(w) = (p — A)~'w. Since the only
eigenvectors of B in K are scalar multiples of v, we conclude that w must be
a scalar multiple of v. O

Notice that the first two statements in the Perron-Frobenius theorem as
stated in Theorem 1.1.2 are a direct consequence of Theorem B.3.1. In the
next section we prove the third statement in Theorem 1.1.2, concerning the
peripheral spectrum. This statement is of a qualitatively different nature and
depends, to a large extent, on special properties of R’ .

B.4 The peripheral spectrum

We begin the analysis of the peripheral spectrum of an irreducible nonnegative
matrix with an observation that holds for general linear maps that leave a solid
closed cone invariant.

Lemma B.4.1 Let K be a solid closed cone in a finite-dimensional real
normed space V. If L: V — V is a linear map with L(K) C K, and there
existu € K \ {0} and a > 0 such that

L(u) —ou € K,

then the spectral radius r(L) of L satisfies r(L) > «. If, in addition, L is
irreducible and L(u) — oau # O, then r(L) > a.
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Proof For simplicity write r = r(L). By assumption o < L(u), so that
ofu < L¥u) forallk > 1.

If « > r, we find that
INK 4
(—) L*(u) > 0 ask — oo,
o

and

(l)kLk(u) —ueKk forallk>1.
- >

This implies that —u € K, which is impossible, and hence o < r.
If, in addition, L is irreducible, and L(u#) # ou, then we know from
Proposition 1.1.5 that there exists A > r such that

(I — L)1 (K \ {0}) C int(K).
Writing w = (A — L)~ !(u), we find that
W — L)Y N (L(w) —au) = L(w) — aw € int(K).

Since L(w) — aw € int(K), there exists § > 0 such that L(w) — aow > fw,
and now the first part of the lemma tells us thatr > o + 6 > «. O

To proceed further we shall need an elegant result by Wielandt [225] con-
cerning nonnegative irreducible matrices. (Here we mean irreducible with
respect to R’} .) Before we state it, we introduce the following notation. Given
a matrix C = (¢;;) with entries from C we write |[C| = (|¢;;]). Similarly, for
2=(21,...,2,) InC" welet |z| = (|z1], ..., |za]) € R].

Theorem B.4.2 (Wielandt) Let A = (a;;) be an n X n nonnegative irreducible
matrix. If C = (c;j;) is an n X n matrix with entries from C and

lcijl <aij foralll <i,j <n, (B.8)

then r(C) < r(A). Moreover, if C has an eigenvector z € C" \ {0} with eigen-
value r(A)e'”, then |z| € int(R%), |C| = A, and A|z| = r(A)|z|. Furthermore,
the diagonal matrix

D = diag(z1/lz1l, .-, zn/l|zal)

satisfies

C=¢"DAD7!. (B.9)
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Proof If Cw = pw for some w € C", then by (B.8) we find that
lollw] = [Cw| < [Cllw] < Alw].

So, by Lemma B.4.1 we know that p < r(A), and hence (C) < r(A).

For simplicity write r = r(A) and suppose that there exists z € C" \ {0}
with

Cz=revz,

sorlz| = |Cz| = |Cllz] = Alz|. If Alz] # [Cl|z| or [Cz| # |C]|z], then
A|z| # r|z|, and because A is irreducible Lemma B.4.1 implies that the spec-
tral radius of A is strictly greater than », which is impossible. It follows that
A|z| = |C]|z| = r|z|; and since A is irreducible, |z| is the unique, up to scalar
multiples, eigenvector of A in R}, and |z| € int(R’}).

To show that |C| = A, remark that

n
0=rlzil —rlzil = ) (aij — lcijDlzj]
j=1

for 1 <i < n. Note that |[z;| > 0 and a;; — |¢;;| > O for all i and j. Thus, we
must have that a;; = |c;;| for all i and j.

Now let D = diag(z1/|z1l, - -, za/lzs]) and let E = e D71CD = (¢;).
Using the equality D|z| = z, we see that CD|z| = re z and

Elzl =re " D7 2) = r|z| = Alz|.
As lejj| = |cij| = a;j for 1 <1, j < n, we also have that | E||z] = r|z|. Thus,
n
0=rlzl —rlzil = ) _(leij| —eiplzl,
j=1
and hence
n
> (leijl = Re(ei)lz| =0,
j=1

for all 1 < i < n. Here Re(§¢) denotes the real part of £ € C. Obviously,
leij| > Re(e;j), so |e;j| = Re(e;;), as |zj| > O for all j. Thus, e;; = |e;;| for
all i and j, which shows that e;; = |c;j| = a;; for all i and j, and hence (B.9)
holds. O

We now prove the third part of the Perron—Frobenius Theorem 1.1.2.
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Proposition B.4.3 If A is a nonnegative irreducible n x n matrix, and A
has exactly q eigenvalues Ay, ..., ; € C with modulus r(A), then these
eigenvalues are precisely the roots of the equation

727 —r(A)? =0,
and each A; has algebraic multiplicity 1.

Proof By replacing A with r(A)~' A we may as well assume that r(A) = 1.
Let G = {A1, ..., Ay} be the set of eigenvalues of A with modulus 1. If e’ e
G, then it follows from Theorem B.4.2 that there exists a diagonal matrix D
with |D| = I, where [ is the identity matrix, such that

A=D(E"A)D. (B.10)

This equation implies that o (A) = o (¢'? A), as o(ei? A) = €0 (A). We
conclude that u € o (A) if and only if ,uew € o(A).

Now if ¢”1 and ¢'”2 are in o (A), we see that ¢!1 172 € o (A) for all
u € o(A). In particular, since 1 € o(A), we find that A1) e 5 (A).
Because A has real entries, if ¢!’ € o (A), we must have that e~ € o (A). So,
G forms an abelian group with at most n elements.

For 4 € G we can write u = eV, where 0 < ¢ < 27. If G contains at
least two elements, we let 9 = min{¢} € (0, 27): eV e G}.S0,0 < 99 <m,
since ¢!?7%) = ¢~ ¢ G. As G is a group, e € G for all k € Z.
We claim that, for each ¢/¥ € G, we have that Y = kv for some integer k.
Indeed, if ¥ # mvy for all integers m > 1, then there exists mq such that
0 < ¢ —mpvy < VYo. But eIV —m0%) ¢ G, which contradicts the choice of 9.
Thus, G is a the cyclic group of order g generated by €0, where 99 = 27/4.

Note that if ¢/ € G, then it follows from (B.9) that

p() = det(ul — A) = e det((re ™)1 — A) = €7 p(re™).
We see that
PG = e (eI
and, more generally,
P () = P emimY [ 0m) (5 =it

for all m > 1. To see that Ay = ¢!”* € G has algebraic multiplicity 1, remark
that, foreach m > 1,

p(m) ()"k) — einﬁke_imﬂkp(m)()\.ke_iﬁk) — ei(n—m)ﬁkp(m)(l) # 0’

as 1 = r(A) € G has algebraic multiplicity 1 by Theorem B.3.1. Thus, each
Ak € G has algebraic multiplicity 1, and we are done. O
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The number of eigenvalues A € C of an irreducible linear map L: V — V
with |A| = r(L) is usually called the index of cyclicity. It is known that if
L:V — V is an irreducible linear map, then L is primitive if and only if its
index of cyclicity is 1; see [117, theorem 6.3] or [22, p. 18].

Proposition B.4.3 can be extended to linear maps that leave a polyhe-
dral cone invariant. This observation goes back to Krein and Rutman [117,
pp- 303-5]. It can also be found as Exercise 5.25 in the book by Berman
and Plemmons [22, p. 23]. For a solution they refer to a paper by Barker and
Turner [16]. This paper, however, contains a mistake, according to Tam [214,
p. 244], who gave a correct proof in [213]. In our presentation we follow the
original proof by Krein and Rutman. The main idea is to reduce the gen-
eral case to the case where the linear map leaves the standard positive cone
invariant. We start with an auxiliary lemma.

Lemma B4.4 Let K C V be a solid polyhedral cone with N facets and
facet-defining functionals Yy, . .., ¥y € V. If Q: RN — V* is defined by

N
O(wiy, ..., wyN) :Zw.jlﬁj for (wy, ..., wy) e RV,
j=1

then

(i) Q is surjective,
(ii) Q*: V** =V — (RN)* is injective, and
(iii) Qw # 0 for all w € RY \ {0}.

Proof Suppose that Q is not surjective. By the Hahn—Banach theorem there
exists a non-zero functional #: V* — R such that 9 (¢/;) = 0 forall I <
Jj < N. We know that there exists x € V \ {0} such that ¥ (¢) = ¢(x) for all
¢ € V*. In particular, j(x) =0forall 1 < j < N. It follows from Lemma
1.2.1 that x, —x € K, which is impossible, as x # 0.

The second assertion is a simple consequence of the first one. Simply
note that Q*: V** = V — (RM)* is given by (Q*v)(w) = (Quw)(v) =
Zj w;y;(v) forall w € RN. So, Q*v = 0 implies that 0 = (Qw)(v) for all
w € RN, As Q is surjective, v = 0.

To prove the final assertion we note that if we take x € int(K), then for each
w e Rﬂ \ {0} we have that (Qw)(x) = Z./ w;iy;i(x) > 0. O

It is easy to verify that the first two assertions in Lemma B.4.4 also hold for
Q and Q* on the complexifications of RN, (RV)*, V, and V*.
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Theorem B.4.5 If A: V — V is a linear map that leaves a solid polyhedral
cone K with N facets invariant, then for each A € o (A) with |A| = r(A) there
exists an integer 1 < g < N such that A1 = r(A)1.

Proof By rescaling A we may assume that r(A) = 1. Let ¥y, ..., ¥y € V*
be the facet-defining functionals of K. Define C = {ZI/V:l ajyjeV*ia;=0
foralll < j < N}. We first show that K* = C.‘Obviously C C K*.
Suppose that ¢ € K* \ C. By the Hahn—Banach separation theorem (see [186,
theorem 11.4]), there exists p € V** such that p(¢) < 0 and p(y/;) > O for
all 1 < j < N. So there exists a non-zero x € V with ¥;(x) > 0 for all
1 < j < N, and hence x € K by Lemma 1.2.1. Thus, p(¢) = ¢(x) > 0,
which is impossible.

Now let 0: RY — V* be defined as in Lemma B.4.4. We know that
Q(RY) € K*. It follows that for each 1 < i < N there exist a;; > 0,
1 < j < N, such that

N
A =) i
j=1
Moreover, for each (wq, ..., wy) € RN,

N N
A*(Ewi%) = Ewi( .
1= 1= J

N N

laijlﬁj) = i (Zwiaij)Wj-

j=1 =l

Now define B: RN — RY by B(wy, ..., wy) = (v1, ..., vy), where

N
Vj =Zwiaij forl <j <N.

i=1

Note that A*Q = OB and B(Rﬁ) - Rﬁ. If z € CN and Bz = Az, then
A*Qz = AQz. Now let w € Rﬁ \ {0} be such that Bw = r(B)w; then
Qw € K* and Qw # 0 by Lemma B.4.4. Moreover, A*Qw = r(B)Quw,
which shows that 7 (A) = r(A*) > r(B).

We also have the relation

0*A = B*Q*. (B.11)

If Az = Az, where z € 1% \ {0} and V is the complexification of V, then
B*Q*7 = Q*Az = AQ*z and Q*z # 0, as Q™ is injective on 1% by Lemma
B.4.4. This implies that if A € o(A), then . € o(B*) = o(B) and hence
r(A) < r(B). We conclude that r(A) = r(B).
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If Az = ¢l”z, where z € V \ {0}, then Q*z is an eigenvector of B* with
eigenvalue ¢'”. The linear map B* maps (Rﬁ )* into itself, and can be repre-
sented by an N x N nonnegative matrix 7. We know that there exists an N x N
permutation matrix P such that PT T P is in Frobenius normal form,

pit o ... 0
D pz2 .. 0

PlTp = : _— . , (B.12)
D;n] Dm2 pmm

where each diagonal block D' is irreducible; see [148, p. 142]. So, e is an
eigenvalue of one of the matrices D’. It now follows from Proposition B.4.3
that there exists 1 < g < N such that (em)q =1, and we are done. O

If we assume in Theorem B.4.5, in addition, that A is irreducible, then one
may be tempted to believe that one can sharpen the assertion to say that there
exists 1 < g < N such that for each A € o(A) with |A| = r(A) we have
that A = r(A)4, as in Proposition B.4.3. This turns out to be false. Examples
showing that such an integer 1 < ¢ < N need not exist for irreducible linear
maps that leave a general solid polyhedral cone with N facets invariant were
communicated to the authors by Tam and Lins.

We will now use Theorem B.4.5 to prove the following result concerning
the iterative behavior of linear maps on polyhedral cones.

Theorem B.4.6 If A: V — V is a linear map that leaves a solid polyhedral
cone K C V with N facets invariant, then there exists an integer p > 1, which
is the order of a permutation on N letters, such that limy_, oo A*Px exists for
all x € K with (|| A*x|))x bounded.

The idea is again to reduce it to the case where K = Rf , and to apply [171,
theorem 9.1], which says the following.

Theorem B.4.7 If A: R" — R" is a linear map which leaves R’ invariant
and r(A) < 1, then there exists an integer p > 1, which is the order of a
permutation on n letters, such that limy_, A*Px exists for all x € R" with

(I A* x|k bounded.

The additional assumption, r(A) < 1, is required to ensure that the limit
exists not only for points in R , but for all points in R” with a norm-bounded
orbit. In fact, Theorem B.4.7 has the following consequence.

Corollary B.4.8 If A: R" — R" is a linear map that leaves R'| invariant,
then there exists an integer p > 1, which is the order of a permutation on n
letters, such that limy_, oo AP x exists for all x € RY with (| A* x|k bounded.
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Proof Let C be the n x n nonnegative matrix representing the linear map A.
Then there exists a permutation matrix P such that PTC P is in Frobenius
normal form, so

ptt o0 ... 0

, D p2 .. 0
Plcp =

: : . 0

pm pmz .. pmm

and each diagonal block D’ is irreducible; see [148, p. 142]. Denote the right-
hand side by D, and the spectral radius of the Dl by ri for 1 < i < m.
Furthermore, let S; € {1, ..., n} be the set of indices corresponding to the
diagonal block D’ .

We claim that, for each y € R’} with (IC*y )« bounded, the point PTy
has no support on S; for all i with r; > 1, i.e., there exists no j € §; with
(PTy)j > 0,if r; > 1. To prove this we argue by contradiction. Let z = Py
and let 7/ € Rii denote the restriction of z to its coordinates in S;. Suppose
that z has a support on S; and 7; > 1. Because z' # 0 and D’ is irreducible,
we know from Proposition 1.1.5 that there exists an integer ¢ > 1 such that

v=z + Dig ... (D) ¢ int(Ri).

Now let || - ||; be the £;-norm, so ||x||; = Y, |x;|. We have that

4 . 1/k 4 o1k 4 ok
(i) " = | Yo ekiy] = | Yo Pk P
j=0 =0 j=0
”Xq:Dkﬂ I | S (D 7 = e
= = v .
—o ¢ O 0 . 1 1
J= J=

Note that the left-hand side converges to 1 as k — o0, since y has a norm-
bounded orbit under C. However, the right-hand side converges to r; > 1, by
Proposition 5.3.6, which is impossible.

Let § = Ui ;=1 Si and denote by D the n x n nonnegative matrix obtained
from D by replacing the entry d;; in D by O if and only if i € S or Jj € S.
Obviously, r(D) < 1. So we can apply Theorem B.4.7 to deduce that there
exists an integer p > 1 which is the order of a permutation on n letters, such
that limg— o D*Py exists for all w € R" with (||ﬁkw||)k bounded.

Now let x € R’} with (IC*x|)x bounded and let u = PTx. As x and
CPx have a norm-bounded orbit under C, we know from the claim that u
and D?u have no support on S. So, DPu = DPu. More generally, Ck=Dpy
and C*?x have a norm-bounded orbit under C. So, it follows from the claim
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that D¥y = DKy for all k > 1. This implies that limy_, .o Dy exists. As
C*? = pD*P PT for all k > 1, we conclude that limy_, o, C¥Px exists. O

We can now prove Theorem B.4.6.

Proof of Theorem B.4.6 Recall from the proof of Theorem B.4.5 that Q*A =
B*Q*; see Equation (B.11). From Lemma B.4.4 we know that Q* is injec-
tive. Moreover, for v € K we have that (Q*v)(w) = Zj w;yij(v) > 0
for all w € R_’X. Thus, O*(K) C (R_’X)*. Note that if x € K has a norm-
bounded orbit under A, then Q*x € (]Rﬁ )* has a norm-bounded orbit under
B*, as ||(B5*Q*x|| = ||Q*A*x| for all k > 1. We know from Corollary
B.4.8 that there exists an integer p > 1 which is the order of a permuta-
tion on N letters, such that limy_, oo (B*)*Pw exists for all w € (RQ\_’)* with
(I(B*)*w||)x bounded. Using the relation A¥ = (Q*)~!(B*)¥ 0* we conclude
that limy_, oo A¥x exists for all x € K with (|| A¥x||)x bounded. O



Notes and comments

Chapter 1

The theory of nonnegative matrices was pioneered by Perron [179, 180] and
Frobenius [70-72] in the early twentieth century. An excellent historical
account of the Perron-Frobenius theorem is given by Hawkins [84]. A thor-
ough overview of the spectral theory of linear maps that leave a cone in a
finite-dimensional vector space invariant can be seen in the survey paper by
Tam [214].

The generalization of the notion of irreducibility of nonnegative matrices to
linear maps that leave a cone in a finite-dimensional vector space invariant as
given in Definition 1.1.4 goes back to Vandergraft [219]. The equivalent notion
of irreducibility given in Proposition 1.1.5 appears in the work of Schaefer
[195].

Early extensions of the general infinite-dimensional Krein—Rutman theorem
are due to Bonsall [29-32] and Schaefer [193, 195], and have been further
developed by many authors. An extensive list of references can by found in
Mallet-Paret and Nussbaum [139].

The earliest proof of Theorem 1.1.8 is due to Krein and Rutman [117, pp.
303-5]. It also appears as an exercise in the book by Berman and Plemmons
[22, exercise 5.25, p. 23]. They refer the reader to Barker and Turner [16].
Tam [214, p. 244], however, has noted that there is a mistake in [16] and he
has given a correct proof in [213, theorem 7.6].

Results related to Theorem 1.1.9 can be found in Friedland and Schneider
[69, theorem 3.6], Lins and Nussbaum [133, theorem 2], and in Nussbaum and
Verduyn Lunel [171, theorem 9.1].
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Chapter 2

Hilbert’s metric spaces are also known in the literature as Hilbert’s geometries
and naturally generalize Klein’s model of the hyperbolic plane. They were
introduced by Hilbert in a letter to Klein and play a role in the solution of
Hilbert’s fourth problem; see Alvarez Paiva [9]. Hilbert later published the
contents of the letter [86].

Proposition 2.2.4 stating that Hilbert’s metric on an n-dimensional sim-
plex is isometric to an n-dimensional normed space was proved for n = 2
by Phadke [181], and independently by de la Harpe [83]. The general case
is due to Nussbaum [160]. It was shown by Foertsch and Karlsson [66] that
the n-dimensional simplices are the only domains for which the Hilbert metric
space is isometric to an n-dimensional normed space.

The standard positive cone, the Lorentz cone, and the cone of symmetric
positive semi-definite n x n matrices are all examples of symmetric cones,
which means that the cone is self-dual, and its group of linear automor-
phisms acts transitively on the interior. Symmetric cones carry an additional
algebraic structure known as a Euclidean Jordan algebra. In fact, there is a
one-to-one correspondence between symmetric cones and Euclidean Jordan
algebras. Euclidean Jordan algebras were classified by Jordan, von Neumann,
and Wigner [94]. A detailed exposition of the rich theory of symmetric cones
can be found in the book by Faraut and Koranyi [63]. A formula for Hilbert’s
metric on general symmetric cones was obtained by Koufany [108].

The idea that one can combine Hilbert’s metric and Banach’s contraction
theorem to analyze the spectral properties of linear operators that leave a cone
in a Banach space invariant goes back to Birkhoff [25] and Samelson [192],
and was further developed in the setting of nonlinear cone maps by Bushell
[43, 44, 46], Kohlberg [105], Kohlberg and Pratt [107], Krasnosel’skii [109],
Krause [112], Morishima [150], Nussbaum [158, 159], Oshime [174], Potter
[183], Thompson [216-218], and many others.

Sections 2.5 and 2.6 on completeness, convexity, and geodesics in Hilbert’s
and Thompson’s metric spaces is based on the treatment by Nussbaum [158].

Sections 2.7 and 2.8 are based on Crandall and Tartar [54].

Chapter 3

Fixed-point problems for non-expansive maps on infinite-dimensional Banach
spaces are much more subtle than in finite-dimensional spaces, and are not
fully understood. For example, it is unknown if every non-expansive map
f:Y — Y onaconvex bounded closed subset Y of a reflexive Banach space V
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has a fixed point. An extensive survey of this problem and many other related
problems has been given by Goebel and Kirk [76]. There exists an exten-
sive literature concerning non-expansive maps and non-expansive retractions
in infinite-dimensional Banach spaces. The interested reader can also consult
Bruck [40,54,55,60,106,114,127] and the further authors and articles in these
references.

The construction of the horofunction boundary C(co) as given in Section 3.3
is usually attributed to Gromov [78]. Our presentation follows Ballmann [12].
A detailed description of the horofunction boundary for finite-dimensional
normed spaces and Hilbert’s metric spaces can be found in the work of Walsh
[220,221].

The Denjoy—Wolff-type theorems discussed in Sections 3.3 and 3.4 origi-
nated with Beardon [18,19] and Karlsson [99]. Generalizations of the Denjoy—
Wolf theorem to fixed-point free holomorphic maps on convex domains
D C C" exist; see Abate [1] and Hervé [85]. Further generalizations for holo-
morphic maps on complex Banach spaces are due to Kapeluszky, Kuczumow,
and Reich [96, 97] and to Mellon [142]; see also the book by Goebel and
Reich [77].

The material in Section 3.5 is based on Lemmens and van Gaans [126], who
use earlier ideas by Edelstein [60].

Chapter 4

It was first shown by Akcoglu and Krengel [2] that the orbits of £;-norm non-
expansive maps f: X — X, where X is a compact subset of R", converge to
periodic orbits. Their methods were of a topological nature and did not yield an
a-priori upper bound for the possible periods of periodic points in terms of the
dimension of the underlying space. In his thesis, Weller [222] generalized the
result of Akcoglu and Krengel to maps that are non-expansive under a polyhe-
dral norm, but he also did not obtain an a-priori upper bound. The first upper
bound for the largest possible period of a periodic point of an £;-norm non-
expansive map goes back to Misiurewicz [149]. Martus derived upper bounds
for maps that are non-expansive under a polyhedral norm in his thesis [140].
Other upper bounds were obtained in [27,121, 123,137, 160,204].

For strictly convex norms, Lemmens and van Gaans [127] proved that if
f:R" - R", with f(0) = 0, is non-expansive under a strictly convex norm
|| - |I, and (R", || - ||) contains no two-dimensional plane H such that (H.|| - ||)
is Hilbertian and the range of a linear norm-1 projection, then every orbit of f
converges to a periodic orbit. Similar results exist for non-expansive maps on
strictly convex Hilbert’s metric spaces; see Lemmens [119].
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Additional supporting evidence for Nussbaum’s Conjecture 4.2.2 can be
found in [125]. In particular, it was conjectured there that the points in a peri-
odic orbit O of a sup-norm non-expansive map f: R” — R” can be perturbed
over an arbitrarily small positive distance so that the set of perturbed points,
', has no sup-norm triangle equality; that is to say, there exist no distinct
x', v,z € O such that ||x" — /|lecc = IIx' — ¥ lloo + I — Zllco- Sets S in
R" with no sup-norm triangle equalities have at most 2" points by a result of
Blokhuis and Wilbrink [27]. Thus the perturbation conjecture in [125] implies
Nussbaum’s Conjecture 4.2.2. At present there is no counterexample to this
stronger conjecture. In [125] several related conjectures were given. All these
conjectures turn out to be equivalent, which was not proved in [125].

Theorem 4.3.7 and Corollary 4.3.8 were proved by Lemmens and Scheut-
zow [123], and confirmed a conjecture by Gunawardena [79, 80].

Chapter 5

The results in Section 5.1 were found by Burbanks, Nussbaum, and Sparrow
[41]. The results in Sections 5.2 and 5.3 were obtained by Lemmens and
Nussbaum [120].

The material in Sections 5.3 and 5.4 concerning the cone spectral radius and
the corresponding eigenvector is based on Mallet-Paret and Nussbaum [138],
and Nussbaum [156]. For closed cones K in an infinite-dimensional Banach
space V, the problem of finding (close to) optimal conditions on the continuous
order-preserving homogeneous map f: K — K so that f has an eigenvector
v € K\ {0} with f(v) = rx(f)v is open. Further analysis of this problem
can be found in Mallet-Paret and Nussbaum [139] and in [155]. In particular, it
follows from [155, theorem 2.1] that it is sufficient to assume that rx (f) > 0
and f is compact, but this compactness condition is unnecessarily strong.

The question of whether rx(f) = 7k (f) for general continuous order-
preserving homogeneous maps f: K — K on a closed cone in an infinite-
dimensional Banach space is open. The equality holds in numerous important
special cases; see [138, theorems 2.2 and 2.3] and [139, theorem 3.4]. In par-
ticular, re (f) = rc(f) if f™ is compact for some integer m. At present no
counterexample to the equality is known

The results in Section 5.6 can be found in Nussbaum [156]; see also [6].

Chapter 6

Semi-differentiability is an intermediate concept, which is stronger than
Gateaux differentiability, but weaker than Fréchet differentiability. The interest
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in semi-differentiability stems from the fact that most nonlinear cone maps
arising in applications in game theory and control theory (see Akian, Gaubert,
and Nussbaum [7]; Shapley [203]; and Sorin [208]), in mathematical eco-
nomics (see Morishima [150] and Oshime [174]), and in mathematical biology
(see chapter 3 of Nussbaum [159] and section 4 of [156]) are not Fréchet differ-
entiable at some point(s) of the closed cone where they are defined. However,
it is frequently the case that the maps are semi-differentiable at points where
Fréchet differentiability fails.

A systematic treatment of semi-differentiability for maps defined on sub-
sets of R" is given by Rockafellar and Wets [187]. A treatment of semi-
differentiability, concentrating on the class M_ of maps f: R} — R,
is given in chapter 3 of [159], though semi-differentiability is not formally
defined in [159]. Semi-differentiability is used there to determine exactly when
certain order-preserving homogeneous maps f: Ri — Ri which arise as
models in population biology have eigenvectors in int(Ri). A generalization
of the Rockafellar—Wets results to the context of normed linear spaces has been
given by Akian, Gaubert, and Nussbaum [7], and this is the basis for most of
our exposition in Sections 6.1 and 6.4.

If K is a closed cone with non-empty interior in a Banach space X, and
f:int(K) — int(K) is continuous, homogeneous, and order-preserving, the
question of whether f has an eigenvector in int(K) is often quite difficult, even
in finite dimensions. A generalized perturbation method approach, in the spirit
of Section 6.2, is sometimes a useful way to attack the problem and has been
applied, for example, by Nussbaum [163] to prove scaling theorems for integral
kernels. If K = R’} , Gaubert and Gunawardena [74] have introduced the idea
of associating to f a “digraph” Gy and a “recession map" f , and Theorems
6.2.3 and 6.3.2 are due to them. The digraph G  is a direct generalization of
the notion of an incidence matrix defined in Section 6.6, an idea introduced by
Nussbaum [156, section 4].

Generally speaking, if one can establish the existence of a normalized eigen-
vector u in int(K) for f: K — K, existing results concerning uniqueness of
u and convergence of various normalized iterates to u are satisfactory, at least
for the classes of maps of interest here. Theorem 6.4.1 is a finite-dimensional
version of Theorem 7.5 and Corollary 7.7 in [7]. Theorem 6.4.6 is essentially
a finite-dimensional version of Theorem 2.5 in [158, p. 47], although some
unnecessarily restrictive hypotheses in Theorem 2.5 have been removed.

Variants of the idea of a map being strongly order-preserving play an impor-
tant role in Section 6.5. This is an old concept and has been studied by many
authors: see Brualdi, Parter, and Schneider [39] and, much more recently, Kloe-
den and Rubinov [103]. In a different context, strongly order-preserving maps
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also play a central role in work of Hirsch and Smith [§7-89,207], Krause and
Ranft [113,115] (see also [114]), and Tak4c [211,212].

Chapter 7

There is a large literature concerning DA D theorems and their generalizations
to various kinds of “matrix scaling problems.” Early important work concern-
ing the classic DAD problem, where m = nand o; = ; = 1 forall 1 <
i < n, can be found in Sinkhorn [205], Sinkhorn and Knopp [206], Brualdi,
Parter, and Schneider [39], and Menon [143, 144]. In particular, Sinkhorn and
Knopp [206] and Brualdi, Parter, and Schneider [39] independently, and with
different methods, obtained necessary and sufficient conditions for the clas-
sic DAD problem to have a solution. Menon [143] introduced the important
observation that solving the classic D A D problem is equivalent to a fixed-point
problem. Further work in this direction can be found in Menon’s paper [144],
a joint paper by Menon and Schneider [145], and in the previously mentioned
paper by Brualdi, Parter, and Schneider [39]. Somewhat more recent related
work can be found in [14,59,67,199,200]. There is also considerable interest
(see [65,95,129,178]) in finding efficient methods to compute D, E, and DAE,
and there is an extensive literature of generalizations of DAD problems to more
general “matrix scaling problems,” see, e.g., [188, 189].

The problem of extending some of the results on the matrix scaling prob-
lem to corresponding problems about integral kernels k(s, ¢) involves many
difficulties which are not present in the finite-dimensional case. The interested
reader is referred to [34,35,50,98,153,163].

It was apparently first noted in [157] that the fixed-point approach pioneered
by Menon, combined with facts about Hilbert’s metric and the Birkhoff-Hopf
theorem (see Appendix A), provides a powerful tool in studying DA D prob-
lems. In fact, the arguments presented in Chapter 7 can be extended to the
problem of scaling integral kernels; see [35, 163]. The reader should, however,
bear in mind that a variety of other methods exist, notably so-called entropy
minimization methods; see [35, 199,200] and references therein.

Brualdi [38] has found necessary and sufficient conditions for the row scal-
ing problem, discussed in Section 7.5, to have a solution when the matrix is
symmetric.

Chapter 8

The material in Sections 8.1 and 8.2 is based on Akian, Gaubert, Lemmens, and
Nussbaum [5]. Theorem 8.2.7 was proved by Lemmens and Sparrow [124].
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Related results on the iterative behavior of convex topical maps can be found
in [3,4].

Denjoy—Wolff type theorems for fixed-point free non-expansive maps on
Hilbert’s metric spaces were first studied by Beardon [19,20], and were further
developed by Karlsson [99]; see also [101]. Applications of this work to the
iterative behavior of order-preserving homogeneous maps on cones go back
to Gunawardena and Walsh [81], and were further investigated by Lins in his
thesis [130] (see also [131]) and by Nussbaum [168] (see also [133, 134]).
Section 8.3 is based on Beardon [19], Karlsson [99], Karlsson and Noskov
[101], and Nussbaum [168]. The results discussed in Section 8.4 were found
by Lins [131]. Related results on the asymptotic behavior of fixed-point free
non-expansive maps can be found in [75, 104, 106, 132].

Chapter 9

The study of the dynamics of £i-norm non-expansive maps was initiated
by Akcoglu and Krengel [2]. The connection with lower semi-lattice homo-
morphisms goes back to Scheutzow [197, 198], and was further developed
by Nussbaum [161]. The notion of an admissible array was introduced by
Nussbaum and Scheutzow [169]. The proof of Theorem 9.3.8 is due to
Nussbaum, Scheutzow, and Verduyn Lunel [170]. An extensive computational
study of the possible periods of admissible arrays can be found in [171],
and detailed number-theoretic analysis of the largest possible period of an
admissible array on n symbols is given in [172].

The results on the periodic points of £{-norm non-expansive maps on R”"
are due to Lemmens and Scheutzow [122]. It should be noted, however, that
the finite set ﬁ(n) consisting of periods of periodic points of £{-norm non-
expansive maps f: X — X, where X can be an arbitrary subset of R”, is not
well understood. We know from Corollary 4.2.5 that ¥ (n) = max{p: p €
ﬁ(n)} satisfies

&(n) < max 2 <m)
Tk k
where m = 2! In [121] it was shown that @(n) >3.2" 1 foralln > 3. It
is conjectured that there exists ¢ > 2 such that &(n) < c" forall n > 1, but as
yet no proof exists.

Extensions of the results in Chapter 9 to order-preserving maps f: R} —
R’ that are non-expansive under a strictly monotone norm and satisfy f(0) =
0 can be found in [126, 165].
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