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Preface

Sometimes in mathematics a simple-looking observation opens up a new
road to a fertile field. Such an observation was made independently by
Garrett Birkhoff [25] and Hans Samelson [192], who remarked that one can
use Hilbert’s (projective) metric and the contraction mapping principle to
prove some of the theorems of Perron and Frobenius concerning eigenvectors
and eigenvalues of nonnegative matrices. This idea has been pivotal for the
development of nonlinear Perron–Frobenius theory.

In the past few decades a number of strikingly detailed nonlinear exten-
sions of Perron–Frobenius theory have been obtained. These results provide
an extensive analysis of the eigenvectors and eigenvalues of various classes of
order-preserving (monotone) nonlinear maps and give information about their
iterative behavior and periodic orbits. Particular classes of order-preserving
maps for which there exist nonlinear Perron–Frobenius theorems include sub-
homogeneous maps, topical maps, and integral-preserving maps. The latter
class of order-preserving maps can be regarded as a nonlinear generalization
of column stochastic matrices, whereas topical maps generalize row stochastic
matrices

The main purpose of this book is to give a systematic, self-contained intro-
duction to nonlinear Perron–Frobenius theory and to provide a guide to various
challenging open problems. We hope that it will be a stimulating source for
non-experts to learn and appreciate this subject. To keep our task manageable,
we restrict ourselves to finite-dimensional vector spaces, which allows us to
avoid the use of sophisticated fixed-point theorems, the fixed-point index, and
topological degree theory. The material in this book requires familiarity only
with basic real analysis and topology, and is accessible to graduate students.

Classical Perron–Frobenius theory was developed in the early 1900s. In
fact, Perron published his work [179, 180] on eigenvalues and eigenvectors
of matrices with positive coefficients in 1907. His results were generalized by
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Frobenius, in a series of papers [70–72] a few years later, to irreducible matri-
ces with nonnegative coefficients. Their collective results and subsequent work
are known today as Perron–Frobenius theory and are considered one of the
most beautiful topics in linear algebra. The theory has numerous applications
in probability theory, game theory, information theory, dynamical systems
theory, mathematical biology, mathematical economics, and computer science.

In a seminal paper, Kreı̆n and Rutman [117] placed the Perron–Frobenius
theorem in the more general context of linear operators that leave a cone in a
Banach space invariant. Their work has led to numerous studies of the spec-
tral theory of positive linear operators on Banach spaces, including work by
Bonsall [29–32] and Schaefer [193–195]. A detailed account can be found
in Schaefer’s book [196]. In their work Kreı̆n and Rutman combined analytic
methods with geometric ones. Among other methods they applied the Brouwer
fixed-point theorem to find a positive eigenvector of a nonsingular matrix that
leaves a cone invariant. Their geometric ideas are another source of inspiration
for nonlinear Perron–Frobenius theory.

The book contains nine chapters and two appendices. The first four chapters
contain preliminaries to Chapters 5, 6, 7, 8, and 9, which form the core of the
book. The main objective of Chapter 1 is to introduce the reader to a variety
of questions in nonlinear Perron–Frobenius theory. To this end we recall the
classical results from Perron–Frobenius theory. Some of their proofs are given
in Appendix B and are nonlinear in spirit. We also introduce various classes
of nonlinear order-preserving maps for which there exist nonlinear Perron–
Frobenius theorems and provide motivating examples.

Chapter 2 develops the relation between order-preserving maps and non-
expansive maps. It shows how various classes of order-preserving maps are
non-expansive under Hilbert’s metric, Thompson’s metric, or a polyhedral
norm. At the heart of these results lies the observation by Birkhoff and Samel-
son. In addition, several results concerning the geometry and topology of
Hilbert’s and Thompson’s metric spaces are collected.

Chapter 3 covers several useful topics on the iterative behavior of non-
expansive maps including ω-limit sets, fixed-point theorems, horofunctions,
and horoballs. It also contains a discussion of “Denjoy–Wolff type” theorems
for fixed-point free non-expansive maps on metric spaces whose geometry
resembles that of a hyperbolic space, which are due to Beardon [18, 19] and
were further developed by Karlsson [99].

Chapter 4 focuses on the dynamics of sup-norm non-expansive maps.
A characteristic property of sup-norm non-expansive maps is that either all
orbits are unbounded or each orbit converges to a periodic orbit. More-
over, there exists an a-priori upper bound for the periods of their periodic
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points in terms of the dimension of the underlying space. These results are
a key ingredient in the analysis of the iterative behavior of order-preserving
subhomogeneous maps on polyhedral cones. In addition, the dynamics and
periodic orbits of topical maps are discussed.

Chapter 5 deals with eigenvectors and the cone spectral radius of order-
preserving homogeneous maps on closed cones in a finite-dimensional vector
space. The cone spectrum and the cone spectral radius are analyzed. Among
other results it is shown that there exists an eigenvector in the cone corre-
sponding to the cone spectral radius. The chapter also treats the continuity
problem of the cone spectral radius and discusses nonlinear generalizations of
the classical Collatz–Wielandt formula for the spectral radius of nonnegative
matrices.

Chapter 6 is mainly concerned with the question whether there exists an
eigenvector in the interior of the cone for a given order-preserving homo-
geneous map. It appears that this problem is irreducibly difficult. Several
general principles are discussed that are helpful when faced with this problem.
These principles and their limitations are illustrated by analyzing particular
order-preserving homogeneous maps involving means.

In Chapter 7 we illustrate how the results from Chapters 5 and 6 can be
applied to finding solutions to various matrix scaling problems. We follow the
fixed-point approach, as pioneered by Menon [143]. Among other matters we
discuss the elegant solution, independently discovered by Sinkhorn and Knopp
[206] and Brualdi, Parter, and Schneider [39], of the classic D AD problem:
Given an n × n nonnegative matrix A, when do there exist positive diagonal
matrices D and E such that D AE is doubly stochastic?

In Chapter 8 we derive a variety of results for order-preserving subhomo-
geneous maps on finite-dimensional cones. A central question is the behavior
of the iterates of such maps. We provide a detailed analysis of the periodic
orbits of order-preserving subhomogeneous maps on polyhedral cones. We
also discuss “Denjoy–Wolff type” theorems for order-preserving homogeneous
maps which do not have an eigenvector in the interior of the cone.

Chapter 9 is devoted to nonlinear Perron–Frobenius theorems for order-
preserving integral-preserving maps on the standard positive cone. Such maps
are non-expansive under the �1-norm. It is shown how the dynamics of
order-preserving integral-preserving maps is related to the dynamics of lower
semi-lattice homomorphisms. This connection yields a complete combinatorial
characterization of the set of possible periods of periodic points of order-
preserving integral-preserving maps in terms of periods of so-called admissible
arrays. This characterization allows one to compute the set of possible periods
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of periodic points of order-preserving integral-preserving maps on the standard
positive cone in finite time.

This book does not attempt to be an encyclopedic coverage of nonlinear
Perron–Frobenius theory, even for finite-dimensional spaces. The expert reader
may note that the following topics have been omitted: applications to the theory
of ordinary differential equations [87,88,115,164,228], the cycle time problem
[36, 51, 152], and the spectral theory of order-preserving convex maps [3, 4].
However, the authors believe that an understanding of the material in this book
will leave the reader well equipped to master the existing literature on these
topics.

Nonlinear Perron–Frobenius theory is related to monotone dynamical sys-
tems theory. In the theory of monotone dynamical systems one considers
discrete and continuous dynamical systems that are strongly order-preserving
or strongly monotone. Pioneering work in this field was done by Hirsch [87]
who showed, among other results, that in a continuous time strongly mono-
tone dynamical system almost all pre-compact orbits converge to the set of
equilibrium points. For discrete time strongly monotone dynamical systems
one has generic convergence to periodic orbits under appropriate conditions;
see [182]. An extensive overview of these results was given by Hirsch and
Smith [89]; see also Smith [207]. In monotone dynamical systems theory,
emphasis is placed on strong monotonicity. If, however, one only assumes the
dynamical system to be monotone, most of the theory is not applicable. In non-
linear Perron–Frobenius theory one usually considers discrete time dynamical
systems that are only monotone (order-preserving), but satisfy an additional
assumption such as subhomogeneity, additive homogeneity, or the integral-
preserving condition. Another notable difference between the two theories is
that in monotone dynamical systems theory one usually assumes the system to
be differentiable. In nonlinear Perron–Frobenius theory, the discrete dynamical
system is often only continuous. These different assumptions on the dynami-
cal system require different methods and give the two theories a very different
character. We hope that this book will also be a valuable addition to the existing
literature on monotone dynamical systems theory.

Acknowledgment

We are grateful to our wives Elizabeth and Joyce for their patience and
continued support during the long process of writing this book.



1

What is nonlinear Perron–Frobenius theory?

To get an impression of the contents of nonlinear Perron–Frobenius theory, it
is useful to first recall the basics of classical Perron–Frobenius theory. Classi-
cal Perron–Frobenius theory concerns nonnegative matrices, their eigenvalues
and corresponding eigenvectors. The fundamental theorems of this classical
theory were discovered at the beginning of the twentieth century by Per-
ron [179, 180], who investigated eigenvalues and eigenvectors of matrices
with strictly positive entries, and by Frobenius [70–72], who extended Per-
ron’s results to irreducible nonnegative matrices. In the first section we discuss
the theorems of Perron and Frobenius and some of their generalizations to
linear maps that leave a cone in a finite-dimensional vector space invariant.
The proofs of these classical results can be found in many books on matrix
analysis, e.g., [15, 22, 73, 148, 202]. Nevertheless, in Appendix B we prove
some of them once more using a combination of analytic, geometric, and alge-
braic methods. The geometric methods originate from work of Alexandroff
and Hopf [8], Birkhoff [25], Kreı̆n and Rutman [117], and Samelson [192]
and underpin much of nonlinear Perron–Frobenius theory. Readers who are
not familiar with these methods might prefer to first read Chapters 1 and 2
and Appendix B. Besides recalling the classical Perron–Frobenius theorems,
we use this chapter to introduce some basic concepts and terminology that will
be used throughout the exposition, and provide some motivating examples of
classes of nonlinear maps to which the theory applies.

We emphasize that throughout the book we will always be working in a
finite-dimensional real vector space V , unless we explicitly say otherwise.

1.1 Classical Perron–Frobenius theory

An n × n matrix A = (ai j ) is said to be nonnegative if ai j ≥ 0 for all i and j .
It is called positive if ai j > 0 for all i and j . Similarly, we call a vector x ∈ R

n
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nonnegative (or positive) if all its coordinates are nonnegative (or positive).
The spectrum of A is given by

σ(A) = {λ ∈ C : Ax = λx for some x ∈ C
n \ {0}}.

Recall also that the spectral radius of A is given by

r(A) = max{|λ| : λ ∈ σ(A)},
and satisfies the equality r(A) = limk→∞ ‖Ak‖1/k . Notice that the limit is
independent of the choice of the matrix norm, or norm on R

n2
, as they are all

equivalent; see Rudin [190]. The following result is due to Perron [180].

Theorem 1.1.1 (Perron) If A is a positive matrix, then the following assertions
hold:

(i) r(A) > 0, and r(A) is an algebraically simple eigenvalue of A and the
corresponding normalized eigenvector v is unique and positive.

(ii) Any nonnegative eigenvector of A is a multiple of v.
(iii) For each eigenvalue λ ∈ σ(A) with λ 	= r(A) we have that |λ| < r(A).

In a series of papers Frobenius [70–72] extended Perron’s theorem to
so-called irreducible matrices. An n×n nonnegative matrix A = (ai j ) is called
reducible if {1, . . . , n} can be partitioned into two non-empty sets I and J such
that ai j = 0 for all i ∈ I and j ∈ J . In other words, A is reducible if and only
if there exists a permutation matrix P such that

PT AP =
[

B C
O D

]
,

where B and D are square matrices and O is the zero matrix. A nonnegative
matrix is said to be irreducible if it is not reducible. In particular, any nonnega-
tive 1 × 1 matrix is irreducible. Frobenius proved the following generalization
of Perron’s result.

Theorem 1.1.2 (Perron–Frobenius) If A is a nonnegative irreducible n × n
matrix, then the following assertions hold:

(i) r(A) is an algebraically simple eigenvalue of A and the corresponding
normalized eigenvector v is unique and positive. Moreover r(A) > 0, if
A 	= [0].

(ii) Any nonnegative eigenvector of A is a multiple of v.
(iii) If, in addition, A has exactly q eigenvalues λ with |λ| = r(A), then these

eigenvalues are given by r(A)e2π ik/q for 0 ≤ k < q.

The integer q in Theorem 1.1.2 is called the index of cyclicity of A.
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Nonnegative matrices leave the cone of nonnegative vectors in R
n invariant.

This is a crucial property of nonnegative matrices. In fact, a major part of the
Perron–Frobenius theory can be generalized to linear maps that leave a cone
in a vector space invariant. We will discuss this important fact in greater detail
now. Let V be a finite-dimensional real vector space. A subset K of V is called
a cone if it is convex, μK ⊆ K for all μ ≥ 0, and K ∩(−K ) = {0}. It is said to
be a closed cone if it is a closed set in V with respect to the standard topology.
Given a subset S ⊆ V , the interior, closure, and boundary of S with respect
to the standard topology on V are denoted, respectively by int(S), cl(S), and
∂S. A cone is said to be solid if it has a non-empty interior. Basic examples of
solid closed cones include the standard positive cone,

R
n+ = {(x1, . . . , xn) ∈ R

n : xi ≥ 0 for 1 ≤ i ≤ n},
and the Lorentz cone,

�n+1 = {(x1, . . . , xn+1) ∈ R
n+1 : x2

1 − x2
2 − . . .− x2

n+1 ≥ 0 and x1 ≥ 0}.
Other interesting examples arise in spaces of matrices. For example, if V is the
space of real n × n symmetric matrices, then the set of positive-semidefinite
matrices, 	n(R), is a solid closed cone in V .

We write V ∗ to denote the dual space of V and define the dual cone of K by

K ∗ = {ϕ ∈ V ∗ : ϕ(x) ≥ 0 for all x ∈ K }.
A face of a closed cone K in V is a non-empty convex subset F of K such that
if x, y ∈ K and λx + (1 − λ)y ∈ F for some 0 < λ < 1, then x, y ∈ F . Note
that K itself and {0} are faces. These two faces of K are called improper faces.
All other faces of K are said to be proper. The relative interior of a convex
set C ⊆ V , denoted relint (C), is the interior of C , regarded as a subset of the
affine hull of C in V . It is known (see [186, theorem 6.2]) that cl(C) and relint
(C) are non-empty and convex if C is a non-empty convex subset of V . We
can use this to show that each face of a closed cone is closed. Indeed, given a
face F of K , let z be a point in the relative interior of F . Now note that, for
each x ∈ cl(F) with x 	= z, there exists y ∈ cl(F) such that z is in the relative
interior of the straight-line segment from x to y, and hence x ∈ F .

A face F of K is called an exposed face if there exists ϕ ∈ K ∗ such that
F = K ∩ {x ∈ V : ϕ(x) = 0}. In general not every face of a cone is exposed.
However, each face of a polyhedral cone is exposed. A cone K in V is polyhe-
dral if it is the intersection of finitely many closed half-spaces, i.e., there exists
ϕ1, . . . , ϕm ∈ V ∗ such that

K = {x ∈ V : ϕi (x) ≥ 0 for all 1 ≤ i ≤ m}.
A face F of a polyhedral cone K is called a facet if dim(F) = dim(K ) − 1.
Here dim(F) denotes the dimension of the linear span of F . The following



4 What is nonlinear Perron–Frobenius theory?

basic result from polyhedral geometry [201, section 8.4] will be useful in the
sequel.

Lemma 1.1.3 If K ⊆ V is a polyhedral cone with N facets, then there exist
N linear functionals ψ1, . . . , ψN such that

K = {x ∈ V : ψi (x) ≥ 0 for all 1 ≤ i ≤ N } ∩ span(K )

and each linear functional ψi corresponds to a unique facet of K .

The functionals ψ1, . . . , ψN in Lemma 1.1.3 are called facet-defining func-
tionals of the polyhedral cone. For example, R

n+ has 2n faces, FI = {x ∈ R
n+ :

xi > 0 if and only if i ∈ I } for I ⊆ {1, . . . , n}, and n facets corresponding to
those I with |I | = n − 1.

A cone K in V induces a partial ordering ≤K on V by

x ≤K y if y − x ∈ K .

If K has a non-empty interior, then we write x �K y if y − x ∈ int(K ). We
also write x <K y if x ≤K y and x 	= y. We simply write x ≤ y, x < y, and
x � y if K is clear from the context. In the special case where K = R

n+ we
note that x ≤ y if and only if xi ≤ yi for all 1 ≤ i ≤ n. Note that a linear
map A : V → V leaves a cone K invariant if and only if 0 ≤K Ax for all
0 ≤K x in V .

There is a natural way to generalize the concept of irreducibility to linear
maps that leave a solid closed cone invariant.

Definition 1.1.4 A linear map A : V → V that leaves a solid closed cone K
invariant is said to be irreducible if no proper face of K is left invariant by A.

It is a simple exercise to show that a nonnegative matrix A is irreducible in
the sense of Definition 1.1.4 if and only if it is irreducible in the usual sense.
Another equivalent way to define the notion of irreducibility is given in the
following proposition.

Proposition 1.1.5 A linear map A : V → V that leaves a solid closed cone K
invariant is irreducible if and only if (λI − A)−1(K \ {0}) ⊆ int(K ) for some
λ > r(A).

Proof Suppose, for the sake of contradiction, that A is irreducible and
there exists z ∈ K \ {0} such that (λI − A)−1z 	∈ int(K ) for all λ> r(A).
Write u = (λI − A)−1z. By the Hahn–Banach separation theorem [186,
Theorem 11.6] there exists ϕ ∈ K ∗ \ {0} such that ϕ(u) = 0 and ϕ(x) > 0 for
all x ∈ int(K ). Define ψ ∈ V ∗ by
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ψ(x) = ϕ((λI − A)−1x) =
∞∑

k=0

λ−k−1ϕ(Ak x),

and remark that ψ(x) > 0 for all x ∈ int(K ). Obviously ψ(z) = 0 and hence
F = {x ∈ K : ψ(x) = 0} is a proper (exposed) face of K . Moreover, for each
x ∈ F we have that

0 ≤ ψ(Ax) = ϕ((λI − A)−1(Ax)) =
∞∑

k=0

λ−k−1ϕ(Ak+1x)

= λ

∞∑
k=1

λ−k−1ϕ(Ak x) ≤ λψ(x) = 0.

This implies that ψ(Ax) = 0 for all x ∈ F . Thus, A leaves the proper face F
invariant, which is impossible.

To establish the equivalence, suppose that for some λ > r(A) we have that
(λI − A)−1z ∈ int(K ) for all z ∈ K \ {0}. Now if there exists a proper face
F of K such that A(F) ⊆ F , then it follows from the identity, (λI − A)−1 =∑∞

k=0 λ
−k−1 Ak , that (λI − A)−1(F) ⊆ F , which is impossible.

Note that the proof of Proposition 1.1.5 also shows that a linear map A is
irreducible if and only if it leaves no proper exposed face of K invariant.

As mentioned earlier the theorems of Perron and Frobenius can be general-
ized to linear maps that leave a cone invariant. This important observation was
made by Kreı̆n and Rutman in their pioneering work [117], in which they stud-
ied linear operators that leave a cone in a possibly infinite-dimensional normed
space invariant. As we are only concerned with finite-dimensional spaces in
this book, we give a finite-dimensional version of their theorem here.

Theorem 1.1.6 (Kreı̆n–Rutman) If A : V → V is a linear map that leaves a
solid closed cone K invariant, then r(A) is an eigenvalue of A and r(A) has
an eigenvector in K .

Just as for the Perron–Frobenius Theorem 1.1.2 we have uniqueness of the
eigenvector if A is irreducible.

Theorem 1.1.7 If A : V → V is an irreducible linear map that leaves a solid
closed cone K invariant, then the following assertions hold:

(i) r(A) is an algebraically simple eigenvalue of A and the correspond-
ing normalized eigenvector v is unique and lies in int(K ). Furthermore,
r(A) > 0, if A 	= [0].

(ii) Any nonnegative eigenvector of A is a multiple of v.
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The third part of the Perron–Frobenius Theorem 1.1.2 cannot be extended
to arbitrary closed cones. Simply consider the Lorentz cone �3 and the linear
map A : R

3 → R
3 given by

A

⎛
⎝ x1

x2

x3

⎞
⎠ =

⎛
⎝ 1 0 0

0 cosϑ − sinϑ
0 sinϑ cosϑ

⎞
⎠
⎛
⎝ x1

x2

x3

⎞
⎠ .

Clearly A(�3) ⊆ �3 and σ(A) = {1, e±iϑ }. If ϑ is an irrational multiple
of 2π , then eiϑ is not a root of unity. The third part of the Perron–Frobenius
Theorem 1.1.2 can, however, be generalized to polyhedral cones (see [117,
section 8]).

Theorem 1.1.8 If A : V → V is a linear map that leaves a solid polyhedral
cone K with N facets invariant, then for each λ ∈ σ(A) with |λ| = r(A) there
exists 1 ≤ q ≤ N such that

λq = r(A)q .

Theorem 1.1.8 can be used to prove the following result concerning the
iterative behavior of linear maps that leave a polyhedral cone invariant; see
Appendix B for details.

Theorem 1.1.9 If A : V → V is a linear map that leaves a solid polyhedral
cone K with N facets invariant, then there exists an integer p ≥ 1 such that

lim
k→∞ Akpx

exists for each x ∈ K with (‖Ak x‖)k bounded. Moreover, p is the order of a
permutation on N letters.

For linear maps A : V → V the condition that A(K ) ⊆ K is equivalent
to x ≤K y implies Ax ≤K Ay for x, y ∈ V . Given cones K ⊆ V and
K ′ ⊆ V ′, a map f : X → X ′, with X ⊆ V and X ′ ⊆ V ′, is said to be order-
preserving if x ≤K y implies f (x) ≤K ′ f (y) for x, y ∈ X . It is said to be
strongly order-preserving if x <K y implies f (x) �K ′ f (y). Moreover, we
say that f : X → X ′ is order-reversing if x ≤K y implies f (y) ≤K ′ f (x) for
x, y ∈ X .

Nonlinear Perron–Frobenius theory is primarily concerned with order-
preserving maps and treats questions like:

• Is there a sensible definition of the spectral radius for order-preserving maps
f : K → K , and does there exist a corresponding eigenvector?

• When does an order-preserving map have an eigenvector in the interior of
the cone, and when is it unique?
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• How do the orbits

x, f (x), f 2(x) = f ( f (x)), f 3(x) = f ( f ( f (x))), . . .

of an order-preserving map f behave in the long term?
• When does an order-preserving map have the property that every bounded

orbit converges to a periodic orbit?

These questions arise in numerous applications and lie at the heart of nonlinear
Perron–Frobenius theory. They motivate much of the material discussed in this
book. As we shall see, strikingly detailed answers exist for a variety of classes
of order-preserving map.

1.2 Cones and partial orderings

Given a cone K ⊆ V and x, y ∈ V it is often useful to use the following result
to decide whether x ≤K y.

Lemma 1.2.1 If K ⊆ V is a closed cone, then x ≤K y if and only if ϕ(x) ≤
ϕ(y) for all ϕ ∈ K ∗.

Proof Note that if x 	≤K y, then y − x 	∈ K . By the Hahn–Banach sepa-
ration theorem [186, theorem 11.4] there exist α ∈ R and ψ ∈ V ∗ such that
ψ(y − x)<α and ψ(v) > α for all v ∈ K . Remark that, as λv ∈ K for all
λ ≥ 0 and v ∈ K , ψ(v) ≥ 0 for all v ∈ K , and hence ψ ∈ K ∗. Also note
that ψ(0) = 0, so that α < 0. Thus, ψ(y) < ψ(x). The other implication is
trivial.

We say that y ∈ K dominates x ∈ V if there exist α, β ∈ R such that αy ≤
x ≤ βy. This notion yields an equivalence relation, ∼K , on K by x ∼K y if x
dominates y and y dominates x . It is easy to verify that x ∼K y if and only if
there exist 0 < α ≤ β such that αy ≤ x ≤ βy. The equivalence classes in K
are called parts of the cone, and we write [x] to denote the part of K containing
x . The set of all parts of K is denoted by P(K ). For instance, the parts of R

2+
are {0}, int(R2+), {(x1, 0) ∈ R

2+ : x1 > 0} and {(0, x2) ∈ R
2+ : x2 > 0}.

The parts of �3 are given by {0}, int(�3), and {λ(1, cosϑ, sinϑ) : λ > 0} for
0 ≤ ϑ < 2π .

Lemma 1.2.2 If K ⊆ V is a closed cone, then the parts of K are precisely the
relative interiors of the faces of K .

Proof It is known (see [186, theorem 8.2]) that the relative interiors of the faces
of K partition K . Let [x] be the part of x in K and Fx be the face of K with x in
its relative interior. Note that Fx is itself a closed cone. Suppose that y is in the
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relative interior of Fx . Then there exists α > 0 such that y − αx ∈ Fx and
x − αy ∈ Fx . As Fx ⊆ K , we deduce that αx ≤ y ≤ x/α, and hence x ∼K y.

On the other hand, if y ∈ K is such that x ∼K y, then for δ > 0 sufficiently
small, x − δy ∼K y and y − δx ∼K x . As x ∼K y implies λx ∼K μy for all
λ,μ > 0, we deduce for ε > 0 sufficiently small that

xε = (1 + ε)x − εy ∼K y and yε = (1 + ε)y − εx ∼K x .

Note that x = axε + byε for a = (1 + ε)/(1 + 2ε) and b = ε/(1 + 2ε). As
x ∈ Fx , we deduce that xε and yε in Fx , since x is in the relative interior of Fx .
As y = λyε + (1 − λ)x for λ = 1/(1 + ε), we conclude that y is in the relative
interior of Fx .

It follows from Lemma 1.2.2 that a polyhedral cone has finitely many parts.
The combinatorics of the parts of a polyhedral cone will play an important
role in the sequel, especially in Chapter 8. Given a polyhedral cone K with N
facets and facet-defining functionals ψ1, . . . , ψN define for each x ∈ K the
set Ix = {i : ψi (x) > 0}. Likewise, if P is a part of K we let I (P) = {i :
ψi (x)> 0 for some x ∈ P}.

The set of parts P(K ) has a natural partial ordering � given by P � Q if
there exist x ∈ P and y ∈ Q such that y dominates x . Equivalently, P � Q if
for each x ∈ P and each y ∈ Q we have that y dominates x .

Lemma 1.2.3 If K ⊆ V is a polyhedral cone with N facets, then the following
assertions hold:

(i) Ix = Iy if and only if x ∼K y.
(ii) For P ∈ P(K ) we have

P = {x ∈ K : ψi (x) > 0 if and only if i ∈ I (P)}.
(iii) P � Q if and only if I (P) ⊆ I (Q).
(iv) |P(K )| ≤ 2N .

Proof Let ψ1, . . . , ψN ∈ K ∗ be the facet-defining functionals of K . By
Lemma 1.1.3 we know that x ≤K y is equivalent to ψi (x) ≤ ψi (y) for all i .
This implies that Ix ⊆ Iy if and only if y dominates x . Therefore x ∼K y is
equivalent to Ix = Iy . It also shows that x ∈ P if and only if Ix = I (P), which
proves the second assertion.

Now suppose that P �Q. Then there exist x ∈ P and y ∈ Q such that y dom-
inates x . So, I (P)= Ix ⊆ Iy = I (Q). On the other hand, if I (P)⊆ I (Q), then
for x ∈ P and y ∈ Q we know that there exists β > 0 such that ψi (x)≤βψi (y)
for all i . Thus, by Lemma 1.1.3 we find that y dominates x and hence P � Q.
The final assertion is a direct consequence of the third one.
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The shape of the cone plays a fundamental role in nonlinear Perron–
Frobenius theory. A distinguished class of cones is the set of so-called strictly
convex cones. A closed cone K ⊆ V is called strictly convex if, for all
x, y ∈ ∂K \ {0}, with x 	= αy for all α > 0, we have that

{λx + (1 − λ)y : 0 < λ < 1} ⊆ int(K ).

The Lorentz cone, �n+1, is a prime example of a strictly convex cone for
n ≥ 2. In the sequel it will become clear that there is a marked contrast in
the theory between polyhedral cones, strictly convex cones, and cones that are
neither polyhedral nor strictly convex. An important example of the latter type
is the cone of positive-semidefinite matrices 	n(R) for n ≥ 3.

The partial ordering induced by the standard positive cone is particularly
nice. To fully appreciate this we need a few more definitions. Let K be a cone
in V . If S ⊆ V and u ∈ V is such that s ≤K u for all s ∈ S, we say that u
is an upper bound of S. If, in addition, each upper bound v ∈ V of S satisfies
u ≤K v, then we call u the supremum of S and we write u = sup(S). In a similar
way lower bounds and the infimum of S can be defined. Note that if K = R

n+,
then sup(x, y) exists and satisfies sup(x, y)i = max{xi , yi } for all i . Likewise,
inf(x, y) exists and satisfies inf(x, y)i = min{xi , yi } for all i . In that case we
write x ∧ y = inf(x, y) and x ∨ y = sup(x, y), so (x ∧ y)i = min{xi , yi } and
(x ∨ y)i = max{xi , yi } for 1 ≤ i ≤ n. The operations ∧ and ∨ turn R

n into a
vector lattice.

In general cones sup(x, y) and inf(x, y) need not exist for all x, y ∈ V .
Cones for which sup(x, y) and inf(x, y) exist for all x, y ∈ V are called mini-
hedral. It is known that a solid closed minihedral cone is essentially equal to
R

n+. More precisely, it was shown in [117,151] that a solid closed cone K in an
n-dimensional real vector space V is minihedral if and only if K is simplicial,
i.e., there exist n linearly independent vectors x1, . . . , xn ∈ V such that

K = {x ∈ V : x =
∑

i

αi x i where αi ≥ 0 for 1 ≤ i ≤ n}.

We conclude this section with some basic facts about dual cones and the
normality property. Recall that the dual cone of K ⊆ V is given by K ∗ = {ϕ ∈
V ∗ : ϕ(x) ≥ 0 for all x ∈ K }. In general K ∗ need not be a cone. However, the
following is true.

Lemma 1.2.4 If K ⊆ V is a solid closed cone, then K ∗ is a solid closed cone.
Moreover, if ϕ ∈ int(K ∗), then ϕ(x) > 0 for all x ∈ K with x 	= 0, and

�ϕ = {x ∈ K : ϕ(x) = 1}
is a compact convex subset of V .
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Proof Clearly K ∗ is convex and λK ∗ ⊆ K ∗ for all λ ≥ 0. Suppose that ϕ and
−ϕ are both in K ∗, and ϕ 	= 0. Then ϕ(x) ≥ 0 and ϕ(x) ≤ 0 for all x ∈ K .
This implies that K ⊆ {x ∈ V : ϕ(x) = 0}, which contradicts int(K ) 	= ∅.

Let K ∗ − K ∗ = {ϕ − ψ : ϕ,ψ ∈ K ∗}, which is the smallest subspace of
V ∗ containing K ∗. For the sake of contradiction, suppose that int(K ∗)= ∅.
We claim that K ∗ − K ∗ 	= V ∗ in that case. Indeed, if K ∗ − K ∗ = V ∗,
then there exist linearly independent functionals in ϕ1, . . . , ϕn ∈ K ∗, where
n = dim(V ∗). This implies that the convex hull of {0, ϕ1, . . . , ϕn} is an
n-dimensional simplex in K ∗ and hence int(K ∗) 	= ∅. Thus K ∗ − K ∗ 	= V ∗,
and hence there exists z ∈ V \ {0} such that K ∗ − K ∗ ⊆ {ϕ ∈ V ∗ : ϕ(z)= 0}. It
now follows from Lemma 1.2.1 that z ∈ K and −z ∈ K , which is impossible,
as K is a cone.

Let ϕ ∈ int(K ∗) and suppose that ϕ(x) = 0 for some x ∈ K with x 	= 0. As
K is a cone, −x 	∈ K . By the Hahn–Banach separation theorem [186, theorem
11.4] there exists α ∈ R and ψx ∈ K ∗ such that ψx (−x) < α and ψx (v) > α

for all v ∈ K . Since λv ∈ K for all λ ≥ 0 and v ∈ K , ψx (v) ≥ 0, so that
ψx ∈ K ∗ and α < 0. This implies that −ψx (x) < α < 0. As ϕ ∈ int(K ∗) there
exists ε > 0 such that ϕ − εψx ∈ int(K ∗). So, ϕ(x) − εψx (x) < 0, which
contradicts Lemma 1.2.1.

Let ‖ · ‖ be any norm on V and S = {x ∈ K : ‖x‖ = 1}, which is a compact
set, as K is closed. Since ϕ : K → R is continuous and strictly positive on S,
there exists δ > 0 such that ϕ(y) ≥ δ for all y ∈ S. Thus, for each x ∈ �ϕ

we have that ‖x‖ ≤ δ−1, which shows that �ϕ is bounded. Obviously �ϕ is
closed and convex, and hence compact, since V is finite-dimensional.

If K ⊆ V is a cone and V is equipped with a norm ‖ · ‖, we say that
K is normal if there exists a constant δ > 0 such that 0 ≤ x ≤ y implies
‖x‖ ≤ δ‖y‖. The infimum of all such δ > 0 is called the normality constant.
We call ‖ · ‖ a monotone norm for K if the normality constant is equal to 1. It
is a basic fact that every closed cone in a finite-dimensional normed space is
normal.

Lemma 1.2.5 Every closed cone K in (V, ‖ · ‖) is normal.

Proof For the sake of contradiction suppose that there exist sequences (xk)

and (yk) in K such that xk ≤ yk for all k ≥ 1 and

lim
k→∞

‖yk‖
‖xk‖ = 0.

By rescaling xk and yk we may assume ‖xk‖ = 1 and xk ≤ yk for all k ≥ 1.
This implies that yk → 0 as k → ∞. Since V is finite-dimensional, we may
further assume, after taking a subsequence, that (xk) converges to some x ∈ K
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with ‖x‖ = 1. But this implies that yk − xk → −x as k → ∞, which is
impossible, since −x 	∈ K .

1.3 Order-preserving maps

Central objects in nonlinear Perron–Frobenius theory are order-preserving
maps f : K → K , where K is a solid closed cone in a finite-dimensional
vector space V . To decide whether a map f : K → K is order-preserving with
respect to K one can use, besides the definition, the Fréchet derivative, D f (x),
at x ∈ int(K ) of f . Recall that if U ⊆ V is open, then f : U → V is said to be
Fréchet differentiable at x ∈ U if there exists a linear map L : V → V such
that

lim
h→0

‖ f (x + h)− f (x)− Lh‖
‖h‖ = 0,

and we denote the Fréchet derivative by D f (x) = L .
The proof of the next theorem uses some more advanced results from real

analysis. In particular, it uses Rademacher’s theorem [184], which asserts that
if f : U → V is locally Lipschitz, then f is Fréchet differentiable at x ∈ U
for Lebesgue almost all x , and ‖D f (x)‖ is uniformly bounded on compact
subsets of U . Moreover, the map x �→ D f (x) is Lebesgue measurable. At first
reading the reader may wish to assume that f is Fréchet differentiable on K ,
which simplifies the proof considerably.

Theorem 1.3.1 Let K ⊆ V be a solid closed cone and U ⊆ int(K ) convex
and open. If f : U → K is locally Lipschitz, then D f (x) exists for Lebesgue
almost all x ∈ U, and f is order-preserving with respect to K if and only if
D f (x)(K ) ⊆ K for all x ∈ U for which D f (x) exists.

Proof If x ∈ U is such that D f (x) exists and y ∈ K , then there exists δ > 0
such that x + t y ∈ U for all 0 < t < δ and

lim
t→0

f (x + t y)− f (x)

t
= D f (x)y.

If f is order-preserving, the left-hand side of the previous equation is an
element of K ; so, D f (x)(K ) ⊆ K .

By Rademacher’s theorem [184] we know that D f (x) exists for Lebesgue
almost all x ∈ U . Assume for all such x ∈ U that D f (x) maps K into itself.
Under these assumptions we must prove that f is order-preserving. As f is
continuous, it suffices to show that w, z ∈ U and w �K z implies f (w) ≤K

f (z). By Lemma 1.2.4 there exists ϕ ∈ int(K ∗) such that ϕ(z) = 1. Write
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�ϕ = {x ∈ K : ϕ(x) = 1} and recall that �ϕ is compact by Lemma 1.2.4.
Define Bε(z) = {η ∈ U : ‖z−η‖ < ε}, where ε > 0 is such thatw 	∈ cl(Bε(z))
and cl(Bε(z)) ⊆ U . Let Z = {x ∈ V : ϕ(x) = 1} be the affine hyperplane in V
containing�ϕ and define Zε = {(1−t)w+tη : 0 < t < 1 and η ∈ Z ∩ Bε(z)}.
Remark that cl(Zε) is a compact subset of U , as U is convex.

Define Uε = (0, 1)× (Z ∩ Bε(z)
)

and let ϑ : Uε → Zε be given by

ϑ(t, η) = (1 − t)w + tη for (t, η) ∈ Uε.

We claim that ϑ is one-to-one. Indeed, if ϑ(t, η) = ϑ(s, ζ ) for (t, η), (s, ζ ) ∈
Uε, then

(1 − t)w + tη = (1 − s)w + sζ.

Applying ϕ to both sides gives

ϕ(w)(s − t) = (s − t) = ϕ(z)(s − t).

Recall that w �K z, so that ϕ(w) < ϕ(z), and hence s = t and η = ζ .
If v = (1 − t)w + tη ∈ Zε, then ϕ(v) = ϕ(w) + t (1 − ϕ(w)), so that

ϕ(w) < ϕ(v) < 1 and, moreover,

t = ϕ(v)− ϕ(w)

1 − ϕ(w)
and η = (1 − ϕ(w))v − (1 − ϕ(v))w

ϕ(v)− ϕ(w)
.

It follows that ϑ−1 is locally Lipschitz. Since locally Lipschitz maps take sets
of Lebesgue measure zero to Lebesgue measure zero, the set

{(t, η) ∈ Uε : D f ((1 − t)w + tη) does not exist}
has Lebesgue measure zero. Moreover there exists a constant M > 0 such that
‖D f ((1 − t)w + tη‖ ≤ M for all (t, η) ∈ Uε for which D f ((1 − t)w + tη)
exists.

Let E = {(t, η) ∈ Uε : D f ((1−t)w+tη) exists}. By Rademacher’s theorem
[184], E is Lebesgue measurable and Uε \ E has Lebesgue measure zero.
Fubini’s theorem implies for Lebesgue almost all η ∈ Z ∩Bε(z) that (t, η) ∈ E
for Lebesgue almost all t ∈ (0, 1). Notice that for each η ∈ Z ∩ Bε(z) the
map t �→ f ((1 − t)w + tη) is Lipschitz and hence absolutely continuous for
0 ≤ t ≤ 1. Thus,

d

dt
f ((1 − t)w + tη)

exists for Lebesgue almost all t ∈ (0, 1) and

f (η)− f (w) =
∫ 1

0

d

dt
f ((1 − t)w + tη)dt.
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If η ∈ Z ∩ Bε(z) is such that (t, η) ∈ E for almost all t ∈ (0, 1), then

d

dt
f ((1 − t)w + tη) = D f ((1 − t)w + tη)(η − w)

for Lebesgue almost all t ∈ (0, 1), and

f (η)− f (w) =
∫ 1

0
D f ((1 − t)w + tη)(η − w)dt.

Since w �K z, we know that, for all η close enough to z, w �K η. As
D f (x)(K ) ⊆ K for those x for which D f (x) is defined, we see that f (η) −
f (w) ∈ K for all η sufficiently close to z. As f is continuous, it follows that
f (z)− f (w) ∈ K , and we are done.

1.4 Subhomogeneous maps

In this book we focus on several special classes of order-preserving maps. In
particular, we consider the class of order-preserving subhomogeneous maps.
Let K ⊆ V and K ′ ⊆ V ′ be cones. A map f : K → K ′ is called subhomoge-
neous if λ f (x) ≤ f (λx) for all x ∈ K and 0 < λ < 1. It is said to be strictly
subhomogeneous if λ f (x) � f (λx) for all x ∈ K \ {0} and 0 < λ < 1. The
map f : K → K ′ is called homogeneous of degree p if λp f (x) = f (λx)
for all x ∈ K and λ > 0. We simply say that f is homogeneous if it is
homogeneous of degree 1.

Means and their iterates. Order-preserving subhomogeneous maps arise
naturally in the study of means. A basic example is the Gauss arithmetic-
geometric mean, f : R

2+ → R
2+,

f (x) = (
x1 + x2

2
,
√

x1x2) for x ∈ R
2+.

In this case it is not hard to show that for each x ∈ int(R2+) there exists λ > 0
such that

lim
k→∞ f k(x) = (λ, λ). (1.1)

A much deeper fact, which was proved by Landen, and later independently by
Lagrange and Gauss, is the following identity:∫ π/2

0
(x2

1 cos2 ϕ + x2
2 sin2 ϕ)−1/2dϕ = π

2λ
. (1.2)

For a historic account of arithmetic-geometric mean and its applications in the
study of elliptic integrals and the computation of the digits of π see [33, 53].
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There are numerous variants on means and their iterates for which it is of
interest to prove analogues of (1.1). Formulas like (1.2) are, however, known
in very few cases; see [49].

For r ∈ R \ {0} and a probability vector σ ∈ R
n+, so

∑
i σi = 1, we can

define the (r, σ )-mean of x ∈ int(Rn+) by

Mrσ (x) =
(∑

i

σi xr
i

)1/r
for x ∈ int(Rn+). (1.3)

One can prove (see [82]) that

lim
r→0

Mrσ (x) =
∏

i∈supp(σ )

xσi
i for x ∈ int(Rn+),

where supp(σ ) = {i : σi > 0} is the support of σ .
We define

M0σ (x) = xσ =
∏

i∈supp(σ )

xσi
i for x ∈ int(Rn+). (1.4)

For r = 1, 0, and −1 the (r, σ )-mean is, respectively, an arithmetic mean, a
geometric mean, and a harmonic mean.

The map x �→ Mrσ is order-preserving and homogeneous on the interior of
R

n+. It is easy to verify that it has a continuous order-preserving homogeneous
extension to R

n+. For r ≥ 0 the continuous extension is given by equations
(1.3) and (1.4). For r < 0 it is given by

Mrσ (x) =
[ (∑

i∈supp(σ ) σi xr
i

)1/r
if xi > 0 for all i ∈ supp(σ ),

0 otherwise.

It is known (see [82]) that the map x �→ Mrσ (x) is super-additive if r ≤ 1,
and sub-additive if r ≥ 1. For fixed σ and x ∈ R

n+, the map r �→ Mrσ (x) is
increasing, so Mrσ (x) ≤ Msσ (x) for r ≤ s. Furthermore,

lim
r→−∞ Mrσ (x) = min

i∈supp(σ )
xi and lim

r→∞ Mrσ (x) = max
i∈supp(σ )

xi .

Thus, it is natural to define

M−∞σ (x) = min
i∈supp(σ )

xi and M∞σ (x) = max
i∈supp(σ )

xi

for x ∈ R
n+ and a probability vector σ ∈ R

n+.
By using the means Mrσ we can define a rich class of continuous order-

preserving homogeneous maps f : R
n+ → R

n+ as follows. For 1 ≤ i ≤ n let
�i be a non-empty finite set of pairs (r, σ ), where r ∈ [−∞,∞] and σ ∈ R

n+ is
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a probability vector. For each (r, σ ) ∈ �i let cirσ > 0 be a positive real. Now
let f : R

n+ → R
n+ be given by

fi (x) =
∑

(r,σ )∈�i

cirσ Mrσ (x) (1.5)

for 1 ≤ i ≤ n and x ∈ R
n+.

We shall write M to denote the class of continuous order-preserving homo-
geneous maps f on R

n+ where each coordinate function of f is of the form
(1.5) with −∞ < r < ∞.

For maps f ∈ M it is interesting to understand whether there exists u ∈
int(Rn+) such that for each x ∈ int(Rn+) we have

lim
k→∞ f k(x) = λx u,

for some λx > 0. In Chapter 6 we will discuss this problem in detail.

Matrix scaling problems. The following matrix scaling problem in combina-
torial matrix theory [15,39] is known as a D AD problem. Given a nonnegative
m × n matrix A and positive vectors r ∈ R

m and c ∈ R
n , can we find positive

diagonal matrices D and E such that D AE has row sums ri for 1 ≤ i ≤ m,
and column sums c j for 1 ≤ j ≤ n?

This problem arises in information theory and statistics [35, 50, 205]. For
example, suppose that we have observed a finite number of transitions of a
Markov chain with n states, but we do not know the transition probabilities
pi j . The only information we have is that P = (pi j ) is a doubly stochastic
matrix. In that case a reasonable approximation for P is the solution of the
D AD problem where r = c = (1, . . . , 1) ∈ R

n+ and A has entries ai j equal to
the relative frequency of observed transitions from state i to state j .

Menon [143] associated with a D AD problem a nonlinear order-preserving
homogeneous map T : int(Rn+) → int(Rn+) and showed that the D AD prob-
lem has a solution if and only if T has an eigenvector in int(Rn+). The map T
is of the form

T (x) = (AT ◦ Rc ◦ A ◦ Rr )(x),

where Rb(x) = (b1/x1, . . . , bn/xn) for x ∈ int(Rn+). In Chapter 7 we will
see how results from nonlinear Perron–Frobenius theory can be used to solve
a variety of D AD problems.

Nonlinear matrix equations. A basic problem in matrix analysis is to
understand whether for given functions f and g the equation

f (X) = g(X)
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has a solution in a set of matrices. A simple example is Bushell’s equation [45],

X2 = B X B∗,

where B is an invertible n × n matrix and X is an n × n positive-definite
Hermitian matrix. Like ordinary equations, matrix equations are often hard to
solve. In special cases, however, nonlinear Perron–Frobenius theory can be
of help.

Let Herm(n) denote the space of all n × n Hermitian matrices. We view
Herm(n) as a real vector space. Note that Herm(n) contains the solid closed
cone,	n(C), consisting of all positive-semidefinite Hermitian matrices. Recall
that if X ∈ Herm(n), then there exists a unitary matrix U such that

U�U∗ = X,

where � = diag(λ1, . . . , λn) and λ1 ≥ . . . ≥ λn are the eigenvalues of X .
This allows us to give meaning to expressions like log X and Xr for r ≥ 0.
Indeed, given a continuous function f : σ(X) ⊆ R → C, one defines

f (X) = U

⎛
⎜⎝

f (λ1) 0
. . .

0 f (λn)

⎞
⎟⎠U∗

for X ∈ Herm(n). Basic results concerning this functional calculus can be
found in [58, 215].

It is of interest to us to understand the functions f : (0,∞) → R that yield
an order-preserving map. The following result by Löwner [135] provides an
answer. A detailed exposition of Löwner’s theory can be found in [24, 57].

Theorem 1.4.1 (Löwner) If f : (0,∞) → R is a continuous function with
an analytic extension to C \ {z ∈ C : Im(z) = 0 and Re(z) ≤ 0}, and
f (H+)⊆ H+, where H+ = {z ∈ C : Im(z) > 0}, then f : int(	n(C)) →
Herm(n) is order-preserving.

Basic examples include f (x) = log x and f (x) = xr for 0 < r < 1. For
f (x) = xr with 0 < r < 1 there exists the following direct argument, which
illustrates the workings of the partial ordering induced by 	n(C) on Herm(n).
We need the following lemma.

Lemma 1.4.2 The map f : int(	n(C)) → int(	n(C)) with f (X) = X−1 for
X ∈ int(	n(C)) is order-reversing.

Proof Note that if A, B ∈ int(	n(C)), then A ≤ B if and only if I ≤
A−1/2 B A−1/2, which is equivalent to σ(A−1/2 B A−1/2) ⊆ [1,∞). Thus, by
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the spectral mapping theorem, σ(A1/2 B−1 A1/2) ⊆ (0, 1]. This implies that
A1/2 B−1 A1/2 ≤ I , and hence B−1 ≤ A−1.

There exists the following integral representation for Ar (see [102, p. 286]):

Ar = sin(πr)

π

∫ ∞

0
λr−1 A(λI + A)−1dλ, (1.6)

for A ∈ int(	n(C)) and 0 < r < 1. As A(λI + A)−1 = (λA−1 + I )−1, it
follows from Lemma 1.4.2 that the map A �→ A(λI + A)−1 is order-preserving
for all λ > 0. Thus by (1.6), A ≤ B implies Ar ≤ Br for 0 < r < 1.

Also remark that f (X) = Xr is subhomogeneous for 0 < r < 1, as

λ f (X) ≤ λr f (X) = f (λX)

for 0 < λ < 1 and X ∈ int(	n(C)).
In particular, we see that positive-definite solutions of Bushell’s equation,

X2 = B X B∗, correspond to fixed points of the order-preserving subhomog-
neous map X �→ (B X B∗)1/2, where X ∈ int(	n(C)). Other interesting
equations of this type related to Riccati equations are Stein’s equation,

X = A + B X B∗,

and the discrete algebraic Riccati equation,

X = A + B(C + X−1)−1 B∗,

where A,C ∈ 	n(C), B is an invertible matrix, and X ∈ int(	n(C)).

1.5 Topical maps

A map f : R
n → R

n is said to be additively homogeneous if

f (x + λ1) = f (x)+ λ1 for all x ∈ R
n and λ ∈ R.

Here 1 = (1, . . . , 1) ∈ R
n . It is called additively subhomogeneous if

f (x + λ1) ≤ f (x)+ λ1 for all x ∈ R
n and λ ≥ 0,

where the ordering is induced by R
n+. If f : R

n → R
n is additively homoge-

neous, respectively additively subhomogeneous, and f order-preserving with
respect to R

n+, then f is called a topical map, respectively a sub-topical map.
Topical maps are closely related to order-preserving homogeneous maps on
R

n+. To see this, consider the map E : R
n → int(Rn+) with

E(x) = (ex1 , . . . , exn ) for x = (x1, . . . , xn) ∈ R
n .
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The inverse, L : int(Rn+) → R
n , of E is the coordinatewise logarithm, so

L(x) = (log x1, . . . , log xn) for x = (x1, . . . , xn) ∈ int(Rn+).

It is easy to verify that if f : R
n → R

n is a (sub-)topical map, then the log-exp
transform g : int(Rn+) → int(Rn+) of f given by

g(z) = (E ◦ f ◦ L)(z) for z ∈ int(Rn+) (1.7)

is an order-preserving (sub)homogeneous map.

Max-plus maps. Important examples of topical maps are so-called max-plus
maps, which arise in optimal control and scheduling theory. To introduce these
maps let Rmax = R ∪ {−∞} denote the max-plus semi-ring, meaning that the
addition operation ⊕ is taking maximum, and the multiplication operation ⊗
is addition. For instance, 2 ⊕ 3 = 3 and 2 ⊗ 3 = 5. Let A = (ai j ) be an n × n
matrix with entries from Rmax and suppose that for each i there exists j such
that ai j 	= −∞. A max-plus map f A : R

n → R
n is defined by

f A(x)i = (A ⊗ x)i = max
j

{ai j + x j } for x ∈ R
n and 1 ≤ i ≤ n. (1.8)

It easy to verify that max-plus maps are topical. Max-plus maps are linear maps
over the max-plus semi-ring. The analogy with linear algebra is very powerful
and gives rise to a rich theory for max-plus maps; see [11, 47, 162].

To see how max-plus maps naturally arise in scheduling theory we imagine
a network of n interconnected machines, each of which has a single task to
perform. Typically a machine cannot start a fresh cycle of activity until cer-
tain that other machines have completed their current cycle. This happens, for
instance, when a machine requires inputs from certain other machines. Let ai j

be the number of time units machine i has to wait before it can start its k-th
cycle, after machine j has started its (k − 1)-th cycle. If i does not need to
wait for j to finish, we put ai j = −∞. The number ai j can be thought of as
the time needed for machine j to produce the input for machine i . If we let xk

i
denote the earliest time at which machine i can start its k-th cycle, then

xk+1
i = max

j
{ai j + xk

j } for 1 ≤ i ≤ n and k ≥ 1.

Thus the evolution of cycles in the machine network can be modeled by a
discrete dynamical system,

xk+1 = f A(x
k),

where f A : R
n → R

n is a max-plus map. In the context of machine scheduling
it is particularly interesting to understand the cycle time vector,
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lim
k→∞

f k
A(x)

k
= lim

k→∞
f k

A(x)− f k−1
A (x)+ f k−1

A (x)− . . .− x

k
, (1.9)

which is a measure of the speed of the network.
The machine network in the previous paragraph is a typical example of a

discrete event system. Roughly speaking a discrete event system is a system
consisting of repeated events that depend on each other. For such systems it is
often natural to assume that if the execution of an event is delayed, then the
time of the next execution of any other event cannot be brought forward. In
addition, if each event is delayed by the same amount of time λ, then the next
execution of each event will also be delayed by λ. Such discrete event systems
are usually modeled by topical maps; see [80].

Markov decision processes. Other interesting examples of topical maps arise
in Markov decision theory [224], which provides a framework for studying
decision-making in random processes whose outcomes can be partly con-
trolled by the decision-maker. For example, imagine a system with finite
states S ={1, . . . , n}. Periodically the decision-maker observes the current
state i ∈ S of the system and selects an action α from a finite set Ai of possible
actions. On performing the action two things happen:

• The decision-maker receives a reward rαi ∈ R.
• The system moves from the current state i to a new state j with probabil-

ity pαi j .

After a predetermined number of stages, k, the decision-maker receives a ter-
minal reward xk

j depending on the final state j of the process. The goal of the
decision-maker is to maximize the total expected reward.

For i ∈ S, let vk
i denote the optimal expected reward of the process con-

sisting of k stages and initial state i . Then the following recursion relation
holds:

vk+1
i = max

α∈Ai
rαi +

n∑
j=1

pαi jv
k
j , (1.10)

where v0 = xk ∈ R
n is the terminal pay-off vector. This is a backward recur-

sion relation in the sense that if you know which decisions to make for a k-stage
process, you can use it to determine the first action in a (k + 1)-stage process.

The recursion relation (1.10) provides an effective way to compute the
optimal expected reward. This dynamic programming method is known as
value iteration and goes back to Bellman [21] and Howard [92]. Note that
the recurrence relation (1.10) gives rise to a topical map f : R

n → R
n , where
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fi (x) = max
α∈Ai

rαi +
n∑

j=1

pαi j x j for 1 ≤ i ≤ n and x ∈ R
n, (1.11)

since
∑

j pαi j = 1 for all i .

Stochastic games. Stochastic games are two-player zero-sum games with
finite states and multiple stages, and go back to Shapley [203]; see also
[23, 152, 208]. At each stage both players select an action. The current state
and the chosen actions determine a reward that one player receives from the
other player and the transition probability from the current state to the next
state. Stochastic games generalize Markov decision processes in the sense that
a Markov decision process is a stochastic game, where one of the players is
a “dummy” having only one action available in each state. The dynamic pro-
gramming method for computing the value of a stochastic game also leads to
a topical map.

Denote the two players by P1 and P2 and the finite set of states by S =
{1, . . . , n}. Suppose that the game terminates after k stages. At each stage each
player Pm , m = 1, 2, selects an action from a finite set of possible actions
Am(i), which may depend on the current state i of the game. Suppose that P1

has selected α and P2 has chosen β. Then the following happens:

• P1 receives a reward ri (α, β) ∈ R from P2. (Note that ri (α, β) can be
negative.)

• The game moves from the current state i to a new state j with probability
pi j (α, β).

After k stages P1 receives a terminal pay-off x0
j ∈ R from P2, which depends

on the final state j of the game. The vector x0 ∈ R
n is called the pay-off vector.

A fundamental problem in game theory is to understand how P1 and P2

should play to maximize the total expected reward and minimize the total
expected loss, respectively. To analyze this problem further the notion of a
strategy is needed. A strategy for P1 in a k-stage stochastic game with pay-off
vector x0 ∈ R

n is a sequence σ = (s1, . . . , sk), where each sm is a function
which assigns to each i ∈ S a probability distribution πm(i), on A1(i). In the
same way strategies for player P2 can be defined. Following the dynamic pro-
gramming set-up players use their strategies as follows. If after q stages the
game has reached state iq ∈ S, then player P1 uses probability distribution
πk−q(iq) to select an action from A1(iq). In the same way player P2 applies
his strategy.

We denote by Vi (σ, τ ) the total expected reward for player P1 when the
game starts in state i ∈ S and player P1 uses strategy σ and P2 applies strat-
egy τ . As this is a zero-sum game, Vi (σ, τ ) is also the total expected loss for
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P2. A stochastic game with initial state i ∈ S and k stages is said to have a
value V k

i if P1 has a strategy σ ∗ and P2 has a strategy τ ∗ such that

Vi (σ, τ
∗) ≤ V k

i ≤ Vi (σ
∗, τ ),

for all strategies σ of P1 and τ of P2. Thus, V k
i is the expected amount P1

can secure to win, whatever strategy P2 may apply. On the other hand, it is
also the minimum expected amount P2 can secure to lose, whatever strategy
P1 may use.

As in Markov decision processes the value of a game can be determined
using a dynamic programming method. Before we can give the dynamic pro-
gramming operator, we need to introduce several more definitions. To begin
we call a function r which assigns to each i ∈ S a probability distribution on
Am(i) a policy for player Pm , m = 1, 2. Given i ∈ S and policies s for P1 and
t for P2, define Li (s, t) : R

n → R by

Li (s, t)(x) =
∑

α∈A1(i)

s(α | i)
∑

β∈A2(i)

t (β | i)
[
ri (α, β)+

n∑
j=1

pi j (α, β)x j

]
,

for x ∈ R
n . Here s(α | i) denotes the probability that α is chosen from A1(i)

and t (β | i) denotes the probability that β is selected from A2(i).
Note that Li (s, t)x is the expected reward for P1 of the one-stage stochastic

game with initial state i ∈ S and pay-off vector x ∈ R
n , when P1 applies policy

s and P2 uses policy t . The Shapley operator � : R
n → R

n is defined by

�i (x) = max
s

min
t

Li (s, t)x

for i ∈ S and x ∈ R
n . Here the maximum is taken over all policies s of P1,

and the minimum is taken over all policies t of P2. Note that � : R
n → R

n is
order-preserving with respect to R

n+ and satisfies �(x +λ1) = �(x)+λ1 for
all λ ∈ R and x ∈ R

n . Thus, � is a topical map.
To see how the Shapley operator relates to the value of the k-stage stochastic

game, we first note that for each i ∈ S and x ∈ R
n we have an |A1(i)|×|A2(i)|

matrix A = (aαβ), where

aαβ = ri (α, β)+
∑

j

pi j (α, β)x j .

If we think of A as the pay-off matrix of a zero-sum two-player game, then we
know from von Neumann’s minimax theorem (see for example [208, p. 155])
that there exist optimal strategies, i.e., probability distributions, p∗

i on A1(i)
and q∗

i on A2(i) such that

max
pi

min
qi

pT
i Aqi = (p∗

i )
T Aq∗

i = min
qi

max
pi

pT
i Aqi ,
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where the maximum is taken over all probability distributions pi on A1(i)
and the minimum is taken over all probability distributions qi on A2(i). The
probability distributions p∗

i , for i ∈ S, make up a policy s∗ for P1. Likewise,
the probability distributions q∗

i give a policy t∗ for P2. So,

�(x)i = Li (s
∗, t∗)x .

Now for m = 1, . . . , k define wm = �(wm−1) where w0 = x0 (the pay-off
vector). Furthermore, let s∗

m be a policy for P1 and t∗m be a policy such that

�i (w
m−1) = Li (s

∗
m, t∗m)wm−1

for each i ∈ S. So, the i-th component of the policies s∗
m and t∗m are optimal

mixed strategies of the zero-sum two-player game where the entries of the
pay-off matrix are given by

aαβ = ri (α, β)+
∑

j

pi j (α, β)w
m−1
j .

We can now prove the following result.

Theorem 1.5.1 A stochastic game with pay-off vector x0 ∈ R
n and k stages

has value wk and optimal strategies σ ∗ = (s∗
k , . . . , s∗

1 ) for player P1 and
τ ∗ = (t∗k , . . . , t∗1 ) for player P2.

Proof By definition of σ ∗ and τ ∗ we have that V (σ ∗, τ ∗) = wk . We now show
by induction on k that

Vi (σ, τ
∗) ≤ Vi (σ

∗, τ ∗)

for all strategies σ of P1 and i ∈ S. The case k = 1 follows directly from
the definition of σ ∗ and τ ∗. Given a strategy σ = (sk+1, sk, . . . , s1) we write
σ = (sk, . . . , s1). Note that

Vi (σ, τ
∗) =

∑
α∈A1(i)

sk+1(α | i)
∑

β∈A2(i)

t∗k+1(β | i)
[
ri (α, β)+

n∑
j=1

pi j (α, β)Vj (σ , τ
∗)
]

≤
∑

α∈A1(i)

sk+1(α | i)
∑

β∈A2(i)

t∗k+1(β | i)
[
ri (α, β)+

n∑
j=1

pi j (α, β)Vj (σ
∗, τ ∗)

]
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≤
∑

α∈A1(i)

s∗
k+1(α | i)

∑
β∈A2(i)

t∗k+1(β | i)
[
ri (α, β)+

n∑
j=1

pi j (α, β)Vj (σ
∗, τ ∗)

]

= Vi (σ
∗, τ ∗).

The first inequality follows by induction, whereas the second inequality
follows from the definition of σ ∗ and τ ∗. In the same way it can be shown that

Vi (σ
∗, τ ∗) ≤ Vi (σ

∗, τ )

for all strategies τ of P2 and i ∈ S.

In the context of stochastic games it is of interest to understand the behav-
ior of the value as the number of stages k becomes large, which amounts to
analyzing the iterates of the Shapley operator.

1.6 Integral-preserving maps

An interesting class of nonlinear maps that preserve the ordering induced by
R

n+ arises as generalizations of linear diffusion processes on finitely many
states, or simply Markov chains. In a linear diffusion process with finite states
{1, . . . , n} a fixed fraction 0 ≤ pi j ≤ 1 of the mass in state i is moved to state
j after each time unit for all 1 ≤ i, j ≤ n. The movement of mass is described
by a linear map P : R

n+ → R
n+, where

(Px) j =
n∑

i=1

pi j xi for 1 ≤ j ≤ n and x ∈ R
n+.

Clearly if we start with more mass in one of the states, we end up with more
mass in the states, and hence P is order-preserving with respect to R

n+. Note
also that, as no mass is lost, the total amount of mass is preserved in the
process, so ∑

i

(Px)i =
∑

i

xi for all x ∈ R
n+.

We say that f : X → R
n , with X ⊆ R

n , is integral-preserving if∑
i

f (x)i =
∑

i

xi for all x ∈ X.

Linear diffusion processes have other characteristic properties. First, the
amount of mass that is moved from state i to state j is independent of the
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amount of mass in state j . Second, the mass at the top of the pile in state i is
treated in the same way as the mass at the bottom of the pile. There are many
natural examples of diffusion processes that lack one of these properties.

Nonlinear diffusion processes. Consider the following process, which one
can imagine playing on the beach. Let C1, . . . ,Cn be n containers, each having
an amount of sand xi for 1 ≤ i ≤ n at time zero. With each container Ci

a sequence of buckets (bi j ) j∈N is associated. Let ai j denote the volume of
bucket bi j . Assume for convenience that

∑
j∈N ai j = ∞ for all 1 ≤ i ≤ n

and that each container Ci has an infinite volume. After each time unit the
following steps are performed. For each 1 ≤ i ≤ n, sand from container Ci is
poured into bucket bi1 until either bi1 is full or Ci is empty. If bi1 is full the
remaining sand in Ci is poured into bi2 until either bi2 is full or Ci is empty.
This process is repeated until Ci is empty and all the sand is distributed over
the buckets. The amount of sand in bucket bik is given by

Mik(x) = min
(

max{xi −
k−1∑
j=1

ai j , 0}, aik

)
.

Subsequently the sand is poured back into the containers using a fixed rule
γ : {1, . . . , n} × N → {1, . . . , n} in the following way. The contents of bik is
poured into container Cγ (i,k) for each 1 ≤ i ≤ n and k ∈ N. The total amount
of mass in container C j after the procedure is given by

y j =
∑

γ (i,k)= j

Mik(x). (1.12)

This process is described by a nonlinear map f : R
n+ → R

n+, where f (x) j =
y j and y j is given by (1.12) for 1 ≤ j ≤ n. The map f is called a sand-shift
map with rule γ . In this diffusion process mass on top of the pile in a state
(container) may be treated differently from mass at the bottom of the pile. It
is easy to verify that every sand-shift map is order-preserving and integral-
preserving.

There exist many other maps that possess these two properties. To give
another set of examples, we let σ and τ be two one-to-one maps of {1, . . . , n}
onto itself. Define h : R

n+ → R
n+ by

h(x)i = (xσ(i) ∨ 1)+ (xτ(i) ∧ 1)− 1 for 1 ≤ i ≤ n and x ∈ R
n+.

The map h is order-preserving and integral-preserving. In addition, it satisfies

h(λ1) = λ1 for all λ ≥ 0. (1.13)
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Maps that satisfy (1.13) are called sup-norm decreasing. The terminology
is motivated by the following lemma. (Recall that the sup-norm is given by
‖x‖∞ = maxi |xi | for x ∈ R

n .)

Lemma 1.6.1 If f : R
n+ → R

n+ is order-preserving and integral-preserving,
then f is sup-norm decreasing if and only if ‖ f (x)‖∞ ≤ ‖x‖∞ for all x ∈ R

n+.

Proof Clearly x ≤ (maxi xi )1 and hence f (x) ≤ (maxi xi )1, as f is sup-
norm decreasing. This implies that ‖ f (x)‖∞ = maxi f (x)i ≤ maxi xi =
‖x‖∞, as x and f (x) are in R

n+. On the other hand, if f : R
n+ → R

n+ is
integral-preserving, then nλ = ∑

i λ = ∑
i f (λ1)i for all λ ≥ 0. But also

f (λ1)i ≤ λ for all λ ≥ 0 and 1 ≤ i ≤ n, as ‖ f (λ1)‖∞ ≤ ‖λ1‖∞ = λ.
Therefore f (λ1)i = λ for all λ ≥ 0 and 1 ≤ i ≤ n, and we are done.

Considering these nonlinear diffusion processes one might wonder how the
iterates of order-preserving integral-preserving maps behave. In particular, one
might ask if each initial distribution still converges to a periodic distribution as
in the linear case.
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Non-expansiveness and nonlinear
Perron–Frobenius theory

Order-preserving maps possessing one of the additional properties discussed
in Chapter 1 are non-expansive under some metric. As we shall see later
the non-expansiveness property is a powerful tool in the analysis of non-
linear eigenvalue problems and in the study of the iterative behavior of
order-preserving maps. It lies at the heart of many arguments in nonlinear
Perron–Frobenius theory. The purpose of this chapter is to discuss the relation
between order-preserving maps and non-expansive maps. In addition, we shall
introduce Hilbert’s metric and Thompson’s metric, and review some of their
geometric and topological properties that will be useful in the next chapter.

2.1 Hilbert’s and Thompson’s metrics

In this section we shall show how order-preserving (sub)homogeneous maps
are related to maps that are non-expansive under Hilbert’s (projective) metric
and Thompson’s (part) metric. We start with the definition of Hilbert’s metric
on a cone. Let K be a cone in a finite-dimensional real vector space V . For
x, y ∈ K with x ∼K y and y 	= 0, define

M(x/y; K ) = inf{β > 0 : x ≤ βy}
and

m(x/y; K ) = sup{α > 0 : αy ≤ x}.
When K is clear from the context we simply write m(x/y) and M(x/y).
Hilbert’s (projective) metric dH : K × K → [0,∞] is defined by

dH (x, y) = log
(M(x/y)

m(x/y)

)
,
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for all x ∼K y in K with y 	= 0. Furthermore, we put dH (0, 0) = 0 and define
dH (x, y) = ∞ otherwise.

Proposition 2.1.1 If K is a cone in V , then (K , dH ) satisfies:

(i) dH (x, y) ≥ 0 and dH (x, y) = dH (y, x) for all x, y ∈ K ,
(ii) dH (x, z) ≤ dH (x, y)+ dH (y, z) for all x ∼K y ∼K z, and

(iii) dH (αx, βy) = dH (x, y) for all α, β > 0 and x, y ∈ K .

If, in addition, K is closed, then dH (x, y) = 0 if and only if x = λy for some
λ > 0. In that case, if X ⊆ K has the property that for each x ∈ K \ {0} there
exists a unique λ > 0 such that λx ∈ X and P is a part of K , then (�, dH ),
where � = P ∩ X, is a genuine metric space.

Proof To prove the first assertion it suffices to consider x ∼K y and
y 	= 0, as the other cases are clear from the definition. In that case x 	= 0.
For each 0<α<m(x/y) and 0<M(x/y)<β we have that αy ≤ x ≤βy,
so that y ≤ (β/α)y. This implies that β/α≥ 1 for all 0<α<m(x/y) and
0<M(x/y)<β. Thus, M(x/y)/m(x/y)≥ 1 and hence dH (x, y)≥ 0.

Remark that M(x/y) = inf{α > 0 : α−1x ≤ y} = m(y/x)−1. A sim-
ilar argument shows that m(x/y) = M(y/x)−1. From this we deduce that
dH (x, y) = dH (y, x).

To prove the triangle inequality, we take x ∼K y ∼K z in K and z 	= 0. For
each 0<α<m(x/y) and 0<γ <m(y/z) we have that αy ≤ x and γ z ≤ y, so
that αγ z ≤ x . This implies that m(x/z) ≥ m(x/y)m(y/z). A similar argument
shows that M(x/z) ≤ M(x/y)M(y/z). From these inequalities we get that

M(x/z)

m(x/z)
≤ M(x/y)M(y/z)

m(x/y)m(y/z)
,

so that dH (x, z) ≤ dH (x, y)+ dH (y, z).
The third assertion follows from the fact that

M(αx/βy) = α

β
M(x/y) and m(αx/βy) = α

β
m(x/y)

for all α, β > 0.
If K is closed and x ∼K y in K with y 	= 0, then

m(x/y)y ≤ x ≤ M(x/y)y, (2.1)

Thus, dH (x, y) = 0 implies that y ≤ m(x/y)−1x ≤ M(x/y)m(x/y)−1 y = y,
so that x = λy for some λ > 0. The reverse implication follows directly from
assertion (iii).

The final assertion can be deduced from the previous observations and the
fact that dH (x, y) < ∞ if x and y are in the same part of K .
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x ′ � x� y� y′�

Figure 2.1 Cross-ratio.

Note that in the second part of Proposition 2.1.1 it is necessary to assume
that K is closed. Indeed, if K = {x ∈ R

2 : x1 > 0} ∪ {(0, 0)}, then x ∼K y
for all x, y ∈ K \ {0}. Moreover, M(x/y) = x1/y1 = m(x/y), so that
dH (x, y)= 0.

Hilbert’s metric on cones was introduced by Birkhoff [25] and Samelson
[192], and is closely related to a metric discovered by Hilbert [86]. To introduce
Hilbert’s original metric, we consider a non-empty, open, bounded, convex set
X in a finite-dimensional real affine space A. For x, y ∈ X let �x,y be the
affine line through x and y in A. Then �x,y intersects ∂X at two points x ′ and
y′, where we assume that x is between x ′ and y, and y is between y′ and x ; see
Figure 2.1.

For x ′, x, y, y′ ∈ A the cross-ratio is defined by

[x ′, x, y, y′] = t

s
· 1 − s

1 − t
,

where x = (1− s)x ′ + sy′ and y = (1− t)x ′ + t y′. Note that as 0 < s < t < 1,
we have that [x ′, x, y, y′] > 1. On X Hilbert defined the cross-ratio metric,
κ : X × X → [0,∞), by

κ(x, y) = log[x ′, x, y, y′] for x 	= y ∈ X,

and κ(x, x) = 0 for all x ∈ X . As Hilbert [86] pointed out in a letter to Klein,
the cross-ratio metric space is a natural generalization of Klein’s model for the
hyperbolic plane, which is obtained when X is an open disc.

To fully appreciate the relation between the two metrics κ and dH , let K ⊆ V
be a solid closed cone, ϕ ∈ int(K ∗), and �◦ = {x ∈ int(K ) : ϕ(x) = 1}.
Suppose that x 	= y in �◦, and write α = m(x/y) and β = M(x/y). Remark
that a = x − αy ∈ ∂K and b = y − β−1x ∈ ∂K , as K is closed. Thus,
x ′ = a/ϕ(a) and y′ = b/ϕ(b), where x ′ and y′ are the points of intersection
of �x,y and ∂�◦; see Figure 2.2. Note that there exist σ > 1 and τ > 1 such
that x ′ = y + σ(x − y) and y′ = x + τ(y − x). So,
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Figure 2.2 Hilbert’s metric.

y + σ(x − y) = x ′ = a

ϕ(a)
= x − αy

1 − α
, (2.2)

from which we deduce that α = (σ − 1)/σ . Likewise,

x + τ(y − x) = y′ = b

ϕ(b)
= y − β−1x

1 − β−1
(2.3)

yields β = τ/(τ − 1).
Let ‖·‖ be any norm on V and 0 < s < t < 1 be such that x = x ′+s(y′−x ′)

and y = x ′ + t (y′ − x ′).
Then

t

s
= ‖y − x ′‖

‖x − x ′‖ = σ

1 − σ
= 1

α

and

1 − s

1 − t
= ‖x − y′‖

‖y − y′‖ = τ

1 − τ
= β.

Thus, we have shown that

dH (x, y) = log
β

α
= log

( t

s
· 1 − s

1 − t

)
= κ(x, y)

for all x 	= y in �◦. To summarize, we have the following result.

Theorem 2.1.2 If K ⊆ V is a solid cone and ϕ ∈ int(K ∗), then κ and dH

coincide on �◦ = {x ∈ int(K ) : ϕ(x) = 1}.
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A useful variant of Hilbert’s metric on cones was introduced by Thompson
[217]. Thompson’s (part) metric, dT : K × K → [0,∞], is defined by

dT (x, y) = log
(

max{M(x/y),M(y/x)})

for all x ∼K y in K with y 	= 0. Further we put dT (0, 0) = 0, and define
dT (x, y) = ∞ otherwise. Arguments similar to those in Proposition 2.1.1 can
be used to show that dT is a genuine metric on each part of the cone.

Hilbert’s metric and Thompson’s metric are particularly useful tools in
the study of order-preserving (sub)homogeneous maps on cones. Before dis-
cussing this in more detail, we recall several basic notions. A map f :X → Y
from a metric space (X, dX ) into a metric space (Y, dY ) is called non-
expansive if

dY ( f (x), f (y)) ≤ dX (x, y) for all x, y ∈ X. (2.4)

It is called a contraction if the inequality in (2.4) is strict for all x 	= y in
X . The map f : X → Y is said to be a Lipschitz contraction if there exists
c ∈ [0, 1) such that

dY ( f (x), f (x)) ≤ cdX (x, y) for all x, y ∈ X.

Furthermore, f : X → Y is called an isometry if equality holds in (2.4) for all
x, y ∈ X .

Proposition 2.1.3 Let K ⊆ V and K ′ ⊆ V ′ be closed cones. If f : K → K ′
is order-preserving and homogeneous of degree r > 0, then

m(x/y)r ≤ m( f (x)/ f (y)) and M( f (x)/ f (y)) ≤ M(x/y)r

for all x, y ∈ K with x ∼K y.

Proof Let x, y ∈ K with x ∼K y. As K is a closed cone, m(x/y)y ≤ x ≤
M(x/y)y, so that m(x/y)r f (y) ≤ f (x) ≤ M(x/y)r f (y). Hence m(x/y)r ≤
m( f (x)/ f (y)) and M( f (x)/ f (y)) ≤ M(x/y)r .

This proposition has the following immediate consequence.
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Corollary 2.1.4 Let K ⊆ V and K ′ ⊆ V ′ be closed cones. If f : K → K ′ is
order-preserving and homogeneous of degree r > 0, then

dH ( f (x), f (y)) ≤ rdH (x, y)

and

dT ( f (x), f (y)) ≤ rdT (x, y) for all x, y ∈ K with x ∼K y.

In particular, every order-preserving homogeneous map f : K → K ′ is
non-expansive under Hilbert’s metric and Thompson’s metric. This observa-
tion lies at the heart of the work of Birkhoff [25] and Samelson [192], who
analyzed linear operators that leave a cone invariant. In fact, Birkhoff defined
the contraction ratio of a linear operator L on a cone K by

κ(L) = inf{λ ≥ 0 : dH (Lx, Ly) ≤ λdH (x, y) for all x ∼K y in K },
and proved that

κ(L) = tanh
(1

4
�(L)

)
,

where �(L) = sup{dH (Lx, Ly) : Lx ∼K Ly in K } is the projective diameter
of L . Closely related results were obtained by Hopf [90, 91]. The works of
Birkhoff and Hopf are discussed in Appendix A in more detail.

Remark that it follows from Corollary 2.1.4 that if f : K → K ′ is a bijec-
tive linear map, then f is an isometry with respect to Hilbert’s metric and
Thompson’s metric. Arguing as in Proposition 2.1.3, the following result can
be shown.

Corollary 2.1.5 Let K ⊆ V and K ′ ⊆ V ′ be closed cones. If f : K → K ′ is
order-reversing and homogeneous of degree r < 0, then

dH ( f (x), f (y)) ≤ |r |dH (x, y)

and

dT ( f (x), f (y)) ≤ |r |dT (x, y) for all x, y ∈ K with x ∼K y.

Proof Suppose that x, y ∈ K with x ∼K y. As K is closed, m(x/y)y ≤ x ≤
M(x/y)y, which implies M(x/y)r f (y) ≤ f (x) and f (x) ≤ m(x/y)r f (y).
Therefore m( f (x)/ f (y)) ≥ M(x/y)r and M( f (x)/ f (y)) ≤ m(x/y)r . Thus,

dH ( f (x), f (y)) ≤ log
( m(x/y)r

M(x/y)r

)
= |r |dH (x, y)
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and

dT ( f (x), f (y)) ≤ log
(

max{M(x/y)−r ,M(y/x)−r }) = |r |dT (x, y)

for all x, y ∈ K with x ∼K y.

In particular, every order-reversing homogeneous degree −1 map is non-
expansive under dH and dT .

Hilbert’s metric is particularly useful in the analysis of scaled order-
preserving homogeneous maps, as the following lemma shows.

Lemma 2.1.6 Let K ⊆ V be a solid closed cone and let f : K → K be
an order-preserving and homogeneous map such that f (x) 	= 0 for all x ∈
K \ {0}. Suppose that ϕ : K → [0,∞) is a homogeneous map with ϕ(x) 	= 0
for all x ∈ K \ {0}. If � = {x ∈ K : ϕ(x) = 1} and g : � → � is given by

g(x) = f (x)

ϕ( f (x))
for all x ∈ �,

then g is non-expansive under Hilbert’s metric on � ∩ P for each part P
of K . Moreover, if f is strongly order-preserving and homogeneous, then g is
a contraction.

Proof Let x, y ∈ � with x ∼K y and write α = m(x/y) and β = M(x/y). As
K is closed, αy ≤ x and x ≤ βy, so that α f (y) ≤ f (x) and f (x) ≤ β f (y).
Thus,

α
ϕ( f (y))

ϕ( f (x))
g(y) ≤ g(x) and g(x) ≤ β

ϕ( f (y))

ϕ( f (x))
g(y).

This implies that

dH (g(x), g(y)) ≤ log(β/α) = dH (x, y).

If, in addition, f is strongly order-preserving and x 	= λy for all λ > 0, then
αy ≤ x ≤ βy implies that

α f (y) � f (x) � β f (y).
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Hence there exist μ > α and τ < β such that μ f (y) ≤ f (x) ≤ τ f (y), so that

dH (g(x), g(y)) ≤ log(τ/μ) < log(β/α) = dH (x, y).

Typical examples of homogeneous functions ϕ : K → [0,∞) in Lemma
2.1.6 are ϕ(x) = ‖x‖ for some norm ‖ · ‖ on V , and ϕ ∈ int(K ∗).

Thompson’s metric is most useful in the analysis of order-preserving
subhomogeneous maps on the whole cone.

Lemma 2.1.7 Let K ⊆ V and K ′ ⊆ V ′ be solid closed cones. If f :
K → K ′ is order-preserving, then f is subhomogeneous if and only if f
is non-expansive with respect to Thompson’s metric on each part of K . If
f : int(K ) → int(K ′) is order-preserving and strictly subhomogeneous, then
f is contractive.

Proof Suppose that f is subhomogeneous and let x, y ∈ K with x ∼K y.
Then dT (x, y) = log λ for some λ ≥ 1. As K is closed, we know that y ≤ λx
and x ≤ λy. Since f : K → K is order-preserving and subhomogeneous, we
get that

λ−1 f (y) ≤ f (λ−1 y) ≤ f (x) and λ−1 f (x) ≤ f (λ−1x) ≤ f (y). (2.5)

This implies that max{M( f (y)/ f (x)),M( f (x)/ f (y))} ≤ λ and hence

dT ( f (x), f (y)) ≤ log λ = dT (x, y).

To prove the opposite implication we suppose that f is non-expansive under
dT on each part of K . Let x ∈ K and put y = λ−1x , where λ ≥ 1. Clearly
dT (x, y) = log λ for x 	= 0, and dT (x, y) = 0 ≤ log λ for x = 0. As f is
non-expansive, we have that

log M( f (x)/ f (y)) ≤ dT ( f (x), f (y)) ≤ log λ,

so that f (x) ≤ λ f (y). This implies that λ−1 f (x) ≤ f (λ−1x), and hence f is
subhomogeneous.

If f : int(K ) → int(K ′) is an order-preserving and strictly subhomogeneous
map and λ > 1, we get, as in (2.5),

λ−1 f (y) � f (λ−1 y) ≤ f (x) and λ−1 f (x) � f (λ−1x) ≤ f (y)

for all x 	= y in int(K ). Therefore there exists μ ∈ [0, λ) such that

max{M( f (x)/ f (y)),M( f (y)/ f (x))} ≤ μ,

and hence dT ( f (x), f (y)) < dT (x, y) for all x 	= y in int(K ).
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To compute M(x/y) and m(x/y), the following observation is sometimes
useful. Given a solid closed cone K ⊆ V and u ∈ int(K ), define

�∗
u = {ϕ ∈ K ∗ : ϕ(u) = 1}.

Note that �∗
u is a compact convex set by Lemma 1.2.4, and that ϕ(u) > 0

for all ϕ ∈ K ∗, as u ∈ int(K ). For example, if K = R
n+ and u = 1, then

�∗
u = {ϕ ∈ R

n+ :∑i ϕi = 1}.
Let E∗

u be the set of extreme points of �∗
u . Recall that a point z in a convex

set S ⊆ V is called an extreme point, if there exist no x 	= z and y 	= z in
S such that λx + (1 − λ)y = z for some 0 < λ < 1. It is known (see [186,
corollary 18.5]) that each compact convex set is the convex hull of its extreme
points. This result was proved by Minkowski and later generalized to infinite-
dimensional vector spaces by Kreı̆n and Milman [116]. Their result, known as
the Kreı̆n–Milman theorem, states that each compact convex set in a locally
convex Hausdorff topological vector space is the closure of the convex hull of
its extreme points.

Note that it follows from Lemma 1.2.1 that x ≤ βy if and only if ϕ(x) ≤
βϕ(y) for all ϕ ∈ �∗

u . Because �∗
u is the convex hull of its extreme points, we

see that x ≤ βy is equivalent to ϕ(x) ≤ βϕ(y) for all ϕ ∈ E∗
u . Thus,

M(x/y) = inf{β > 0 : x ≤ βy} = sup
ϕ∈E∗

u

ϕ(x)

ϕ(y)
(2.6)

and

m(x/y) = sup{α > 0 : αy ≤ x} = inf
ϕ∈E∗

u

ϕ(x)

ϕ(y)
. (2.7)

Notice that in equations (2.6) and (2.7) any subset S∗ of �∗
u suffices as long as

it contains E∗
u .

In the next section we use this observation to show that Hilbert’s metric and
Thompson’s metric on polyhedral cones are closely related to the sup-norm,

‖x‖∞ = max
i

|xi | for x ∈ R
n .

2.2 Polyhedral cones

For K = R
n+ and u = 1, we have that �∗

u = {x ∈ R
n+ : ∑i xi = 1}, which

has the standard basis vectors as its extreme points. So, it follows from (2.6)
and (2.7) that

M(x/y) = inf{β > 0 : x ≤ βy} = max
i

xi

yi
(2.8)
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and

m(x/y) = sup{α > 0 : αy ≤ x} = min
i

xi

yi
(2.9)

for all x, y ∈ int(Rn+). Let t : R
n → R be the top function defined by t(z) =

maxi zi . Similarly, define b : R
n → R to be the bottom function given by

b(x) = mini xi . Now (2.8) and (2.9) can be rewritten as

log M(x/y) = max
i
(log xi − log yi ) = t(L(x)− L(y)) (2.10)

and

log m(x/y) = min
i
(log xi − log yi ) = b(L(x)− L(y)), (2.11)

where L : int(Rn+) → R
n is the coordinatewise log function. Using this

observation it is straightforward to prove the following result for Thompson’s
metric.

Proposition 2.2.1 The map L is an isometry from (int(Rn+), dT ) onto
(Rn, ‖ · ‖∞).

Proof From Equation (2.10) it follows that

dT (x, y) = max{t(L(x)− L(y)), t(L(y)− L(x))} = ‖L(x)− L(y)‖∞

for all x, y ∈ int(Rn+), as ‖z‖∞ = max{t(z), t(−z)} for all z ∈ R
n . Thus, L is

an isometry from (int(Rn+), dT ) onto (Rn, ‖ · ‖∞).

For polyhedral cones we have the following result.

Lemma 2.2.2 Suppose that K ⊆ V is a solid polyhedral cone with
facet-defining functionals ψ1, . . . , ψN . Let P be a part of K and I (P) =
{i :ψi (x)> 0 for some x ∈ P}. Then there exists an isometric embedding from
(P, dT ) into (Rm, ‖ · ‖∞), where m = |I (P)|.
Proof By Lemma 1.2.3, we may assume, after relabeling, that

P = {x ∈ K : ψi (x) > 0 for 1 ≤ i ≤ m and ψi (x) = 0 otherwise}.
Define � : P → int(Rm+) by �(x) = (ψ1(x), . . . , ψm(x)) for x ∈ P . Remark
that

M(x/y; K ) = inf{β > 0 : ψi (x) ≤ βψi (y) for 1 ≤ i ≤ m}
= max

1≤i≤m
ψi (x)/ψi (y)

= M(�(x)/�(y); R
m+).
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This implies that dT (�(x),�(y))= dT (x, y) for all x, y ∈ P , so that �
embeds (P, dT ) isometrically into (int(Rm+), dT ). It now follows from Propo-
sition 2.2.1 that (P, dT ) can be isometrically embedded into (Rm, ‖ · ‖∞).

Notice that in Lemma 2.2.2 we can use any set of functionals {ϕ1, . . . , ϕk}
in K ∗ that determines K , i.e., K = {x ∈ V : ϕ j (x) ≥ 0 for all 1 ≤ j ≤ k}, to
obtain an isometric embedding.

For Hilbert’s metric on polyhedral cones there exists a similar result.

Proposition 2.2.3 Suppose that K ⊆ V is a solid polyhedral cone with N
facets. Let ϕ : K → [0,∞) be a homogeneous function with ϕ(x) > 0 for all
x ∈ K \ {0}, and let �◦ = {x ∈ int(K ) : ϕ(x) = 1}. Then (�◦, dH ) can be
isometrically embedded into (Rm, ‖ · ‖∞), where m = N (N − 1)/2.

Proof Let ψ1, . . . , ψN be the facet-defining functionals of K . Remark that for
x, y ∈ int(K ) we have that

M(x/y)= inf{β > 0 : ψi (x) ≤ βψi (y) for 1 ≤ i ≤ N } = max
i≤i≤N

ψi (x)/ψi (y).

Similarly,

1/m(x/y) = max
1≤ j≤N

ψ j (y)/ψ j (x),

and therefore

dH (x, y) = log
(

max
1≤i, j≤N

ψi (x)ψ j (y)

ψi (y)ψ j (x)

)

= max
1≤i, j≤N

(
log

ψi (x)

ψ j (x)
− log

ψi (y)

ψ j (y)

)

= max
1≤i< j≤N

∣∣∣ log
ψi (x)

ψ j (x)
− log

ψi (y)

ψ j (y)

∣∣∣
(2.12)

for all x, y ∈ �◦. Now let � : �◦ → Rm , where m = N (N − 1)/2, be
given by

�i j (z) = log
ψi (z)

ψ j (z)

for all z ∈ �◦ and 1 ≤ i < j ≤ N . From (2.12) we deduce that � embeds
(�◦, dH ) isometrically into (Rm, ‖ · ‖∞), which completes the proof.

In the special case where K is a simplicial cone (�◦, dH ) is isometric to
a normed space. To show this, define on R

n+1 an equivalence relation ∼ by
x ∼ y if x = y + λ1 for some λ ∈ R. It is easy to verify that R

n+1/ ∼ is an
n-dimensional vector space, which can be equipped with the variation norm,

‖x‖var = t(x)− b(x) for x ∈ R
n+1/ ∼ .
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The following proposition shows that if Sn is an open n-dimensional simplex,
then (Sn, κ) is isometric to (Rn+1/ ∼, ‖ · ‖var). In the proof we denote the
standard n-simplex by �n = {x ∈ R

n+1+ : ∑i xi = 1} and its relative interior
by �◦

n .

Proposition 2.2.4 If Sn is an open n-dimensional simplex in R
n, then (Sn, κ)

is isometric to (Rn+1/ ∼, ‖ · ‖var).

Proof Let x1, . . . , xn+1 be the vertices of cl(Sn) in R
n . We embed Sn into

R
n+1 by identifying R

n with the affine hyperplane {x ∈ R
n+1 : xn+1 = 1}.

Let K = {x ∈ R
n+1 : x = ∑

i αi x i with αi ≥ 0 for 1 ≤ i ≤ n + 1} be the
simplicial cone in R

n+1 generated by cl(Sn). Remark that A : R
n+1 → R

n+1,
given by

A j (
∑

i αi x i ) = α j for 1 ≤ j ≤ n + 1 and
∑

i αi x i ∈ R
n+1,

is a bijective linear map that maps K onto R
n+1+ . As the inverse of A is a linear

map of R
n+1+ onto K , we deduce from Corollary 2.1.4 that A is an isometry

from (K , dH ) onto (Rn+1+ , dH ). As the metrics κ and dH coincide on Sn , and
A(Sn) = �◦

n , we conclude that (Sn, κ) is isometric to (�◦
n, dH ).

Note that the coordinatewise logarithm, L : �◦
n → R

n+1/ ∼, is a bijection
between �◦

n and R
n+1/ ∼. Indeed, if L(x) = L(y) in R

n+1/ ∼, then L(x) =
L(y) + λ1 = L(eλx) in R

n+1 for some λ ∈ R, so that eλy = x . As
∑

i xi =∑
i yi , we conclude that x = y. On the other hand, for each z ∈ R

n+1/ ∼ there
exists a representative x ∈ R

n+1 such that
∑

i exi = 1: simply take

x = z − log
(∑

i

ezi
)
1.

Clearly u = (ex1 , . . . , exn+1) ∈ �◦
n and L(u) = x .

It follows from (2.10) and (2.11) that

dH (x, y) = t(L(x)− L(y))− b(L(x)− L(y))

for all x, y ∈ �◦
n , and hence (�◦

n, dH ) is isometric to (Rn+1/ ∼, ‖ · ‖var).

Note that we can identify R
n+1/ ∼ with R

n by considering representatives
x ∈ R

n+1 with xn+1 = 0. Thus, (Rn+1/ ∼, ‖·‖var) is isometric to (Rn, ‖·‖H ),
where

‖x‖H = max{0, t(x)} − min{0,b(x)}
for x ∈ R

n . It can be shown that the unit ball of ‖ · ‖H is a polyhedron with
n(n +1) facets. In particular, if n = 2, the unit ball is a hexagon, and for n = 3
it is a rhombic dodecahedron.
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2.3 Lorentz cones

From Theorem 2.1.2 we know that Hilbert’s metric on the interior of the
Lorentz cone is closely related to the n-dimensional hyperbolic space. In fact,
it is well known (see for instance [37, chapter 1.6]) that if we let

Bn
1 = {(x1, x2, . . . , xn+1) ∈ int(�n+1) : x1 = 1},

then (Bn
1 ,

1
2 dH ) corresponds to Klein’s model of the n-dimensional hyperbolic

space. There are several other models of the hyperbolic space, each with its
own advantages. To further analyze Hilbert’s metric on int(�n+1) it is partic-
ularly beneficial to consider the hyperboloid model of the hyperbolic space,
which lives inside int(�n+1). It will enable us to give explicit formulas for
M(x/y;�n+1) and m(x/y;�n+1) for all x, y ∈ int(�n+1), and will help us
understand Thompson’s metric on int(�n+1).

To work with the hyperboloid model it is convenient to write x ∈ R
n+1

as x = (s, u) ∈ R × R
n ; so, s ∈ R and u = (u1, . . . , un) ∈ R

n . Let Q :
R

n+1 → R be the quadratic form,

Q((s, u)) = s2 − u2
1 − · · · − u2

n = s2 − 〈u, u〉,
for (s, u) ∈ R × R

n . Notice that the Lorentz cone can now be expressed as

�n+1 = {(s, u) ∈ R × R
n : Q((s, u)) ≥ 0 and s ≥ 0}.

Let H
n = {(s, u) ∈ R × R

n : Q((s, u)) = 1 and s > 0}. In other words, H
n

is the upper sheet of the hyperboloid S = {x ∈ R
n+1 : Q(x) = 1} inside

int(�n+1); see Figure 2.3. Furthermore, let B : R
n+1 × R

n+1 → R be the
bilinear form,

B(x, y) = st − u1v1 − · · · unvn = st − 〈u, v〉
for x = (s, u) and y = (t, v) in R × R

n .
Each non-zero point z = (t, v) in the tangent space at a point x = (s, u) in

H
n lies outside �n+1, when viewed as a vector acting from the origin. Indeed,

the gradient at x = (s, u) is given by (2s,−2u), so

st − 〈u, v〉 = 0. (2.13)

Using the Cauchy–Schwarz inequality we find that

st − ‖u‖2‖v‖2 ≤ 0, (2.14)

where ‖w‖2 = (∑
i |wi |2

)1/2. Clearly if t < 0, then z = (t, v) 	∈ �n+1.
Furthermore, if t = 0, then z = (0, v) is also not in �n+1, as v 	= 0. So,
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Figure 2.3 Isometries between different models.

assume that t > 0. It follows from (2.13), and the fact that s > 0, that u 	= 0.

Now substitute s =
√

1 + ‖u‖2
2 in (2.14) to get

√
1 + ‖u‖2

2

‖u‖2
t − ‖v‖2 ≤ 0,

which implies

1

‖u‖2
2

t2 + t2 ≤ ‖v‖2
2.

It follows that

B(z, z) = t2 − ‖v‖2
2 ≤ − t2

‖u‖2
2

< 0.

One can use −B to define a Riemannian metric dhyp on H
n by first defining

the length of a piecewise C1 path γ : [a, b] → H
n by

L(γ ) =
∫ b

a

√−B(γ ′(t), γ ′(t))dt,

and subsequently

dhyp(x, y) = inf
γ

L(γ ),
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where the infimum is taken over all piecewise C1 paths γ in H
n from x to y.

There exists the following nice formula for the hyperbolic distance between
points x and y in H

n :

cosh dhyp(x, y) = B(x, y).

The metric space (Hn, dhyp) is the hyperboloid model of the n-dimensional
hyperbolic space. In this model geodesic lines are the intersection of planes
through the origin in R

n+1 with H
n .

It is known (see [37, chapter 1.6]) that one can pass from Klein’s model to
the hyperboloid model by identifying x ∈ Bn

1 with the point of intersection of
the straight line through the origin in R

n+1 and H
n . The resulting map is an

isometry from (Bn
1 ,

1
2 dH ) onto (Hn, dhyp).

Recall that dH (x, y) = dH (λx, μy) for all λ,μ > 0 and x, y ∈ int(�n+1)

by Proposition 2.1.1. So, we see that

dhyp(x, y) = 1

2
dH (x, y) (2.15)

for all x, y ∈ H
n . Later in this section we shall prove this equality in a different

way, and also show that

dhyp(x, y) = dT (x, y) (2.16)

for all x, y ∈ H
n .

Another commonly used model of the hyperbolic space is the Poincaré ball
model. In this model points are elements of the open unit ball Bn in R

n and
the geodesic lines are the diameters and the segments of circles that meet ∂Bn

orthogonally. The distance dP between points in Bn is given by

cosh dP (u, v) = 1 + 2‖u − v‖2
2

(1 − ‖u‖2
2)(1 − ‖v‖2

2)
for u, v ∈ Bn .

To see how one passes from the Poincaré model to the hyperboloid model
it is convenient to identify Bn with Bn

0 = {(0, u) ∈ R × R
n : u ∈ Bn} inside

R
n+1. The map that associates with z ∈ Bn

0 the point of intersection of the
straight line through (−1, 0) ∈ R × R

n and H
n is an isometry from (Bn

0 , dP )

onto (Hn, dhyp). It is easy to verify that this map is given by the formula

(0, u) �→
(1 + ‖u‖2

2

1 − ‖u‖2
2

,
2u

1 − ‖u‖2
2

)
.

An extensive discussion of the various models of the hyperbolic space can be
found in [37].
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To further analyze dH on int(�n+1) we follow Lim [128] and consider the
zeros of the quadratic polynomial

p(λ) = λ2 − 2B(x, y)λ+ Q(x)Q(y),

which are

α(x, y) = B(x, y)−
√

B(x, y)2 − Q(x)Q(y)

and

β(x, y) = B(x, y)+
√

B(x, y)2 − Q(x)Q(y).

Note that α(x, y) and β(x, y) are positively homogeneous in both coordinates.
In the course of the proof of the next theorem it will be shown that B(x, y)2 −
Q(x)Q(y) ≥ 0 for all x, y ∈ H

n .

Theorem 2.3.1 For x, y ∈ H
n we have that M(x/y;�n+1) = β(x, y) and

m(x/y;�n+1) = α(x, y).

Proof Clearly the equalities hold if x = y. So, suppose that x = (s, u) and
y = (t, v) in H

n are distinct. Remark that x ≤ λy if and only if Q(λy − x) ≥ 0
and λt − s ≥ 0, which is equivalent to

(λt − s)2 − 〈λv − u, λv − u〉 = λ2 − 2λB(x, y)+ 1 ≥ 0

and λ ≥ s/t , as Q(x) = Q(y) = 1. Thus,

M(x/y;�n+1) = inf{λ > 0 : p(λ) ≥ 0 and λ ≥ s/t}. (2.17)

Note that

2st B(x, y) = 2s2t2 − 2st〈u, v〉
≥ 2s2t2 − 2st‖u‖2‖v‖2

≥ 2s2t2 − t2〈u, u〉 − s2〈v, v〉
= 2s2t2 − t2(s2 − 1)− s2(t2 − 1)

= s2 + t2,

(2.18)

where equality holds if and only if u = μv for some μ > 0 and t‖u‖ = s‖v‖.
In that case tμ‖v‖ = s‖v‖, so that μ = s/t and x = (s, u) = (s, sv/t). This
implies

1 = Q(x) = s2 − (s/t)2〈v, v〉 = s2

t2
(t2 − 〈v, v〉) = s2

t2
Q(y) = s2

t2
,

and hence s = t . Thus, equality holds in (2.18) if and only if x = y. (Also

notice that (2.18) implies that B(x, y)2 ≥ ( s2+t2

2st

)2 ≥ 1 = Q(x)Q(y) for all
x, y ∈ H

n .)
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As x 	= y, we conclude that

s2 − 2st B(x, y)+ t2 < 0,

which implies that

t2 p(s/t) = t2((s/t)2 − 2B(x, y)s/t + 1
) = s2 − 2st B(x, y)+ t2 < 0,

and hence p(s/t) < 0. It now follows from (2.17) that M(x/y;�n+1) =
β(x, y) for x, y ∈ H

n .
Similarly,

m(x/y;�n+1) = sup{λ > 0 : λy ≤ x}
= sup{λ > 0 : p(λ) ≥ 0 and λ ≤ s/t}
= α(x, y).

Theorem 2.3.1 has the following consequence.

Corollary 2.3.2 For x, y ∈ int(�n+1) we have that

M(x/y) = β(x, y)

Q(y)
and m(x/y) = α(x, y)

Q(y)
. (2.19)

Moreover,

dH (x, y) = log
(
β(x, y)/α(x, y)

)
and

dT (x, y) = log
(

max
{
β(x, y)/Q(x), β(x, y)/Q(y)

})
.

Proof It suffices to prove (2.19). Put σ = √
Q(x) and τ = √

Q(y). Then

M(x/y) = σ

τ
M(σ−1x/τ−1 y) = σ

τ
β(σ−1x, τ−1 y) = 1

τ 2
β(x, y)

by Theorem 2.3.1. Likewise,

m(x/y) = σ

τ
m(σ−1x/τ−1 y) = σ

τ
α(σ−1x, τ−1 y) = 1

τ 2
α(x, y).

It is now easy to prove (2.16). Simply remark that for x, y ∈ H
n we have

that β(x, y) = α(x, y)−1, so that

1

2
dH (x, y) = logβ(x, y) = dT (x, y).
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But

cosh logβ(x, y) = β(x, y)+ β(x, y)−1

2
= β(x, y)+ α(x, y)

2
= B(x, y),

which shows (2.15) and (2.16).

2.4 The cone of positive-semidefinite symmetric matrices

In this section we consider the vector space of n×n symmetric matrices, Symn ,
and the solid closed cone 	n(R) consisting of all positive-semidefinite matri-
ces in Symn . To analyze Hilbert’s metric and Thompson’s metric on 	n(R), it
is useful to remark that the group of invertible n × n matrices, GLn(R), acts
transitively on int(	n(R)) by conjugation, i.e., for each A, B ∈ int(	n(R))

there exists Q ∈ GLn(R) such that

A = QT B Q.

Furthermore the vector space Symn can be equipped with an inner-product
〈A, B〉 = tr(AB). Using the spectral decomposition for symmetric matrices,
it is easy to see that 	n(R) is self-dual under this inner-product. Indeed, note
that if B ∈ 	n(R), then B1/2 ∈ 	n(R), and hence 〈A, B〉 = tr(AB) =
tr(B1/2 AB1/2) ≥ 0 for all A ∈ 	n(R). Thus, B ∈ 	n(R)

∗ in that
case. Conversely, if B ∈ Symn , then there exists an orthogonal matrix U
such that B = U DU T , where D = diag(λ1, . . . , λn) and λ1 ≤ λ2 ≤ . . . ≤ λn

are the eigenvalues of B. Suppose that tr(AB) = tr(A(U DU T )) =
tr((U T AU )D)≥ 0 for each A ∈ 	n(R). By taking A = U EU T for
some appropriate positive diagonal matrix E , we can conclude that all the
eigenvalues of D must be nonnegative, and hence B ∈ 	n(R).

In the following lemma, I denotes the identity matrix in int(	n(R)) and
�∗

I = {A ∈ 	n(R) : tr(A) = 1}.
Lemma 2.4.1 A matrix A ∈ �∗

I is an extreme point if and only if it has exactly
one non-zero eigenvalue, which is equal to 1.

Proof Let E∗
I denote the set of extreme points of �∗

I , and let D be the set
of those A ∈ �∗

I having exactly one non-zero eigenvalue. Suppose that A is
an extreme point of �∗

I . There exists an orthogonal matrix U such that A =
U T DU , where D = diag(λ1, . . . , λn), 0 ≤ λ1 ≤ . . . ≤ λn are the eigenvalues
of A and

∑
i λi = 1. Thus,

A = U T DU =
∑

i

λiU
T diag(ei )U,
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where ei is the i-th unit vector. As A is an extreme point, we conclude that
λ1 = . . . = λn−1 = 0 and λn = 1, which shows that E∗

I ⊆ D
To finish the proof we note that the group of orthogonal matrices, O(n),

acts transitively on D by conjugation. Moreover, for a fixed U ∈ O(n) the
map A �→ U T AU is a linear map, which maps �∗

I onto itself. Hence it maps
extreme points of �∗

I to extreme points. As E∗
I ⊆ D is non-empty, and O(n)

acts transitively on D, we conclude that E∗
I = D.

It follows from Lemma 2.4.1 that �∗
I has infinitely many extreme points if

n ≥ 2, and hence 	n(R) is not polyhedral. On the other hand, 	n(R) is also
not strictly convex if n ≥ 3, as

(1−λ)diag(1, 0, 0, . . . , 0)+λdiag(0, 1, 0, . . . , 0) ∈ ∂	n(R) for 0 ≤ λ ≤ 1.

The cone 	2(R) is strictly convex and identical to �3. In fact, the reader can
easily verify that the bijective linear map(

a b
b c

)
∈ V �→ (

a + c

2
,

a − c

2
, b) ∈ R

3

maps 	2(R) onto �3.
We could use Lemma 2.4.1 and (2.6) to compute M(X/Y ;	n(R)) for

X, Y ∈ int(	n(R)). There is, however, a more direct way to do this, which
goes as follows. For each X, Y ∈ int(	n(R)) we have that X ≤ βY
if and only if Y −1/2 XY −1/2 ≤ β I , which is equivalent to σ(Y −1 X) =
σ(Y −1/2 XY −1/2) ⊆ (0, β]. Thus,

M(X/Y ;	n(R)) = max{λ : λ ∈ σ(Y −1 X)}.
Similarly, αY ≤ X if and only if α I ≤ Y −1/2 XY −1/2, which is equivalent to
σ(Y −1 X) = σ(Y −1/2 XY −1/2) ⊆ [α,∞). So, we see that

m(X/Y ;	n(R)) = min{λ : λ ∈ σ(Y −1 X)}.
To summarize, we have the following result.

Proposition 2.4.2 Suppose that X, Y ∈ int(	n(R)), and let λ+(X, Y ) =
max{λ : λ ∈ σ(Y −1 X)} and λ−(X, Y ) = min{λ : λ ∈ σ(Y −1 X)}. Then

dH (X, Y ) = log
(λ+(X, Y )

λ−(X, Y )

)
and

dT (X, Y ) = log
(

max{λ+(X, Y ), 1/λ−(X, Y )}).
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Similar arguments can be used to show that the same formulas hold for
elements in the interior of the cone of positive-semidefinite Hermitian matrices
	n(C).

2.5 Completeness

It follows from the results in Section 2.2 that Hilbert’s and Thompson’s met-
rics on parts of polyhedral cones are complete metric spaces, whose topology
coincides with the norm topology. It turns out that this is true for general closed
cones in V . A key property to prove completeness is normality of the cone.
Recall that a cone K in a normed space (V, ‖ · ‖) is normal if there exists
δ > 0 such that 0 ≤K x ≤K y implies ‖x‖ ≤ δ‖y‖, and the smallest such
δ > 0 is called the normality constant of K in (V, ‖ · ‖). Also recall that every
closed cone in a finite-dimensional normed space is normal by Lemma 1.2.5.

Most completeness results for Hilbert’s and Thompson’s metrics discussed
in this section carry over to normal cones in infinite-dimensional Banach
spaces; see [158]. To prove that Thompson’s metric yields a complete topology,
it is useful to first establish the following inequality.

Lemma 2.5.1 Let K be a cone in (V, ‖ · ‖) and let δ > 0 be the normality
constant of K . For each x, y ∈ K with ‖x‖ ≤ b and ‖y‖ ≤ b, we have that

‖x − y‖ ≤ b(1 + 2δ)(edT (x,y) − 1).

Proof Put λ = edT (x,y) ≥ 1. Clearly the inequality holds if dT (x, y) = ∞.
Therefore we may assume that x ∼K y. For each ε > 0, we have that
x ≤ (λ+ ε)y and y ≤ (λ + ε)x . This implies that x − y ≤ (λ + ε − 1)y
and y − x ≤ (λ + ε − 1)x , and hence there exist u, v ∈ K such that
x − y + u = (λ + ε − 1)y and y − x + v = (λ + ε − 1)x . We remark
that

‖u‖ ≤ δ‖u + v‖ = δ‖(λ+ ε − 1)y + (λ+ ε − 1)x‖ ≤ 2δb(λ+ ε − 1).

This implies that

‖x−y‖ ≤ ‖x−y+u‖+‖u‖≤ (λ+ε−1)b+2δb(λ+ε−1)= b(1+2δ)(λ+ε−1),

and we are done.

By using Lemma 2.5.1 we now prove that Thompson’s metric induces a
complete topology on each part of a closed cone in V .

Proposition 2.5.2 If K ⊆ V is a closed cone and P is a part of K , then the
metric space (P, dT ) is complete.
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Proof Let (xk)k be a Cauchy sequence in (P, dT ) and put αk,l = M(xk/xl) for
k, l ≥ 1. As (xk)k is Cauchy, there exists N ≥ 1 such that dT (xk, xl) < 1 for all
k, l ≥ N . This implies that αk,l < e for all k, l ≥ N and therefore xk ≤ exN ≤
3xN for all k ≥ N . Let δ > 0 be the normality constant of K with respect to a
norm ‖·‖ on V . (Recall that a closed cone in a finite-dimensional normed space
is normal by Lemma 1.2.5.) Then ‖xk‖ ≤ 3δ‖xN ‖ for all k ≥ N , and hence
(xx )k is a norm-bounded sequence. Put c = max{3δ‖xN ‖,max1≤k≤N ‖xk‖}.

Next we show that (xk)k is a Cauchy sequence in the norm topology. Let
ε > 0 and remark that there exists μ > 0 such that eμ ≤ 1 + ε/C , where C =
c(1+2δ). Since (xk)k is Cauchy, there exists Nε ≥ 1 such that dT (xk, xl) < μ

for all k, l ≥ Nε. Therefore, αk,l ≤ eμ ≤ 1 + ε/C and αl,k ≤ eμ ≤ 1 + ε/C
for all k, l ≥ Nε. This implies that xl ≤ (1 + ε/C)xk for all k, l ≥ Nε. By
Lemma 2.5.1 we find that

‖xk − xl‖ ≤ c(1 + 2δ)(1 + ε/C − 1) = ε for all k, l ≥ Nε.

Let u be the limit of (xk)k . To show that dT (xk, u) → 0 as k → ∞, we
note that dT (xk, xl) < ε for all k and l sufficiently large, so that xk ≤ eεxl and
xl ≤ eεxk for all k, l large. As K is closed and ‖xk − u‖ → 0, as k → ∞,
xk ≤ eεu and u ≤ eεxk for all k large. From these inequalities we conclude
that u ∈ P and dT (xk, u) ≤ ε for all k sufficiently large.

Hilbert’s metric also induces a complete topology, if the cone is closed. To
prove this, it is convenient to work with a special norm, the so-called order-unit
norm. Let P be a part of a solid closed cone K in V and let u ∈ P . Define

Eu = {x ∈ V : −αu ≤ x ≤ αu for some α > 0}.
It is easy to verify that Eu is a linear subspace of V . On Eu the order-unit norm
‖ · ‖u is given by

‖x‖u = inf{α > 0 : −αu ≤ x ≤ αu} for x ∈ Eu .

To see that ‖ · ‖u is a norm we note that ‖λx‖u = |λ|‖x‖u and ‖x + y‖u ≤
‖x‖u + ‖y‖u for all λ ∈ R and x, y ∈ Eu . Moreover, ‖x‖u = 0 if and only if
x = 0. Indeed, ‖x‖u = 0 implies that αku − x ≥ 0 and x + αku ≥ 0 for some
αk → 0. From this it follows that x ≥ 0 and −x ≥ 0, as K is closed, so that
x = 0. Moreover, 0 ≤ x ≤ y implies ‖x‖u ≤ ‖y‖u . In particular, we see that
if u ∈ int(K ), then ‖ · ‖u is a monotone norm on V .

Lemma 2.5.3 Let K ⊆ V be a solid closed cone and let P be a part of K . If
u ∈ int(K ) and �u = {x ∈ K : ‖x‖u = 1}, then (�u ∩ P, dH ) is a complete
metric space.
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Proof To prove this lemma we first show that

dT (x, y) ≤ dH (x, y) ≤ 2dT (x, y) for all x, y ∈ �u ∩ P. (2.20)

For x, y ∈ �u ∩ P we have that m(x/y)x ≤ y ≤ M(x/y)x . This implies that
m(x/y) ≤ 1 ≤ M(x/y), as ‖ · ‖u is monotone, so that

m(x/y)−1M(x/y)≤ max{m(x/y)−2,M(x/y)2} = max{M(y/x)2,M(x/y)2}.
Thus, dH (x, y) ≤ 2dT (x, y) for all x, y ∈ �u ∩ P . On the other hand,

max{m(x/y)−1,M(x/y)} ≤ m(x/y)−1 M(x/y),

so that dT (x, y) ≤ dH (x, y) for all x, y ∈ �u ∩ P .
Subsequently, we observe that �u ∩ P is a closed subset of (P, dT ). Indeed,

if x is a limit point of a sequence (xk)k in �u ∩ P , then ‖xk − x‖u → 0
by Lemma 2.5.1, and hence ‖x‖u = 1. It follows from Proposition 2.5.2
that (P, dT ) is complete, and hence (�u ∩ P, dT ) is also complete. The
completeness of (�u ∩ P, dH ) now follows from (2.20).

Equipped with this lemma it is easy to prove the following completeness
result for Hilbert’s metric.

Proposition 2.5.4 Let K be a solid closed in V and ϕ ∈ int(K ∗). If P is a
part of K , with P 	= {0}, and � = {x ∈ K : ϕ(x) = 1}, then (� ∩ P, dH ) is
complete.

Proof The idea is to show that (�u ∩ P, dH ) and (� ∩ P, dH ) are isometric
for u ∈ int(K ). To see this we simply note that for each x ∈ � ∩ P there
exists a unique tx > 0 such that tx x ∈ �u ∩ P , so that ρ : � ∩ P → �u ∩ P ,
given by ρ(x) = tx x for x ∈ � ∩ P , is an isometry from (� ∩ P, dH ) onto
(�u ∩ P, dH ). From Lemma 2.5.3 we know that (�u ∩ P, dH ) is complete and
hence (� ∩ P, dH ) is also complete.

Given a norm ‖ · ‖ on V , and ρ and � as in the proof of Proposition 2.5.4,
there exists a constant M > 0 such that

‖x − y‖ ≤ M‖ρ(x)− ρ(y)‖ for all x, y ∈ �.
It therefore follows from Lemma 2.5.1 and inequality (2.20) that there exists a
constant C > 0 such that

‖x − y‖ ≤ C(edH (x,y) − 1) for all x, y ∈ �. (2.21)

We can also estimate dH (x, y) in terms of the norm.
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Lemma 2.5.5 Let K be a solid closed cone in (V, ‖ · ‖). If x ∈ int(K ) and
r > 0 are such that the closed ball Br (x) = {z ∈ V : ‖x −z‖ ≤ r} is contained
in int(K ), then

dH (x, y) ≤ log
(r + ‖x − y‖

r − ‖x − y‖
)

and

dT (x, y) ≤ log max
{r + ‖x − y‖

r
,

r

r − ‖x − y‖
}

for all y ∈ Br (x).

Proof Let y ∈ Br (x) and x 	= y. Then there exists 0 < α < 1 such that
α

1−α ‖x−y‖ = r . Indeed, take α = r/(r+‖x−y‖). We note that x±w ∈ int(K )
for ‖w‖ ≤ r , and hence x + α

1−α (x − y) ∈ K . This implies that

x − αy = (1 − α)(x + α

1 − α
(x − y))

is in K , so that α = r
r+‖x−y‖ ≤ m(x/y). In the same fashion, it can be shown

that
r

r − ‖x − y‖ ≥ M(x/y).

Thus,

dH (x, y) ≤ log
(r + ‖x − y‖

r − ‖x − y‖
)

and

dT (x, y) ≤ log max
{r + ‖x − y‖

r
,

r

r − ‖x − y‖
}

for all y ∈ Br (x),

which completes the proof.

By combining the inequalities in Lemmas 2.5.1 and 2.5.5 and (2.21), we see
that the topologies induced by Hilbert’s metric and Thompson’s metric are the
same as the norm topology.

Corollary 2.5.6 If K is a solid closed cone in V , ϕ ∈ int(K ∗), and�◦ = {x ∈
int(K ) : ϕ(x) = 1}, then the topologies of (�◦, dH ) and (int(K ), dT ) coincide
with the norm topology.

2.6 Convexity and geodesics

Hilbert’s metric is an example of a projective metric, meaning that straight line
segments are geodesics. As we shall see, however, straight lines are in general
not the only geodesics. Before we start analyzing the geodesics in Hilbert’s
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and Thompson’s metric spaces in more detail, we prove the convexity of the
balls.

Lemma 2.6.1 If K ⊆ V is a solid closed cone, ϕ ∈ int(K ∗), and � = {x ∈
K : ϕ(x) = 1}, then every closed ball, Br (x) = {y ∈ � : dH (x, y) ≤ r}, is a
convex subset of V .

Proof Let y1, y2 ∈ Br (x) and remark that α1x ≤ y1 ≤ β1x and α2x ≤ y2 ≤
β2x , where 0 ≤ β1/α1, β2/α2 ≤ er . For 0 ≤ t ≤ 1 we deduce that

αt x = ((1 − t)α1 + tα2)x ≤ (1 − t)y1 + t y2 ≤ ((1 − t)β1 + tβ2)x = βt x,

so that

βt

αt
=
( (1 − t)α1

αt

)(β1

α1

)
+
( tα2

αt

)(β2

α2

)
≤ (1 − t)α1

αt
er + tα2

αt
er = er .

Thus, we find that (1 − t)y1 + t y2 ∈ Br (x) for 0 ≤ t ≤ 1, and hence Br (x) is
convex.

A similar argument works for Thompson’s metric.

Lemma 2.6.2 If K ⊆ V is a solid closed cone, then every closed ball, Br (x) =
{y ∈ K : dT (x, y) ≤ r}, is a convex subset of V .

Proof If y1, y2 ∈ Br (x), then α1x ≤ y1 ≤ β1x and α2x ≤ y2 ≤ β2x , where
max{β1, 1/α1} ≤ er and max{β2, 1/α2} ≤ er . Let 0 ≤ t ≤ 1 and remark that

αt x = ((1 − t)α1 + tα2)x ≤ (1 − t)y1 + t y2 ≤ ((1 − t)β1 + tβ2)x = βt x .

Clearly (1 − t)β1 + tβ2 ≤ er and (1 − t)α1 + tα2 ≥ e−r . This implies that
max{βt , 1/αt } ≤ er , and hence (1−t)y1+t y2 ∈ Br (x) for each 0 ≤ t ≤ 1.

Recall (see [42, 177]) that a geodesic path in a metric space (X, d) is a map
γ : I → (X, d) such that

d(γ (s), γ (t)) = |s − t | for all s, t ∈ I .

Here I ⊆ R is a (possibly unbounded) interval. The image of a geodesic path
is called a geodesic. A metric space is said to be a geodesic space if for each
x, y ∈ X there exists a geodesic path γ : [a, b] → (X, d) joining x and y, i.e,
γ (a) = x and γ (b) = y.

Hilbert’s metric spaces are geodesic, since every straight-line segment is
a geodesic. The proof of this result goes back to Hilbert [86] and uses the
cross-ratio metric.
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Theorem 2.6.3 (Hilbert) If X is an open, bounded, convex subset of a finite-
dimensional real affine space, then the cross-ratio metric space, (X, κ), is a
geodesic space and every straight-line segment is a geodesic.

Proof Let u 	= w in X and u′, w′ ∈ ∂X be such that u is between u′ and w,
and w is between u and w′. Let 0 < α < γ < 1 be such that

u = (1 − α)u′ + αw′ and w = (1 − γ )u′ + γw′.

Note that if v = (1 − β)u′ + βw′ and α ≤ β ≤ γ , then

[u′, u, v, w′] = 1 − α

1 − β
· β
α

and [u′, v, w,w′] = 1 − β

1 − γ
· γ
β
,

so that

[u′, u, v, w′] · [u′, v, w,w′] = [u′, u, w,w′].
(This is the co-cycle property of the cross-ratio.) Thus,

κ(u, v)+ κ(v,w) = κ(u, w). (2.22)

Now let x 	= y in X . For 0 ≤ t ≤ 1 define zt = (1−t)x +t y. It follows from
(2.22) that κ(zs, x)+ κ(zs, zt ) = κ(zt , x) for all 0 ≤ s ≤ t ≤ 1. This implies
that ψ : [0, 1] → [0, κ(x, y)] with ψ(t) = κ(zt , x) is a strictly increasing map
from [0, 1] onto [0, κ(x, y)].

To complete the proof we show that γ : [0, κ(x, y)] → (X, κ) with γ (μ) =
zψ−1(μ) for μ ∈ [0, κ(x, y)] is a geodesic path connecting x and y. Clearly
γ (0) = x and γ (κ(x, y)) = y. From (2.22) it follows that

κ(γ (ν), γ (μ)) = κ(zψ−1(ν), zψ−1(μ)) = κ(zψ−1(ν), x)−κ(zψ−1(μ), x) = ν−μ
for each 0 ≤ μ ≤ ν ≤ κ(x, y), and we are done.

Combining Theorems 2.1.2 and 2.6.3 gives the following result.

Corollary 2.6.4 If K ⊆ V is a solid closed cone, ϕ ∈ int(K ∗), and �◦ =
{x ∈ int(K ) : ϕ(x) = 1}, then (�◦, dH ) is a geodesic space and straight-line
segments are geodesics.

In general there can be more than one geodesic connecting distinct points in
a Hilbert’s metric space. A prime example is the standard positive cone R

n+.
This is no surprise, as Hilbert’s metric on a simplex is isometric to a polyhedral
normed space in which there are multiple geodesics between most points.
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Proposition 2.6.5 Let �◦
n = {x ∈ int(Rn+ : ∑i xi = 1}. If x 	= y in �◦

n and
δ = dH (x, y), then

γ (s) = x (1−s/δ)ys/δ∑
i x (1−s/δ)

i ys/δ
i

,

for s ∈ [0, δ] is a geodesic path connecting x and y in (�◦
n, dH ).

Proof Recall from the proof of Proposition 2.2.4 that the coordinatewise loga-
rithm L is an isometry of (�◦

n, dH ) onto (Rn+1/ ∼, ‖·‖var). Every straight line
in R

n+1/ ∼ is a geodesic. So for u, v ∈ R
n+1/ ∼ with α = ‖u − v‖var > 0,

the path ψ : [0, α] → (Rn+1/ ∼, ‖ · ‖var) given by

ψ(s) = (1 − s/α)u + (s/α)v for s ∈ [0, α]
is a geodesic path connecting u and v.

By using the isometry L , and its inverse E , we find for x 	= y in �◦
n that the

path

γ (s) = E
(
(1 − s/δ)L(x)+ s/δL(y)− log

(∑
i

x1−s/δ
i ys/δ

i

)
1
)

= x (1−s/δ)ys/δ∑
i x (1−s/δ)

i ys/δ
i

,

where s ∈ [0, δ], is a geodesic path connecting x and y.

A geodesic space (X, d) is said to be uniquely geodesic if for each x, y ∈ X
there exists a unique geodesic connecting x and y.

Theorem 2.6.6 Let X be a bounded, open, convex subset of a finite-
dimensional real affine space. The cross-ratio metric space (X, κ) is uniquely
geodesic if and only if ∂X does not contain a pair of straight-line segments
that span a two-dimensional affine plane.

Proof Note that by Theorem 2.6.3 it suffices to show that

κ(x, z)+ κ(z, y) = κ(x, y) (2.23)

implies that z lies on the straight-line segment connecting x and y if and
only if ∂X does not contain a pair of straight-line segments that span a two-
dimensional affine plane. So, suppose that x, y, z ∈ X are three distinct points
such that (2.23) holds. Consider the intersection of X with the affine plane
spanned by x , y, and z. Now use the notation as indicated in Figure 2.4, where
p may be at infinity.
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Figure 2.4 Proof of Theorem 2.6.6.

By projective invariance of the cross-ratio,

[s, x, z, t] = [x, x, z, y] and [u, z, y, v] = [x, z, y, y]. (2.24)

Note that

[x, x, z, y] ≥ [x ′, x, z, y′]
and we have equality if and only if x = x ′ and y = y′. Likewise,

[x, z, y, y] ≥ [x ′, z, y, y′]
and we have equality if and only if x = x ′ and y = y′. It thus follows from
(2.24) that

κ(x, z)+ κ(z, y) = κ(x, y)

if and only if x = x ′ and y = y′, which implies that the straight-line segment
connecting x ′ and s, and the straight-line segment connecting y′ and v, are
contained in ∂X . On the other hand, if there exist two straight-line segments
in ∂X that span a two-dimensional affine plane, then x , y, and z can be found
such that x = x ′ and y = y′.

Combining the previous theorem with Theorem 2.1.2 gives the following
corollary.

Corollary 2.6.7 If K ⊆ V is a solid closed cone, ϕ ∈ int(K ∗), and�◦ = {x ∈
int(K ) : ϕ(x) = 1}, then (�◦, dH ) is uniquely geodesic if and only if ∂�◦ does
not contain a pair of straight-line segments that span a two-dimensional affine
plane.

Another interesting example of a cone that gives rise to a non-uniquely
geodesic Hilbert’s metric space is the cone of positive-semidefinite matrices,
	n(R), in the vector space of n × n symmetric matrices.
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Proposition 2.6.8 Let Posn(R) = {A ∈ int(	n(R)) : tr(A) = 1} and for
A, B ∈ Posn(R) let

ϕ(t) = A1/2(A−1/2 B A−1/2)t A1/2 for 0 ≤ t ≤ 1.

Then

γ (t) = ϕ(t)

tr(ϕ(t))
for 0 ≤ t ≤ 1

is a geodesic connecting A and B in (Posn(R), dH ).

Proof We shall first prove the assertion in the special case where A = I ,
and subsequently derive the general case from it. Write α = m(B/I ) and
β = M(B/I ). As 	n(R) is closed,

α I ≤ B ≤ β I.

From the spectral decomposition theorem it follows that

αs I ≤ Bs ≤ βs I for 0 ≤ s ≤ 1,

so that

dH (I, Bs) ≤ log
(β
α

)s = sdH (I, B). (2.25)

Fix C ∈ int(	n(R)) and recall that the linear map LC (B) = C1/2 BC1/2

maps	n(R) onto itself. Thus, LC is an isometry under dH by Corollary 2.1.4.
Taking C = B−t , where t ∈ [0, 1], we find that

dH (B
t , B) = dH (I, B1−t ) ≤ (1 − t)dH (I, B). (2.26)

As dH (I, Bt ) + dH (Bt , B) ≥ dH (I, B), we conclude from (2.25) and (2.26)
that

dH (I, Bt ) = tdH (I, B)

for all 0 ≤ t ≤ 1.
This implies that ψ : [0, 1] → [0, dH (I, B)] with ψ(t) = dH (I, Bt ) is

strictly increasing and onto. It is now easy to verify that ϕB : [0, dH (I, B)] →
(Posn(R), dH ) with

ϕB(s) = Bψ
−1(s)

tr(Bψ−1(s))
(2.27)

for 0 ≤ s ≤ dH (I, B) is a geodesic path connecting I and B.
The general case now follows by remarking that for A, B ∈ Posn(R) we

have that

dH (A, B) = dH (L A−1/2(A), L A−1/2(B)) = dH (I, A−1/2 B A−1/2).
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Replacing B by B1 = A−1/2 B A−1/2 in (2.27) shows that ϕB1 is a geodesic
path connecting I and A−1/2 B A−1/2. As L A1/2 is an isometry,

γ (s) = L A1/2(ϕB1(s))

tr(L A1/2(ϕB1(s)))
for 0 ≤ s ≤ dH (I, B1) = dH (A, B)

is a geodesic path connecting A and B.

The mid-point A1/2(A−1/2 B A−1/2)1/2 A1/2 of the geodesic ϕ is called the
geometric mean of A and B.

We conclude this section with a short discussion on geodesics in Thomp-
son’s metric spaces, which are slightly more subtle.

Theorem 2.6.9 Let K ⊆ V be a solid closed cone. Suppose that x, y ∈ int(K ),
with x 	= λy for all λ > 0, and write α = m(y/x) and β = M(y/x). Then

γ (t) = β t − αt

β − α
y + βαt − αβ t

β − α
x,

where 0 ≤ t ≤ 1 is a geodesic connecting x and y in (int(K ), dT ). Moreover,
if x = λy, then γ (t) = λt x is a geodesic connecting x and y.

Proof First note that if x, y ∈ int(K ) are such that x 	= λy for all λ > 0,
then α < β, so that γ (t) is well defined. To show that γ (t) ∈ int(K ) for all
0 < t < 1, we note that 0 � γ (t) is equivalent to

−(βαt − αβ t )x � (β t − αt )y.

Thus, γ (t) ∈ int(K ) for all 0 < t < 1 if

−βα
t − αβ t

β t − αt
< α

for all 0 < t < 1. Note that the inequality holds, since 0 < α < β.
Using the definition of α and β we deduce that

γ (t) ≥ β t − αt

β − α
(αx)+ βαt − αβ t

β − α
x ≥ αt x

and

γ (t) ≤ β t − αt

β − α
(βx)+ βαt − αβ t

β − α
x ≤ β t x,

which implies that

dT (x, γ (t)) ≤ log
(

max{β t , 1/αt }) = tdT (x, y).

In the same way we can use the inequalities β−1 y ≤ x ≤ α−1 y to get that

dT (γ (t), y) ≤ log
(

max{β1−t , 1/α1−t }) = (1 − t)dT (x, y).
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It now follows from the triangle inequality that

dT (x, γ (t))+ dT (γ (t), y) = dT (x, y)

and dT (x, γ (t)) = tdT (x, y) for all 0 ≤ t ≤ 1. The map ψ given by ψ(t) =
dT (x, γ (t)) is a strictly increasing map from [0, 1] onto [0, dT (x, y)]. It is easy
to verify that ϕ(s) = γ (ψ−1(s)) is a geodesic path connecting x and y, and
hence the first assertion holds. We leave the case x = λy to the reader.

2.7 Topical maps and the sup-norm

Recall that a map f : R
n → R

n is topical if f is order-preserving with respect
to R

n+, and f (x + λ1) = f (x) + λ1 for all x ∈ R
n and λ ∈ R. Topical maps

are closely related to sup-norm non-expansive maps as the following result by
Crandall and Tartar [54] shows.

Proposition 2.7.1 Suppose that X ⊆ R
n is such that x +λ1 ∈ X for all λ ∈ R

and x ∈ X. A map f : X → R
n is topical if and only if

t( f (x)− f (y)) ≤ t(x − y) for all x, y ∈ X.

Proof Suppose that f : X → R
n is topical. For x, y ∈ X we have that x − y ≤

t(x − y)1, so that f (x) − f (y) ≤ t(x − y)1, as f is order-preserving and
additively homogeneous. This implies that t( f (x)− f (y)) ≤ t(x − y).

Now suppose that t( f (x) − f (y)) ≤ t(x − y) for all x, y ∈ X . If x ≤ y
in X , then t(x − y) ≤ 0, so that t( f (x) − f (y)) ≤ 0, and hence f (x) ≤
f (y)+ t( f (x)− f (y))1 ≤ f (y). To prove that f is additively homogeneous
we put y = x + λ1. Then t(x − y) = −λ and t(y − x) = λ. This implies that
t( f (x)− f (y)) ≤ −λ and t( f (y)− f (x)) ≤ λ. Thus, λ1 ≤ f (y)− f (x) ≤ λ1,
so that f (y) = f (x)+ λ1.

Although t is not a norm, we say that f : X → R
n , with X ⊆ R

n , is top
non-expansive if

t( f (x)− f (y)) ≤ t(x − y) for all x, y ∈ X.

The map f is called a top isometry if equality holds for all x, y ∈ X . Notice
that, as ‖x‖∞ = t(x) ∨ t(−x) for all x ∈ R

n , Proposition 2.7.1 implies that
every topical map f : X → R

n is sup-norm non-expansive.
One can also obtain this result by using the log-exp transform. Recall that if

f : int(Rn+) → int(Rn+) is an order-preserving subhomogeneous map, then the
log-exp transform g : R

n → R
n of f , defined by the relation g ◦ L = L ◦ f ,

is a sub-topical map. This allows us to translate results from the multiplicative
homogeneous setting to the additively homogeneous setting and vice versa.
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For instance, Lemma 2.1.7 has the following counterpart in the additive setting
by Proposition 2.2.1.

Lemma 2.7.2 If f : R
n → R

n preserves the ordering induced by R
n+, then f

is additively subhomogeneous if and only if f is sup-norm non-expansive.

2.8 Integral-preserving maps and the �1-norm

It was also noted by Crandall and Tartar [54] that there exists a relation
between order-preserving and integral-preserving maps, and maps that are
non-expansive under the �1-norm. Recall that the �1-norm on R

n is given by

‖x‖1 =
∑

i

|xi | for x ∈ R
n .

In fact, we have the following result.

Proposition 2.8.1 Let X ⊆ R
n be such that x ∨ y ∈ X for all x, y ∈ X. If

f : X → R
n is integral-preserving, then f is order-preserving with respect to

R
n+ if and only if f is non-expansive under the �1-norm.

Proof Let f : X → R
n be an integral-preserving and order-preserving map.

Suppose that x, y ∈ X and remark that x ∨ y ≥ y. As f is order-preserving
and x ∨ y ∈ X , it follows that f (x ∨ y) ≥ f (y), so that f (x ∨ y)− f (y) ≥ 0.
Similarly, x ∨ y ≥ x yields f (x ∨ y) ≥ f (x). This implies that f (x ∨ y) −
f (y) ≥ ( f (x)− f (y)) ∨ 0. Since f is integral-preserving, it follows that

‖( f (x)− f (y)) ∨ 0‖1 =
n∑

i=1

( f (x)− f (y)) ∨ 0)i

≤
n∑

i=1

f (x ∨ y)i − f (y)i

=
n∑

i=1

(x ∨ y)i − yi

= ‖(x − y) ∨ 0‖1.

From this inequality we deduce that

‖ f (x)− f (y)‖1 = ‖( f (x)− f (y)) ∨ 0‖1 + ‖( f (y)− f (x)) ∨ 0‖1

≤ ‖(x − y) ∨ 0‖1 + ‖(y − x) ∨ 0‖1

= ‖x − y‖1,

and hence f is non-expansive with respect to the �1-norm.
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To show the opposite implication assume that f : X → R
n is �1-norm

non-expansive and integral-preserving. Note that for each x ∈ R
n ,

2‖x ∨ 0‖1 = ‖x‖1 +
n∑

i=1

xi .

Now let x, y ∈ X be such that x ≤ y. Clearly,

2‖( f (x)− f (y)) ∨ 0‖1 = ‖ f (x)− f (y)‖1 +
n∑

i=1

f (x)i − f (y)i

≤ ‖x − y‖1 +
n∑

i=1

xi − yi = 0,

and hence f (x) ≤ f (y), which completes the proof.

In particular it follows from Proposition 2.8.1 that the sand-shift maps
discussed in Section 1.6 are �1-norm non-expansive.
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Dynamics of non-expansive maps

In the previous chapter we saw that various classes of order-preserving maps
are non-expansive. Non-expansive maps are arguably the most fundamental
maps on metric spaces after isometries, and have some extraordinary proper-
ties. In this chapter we collect a number of general results for non-expansive
maps and their iterative behavior, which are relevant to nonlinear Perron–
Frobenius theory. Among other things we discuss ω-limit sets and fixed points
of non-expansive maps, the iterative behavior of fixed-point free non-expansive
maps, and non-expansive retractions.

3.1 Basic properties of non-expansive maps

We begin by recalling some basic concepts from dynamical systems theory.
Let X be a topological space. A point x ∈ X is called a periodic point of
f : X → X if there exists an integer p ≥ 1 such that f p(x) = x . The minimal
such p ≥ 1 is called the period of x under f . If f (x) = x , we call x a fixed
point of f . We denote by Fix f the set of all fixed points of f . The orbit of x
under f is given by O(x; f ) = { f k(x) : k = 0, 1, 2, . . .}. If f is clear from
the context we simply write O(x). If x is a periodic point, we say that O(x)
is a periodic orbit. If f : X → X and there exists an integer p ≥ 1 such that
limk→∞ f kp(x) exists for all x ∈ X , then the smallest such p is called the
period of f .

To understand the long-term behavior of the iterates of a map one has to
analyze the structure of its ω-limit sets. For x ∈ X and a continuous map
f : X → X , the ω-limit set, denoted ω(x; f ) or simply ω(x), is defined by

ω(x) =
⋂
k≥0

cl
({ f m(x) : m ≥ k}),
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where cl(S) denotes the closure of S in X . It is easy to verify that each ω-limit
set is a (possibly empty) closed subset of X and f (ω(x)) ⊆ ω(x). We shall
mainly work in metric spaces, in which case

ω(x) = {y ∈ X : f ki (x) → y for some sequence (ki )i with ki → ∞}.
The attractor of f is defined by

� f =
⋃
x∈X

ω(x).

The following basic result from point-set topology will be useful to further
analyze the ω-limit sets.

Proposition 3.1.1 Let X be a topological Hausdorff space and (Ak)k be a
decreasing sequence of non-empty compact subsets of X, with intersection
A∞ = ∩k Ak.

(i) If U is an open subset of X with A∞ ⊆ U, then Ak ⊆ U for all k
sufficiently large.

(ii) If f : X → X is a continuous map, then⋂
k≥1

f (Ak) = f (A∞).

Proof Recall from point-set topology that any decreasing sequence of non-
empty compact sets in a topological Hausdorff space is non-empty and
compact. By assumption Y = X \ U is closed. For k ≥ 1 let Ck = Ak ∩ Y . So,
(Ck)k is a decreasing sequence of compact subsets of X . To prove (i) we first
remark that if Cm is empty for some m, then Am ⊆ U and hence Ak ⊆ U for
all k ≥ m, as (Ak)k is decreasing. On the other hand, if Ck is non-empty for
all k, then C∞ = ∩kCk is a non-empty subset of A∞ ∩ Y , which violates the
assumption that A∞ ⊆ U . Thus, Ak ⊆ U for all k sufficiently large.

To prove (ii) let Bk = f (Ak) for k ≥ 1. So, (Bk)k is a decreas-
ing sequence of non-empty compact subsets of X , as f is continuous. Let
B∞ = ∩k Bk , which is also non-empty and compact. We now need to show
that B∞ = f (A∞). Obviously, f (A∞) ⊆ f (Ak) = Bk for all k, and hence
f (A∞) ⊆ B∞. Suppose, by way of contradiction, that y ∈ B∞ \ f (A∞).
Because f (A∞) is compact and X is Hausdorff, there exists an open neigh-
borhood W of f (A∞) such that y ∈ B∞ \ W . So, f −1(W ) is an open
neighborhood of A∞. By part (i) there exists m ≥ 1 such that Ak ⊆ f −1(W )

for all k ≥ m. But this implies that Bk = f (Ak) ⊆ W for all k ≥ m, which is
impossible as y ∈ Bk \ W for all k.
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From Proposition 3.1.1 it is easy to derive the following property of the
ω-limit sets.

Lemma 3.1.2 Let X be a topological Hausdorff space. If f : X → X is a
continuous map and O(x) has a compact closure, then ω(x) is a non-empty
compact set and f (ω(x)) = ω(x).

Proof For k ≥ 1 let Ak = cl({ f m(x) : m ≥ k}) and note that (Ak)k is a
decreasing sequence of non-empty compact sets, as cl(O(x)) is compact. Also
remark that A∞ = ω(x). It follows from Proposition 3.1.1 that

f (ω(x)) = f (A∞) = ∩k f (Ak) = ∩k Ak+1 = ω(x).

The following lemma shows that every point with a pre-compact orbit and a
finite ω-limit set converges to a periodic point.

Lemma 3.1.3 Let X be a topological Hausdorff space. If f : X → X is
a continuous map and x ∈ X is such that O(x) has a compact closure and
|ω(x)| = p, then there exists a periodic point ξ ∈ X with period p such that
limk→∞ f kp(x) = ξ and ω(x) = O(ξ).

Proof As f is continuous and O(x) has a compact closure, f (ω(x)) = ω(x)
by Lemma 3.1.2. This implies that each y ∈ ω(x) is a periodic point of f ,
since ω(x) is finite. As X is Hausdorff, we know that there exist pairwise
disjoint open neighborhoods Uy for y ∈ ω(x). Furthermore, there exist open
neighborhoods Wy ⊆ Uy , for y ∈ ω(x), such that for each u ∈ Wy we have
that f q(u) ∈ Uy , where q is the period of y under f .

Now let cl(O(x)) be the closure of O(x). We claim that there exists an
integer m such that for each k ≥ m we have that f k(x) ∈ Wy for some
y ∈ω(x). To show this let Ak = cl({ f j (x) : j ≥ k}) for k ≥ 0 and recall
that A∞ = ∩k Ak = ω(x). It now follows from Proposition 3.1.1 that there
exists m such that Ak ⊆ ∪y∈ω(x)Wy for all k ≥ m.

Suppose that f m(x) ∈ Wz and z has period r under f . By definition of
Wz we know that f m+r (x) ∈ Uz . As the open sets Uy are pairwise disjoint
for y ∈ ω(x), we find that f m+r (x) ∈ Wz . Repeating this argument gives
f m+kr (x) ∈ Wz for all k ≥ 1.

Now let Vz ⊆ Wz be any open neighborhood of z. By Proposition 3.1.1 there
exists m∗ ≥ 1 such that

Ak ⊆
( ⋃

y∈ω(x),y 	=z

Wy

)
∪ Vz for all k ≥ m∗.
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It follows that f m+kr (x) ∈ Vz for all k ≥ m∗. So, limk→∞ f m+kr (x) = z,
and hence ( f kr (x))k converges to f (r−1)m(z), as f is continuous. Thus, if we
take ξ = f (r−1)m(z), then limk→∞ f kr (x) = ξ and O(ξ) = ω(x). This also
implies that r = p.

If, in addition, to the assumptions in Lemma 3.1.2, f is non-expansive,
then the restriction of f to ω(x) is an isometry. This is a consequence of the
following result by Freudenthal and Hurewicz [68].

Lemma 3.1.4 If C is a compact set in a metric space (X, d) and f : C → C
is a surjective non-expansive map, then f is an isometry.

Proof Let x, y ∈ C and put x1 = f (x) and y1 = f (y). For each k ≥ 0 select
x−k and y−k in C such that f (x−k) = x−k+1 and f (y−k) = y−k+1. As f is
non-expansive,

d(x−k, x−m) ≥ d(x−(k−1), x−(m−1)) (3.1)

and

d(y−k, y−m) ≥ d(y−(k−1), y−(m−1)) (3.2)

for all k,m ≥ 0. Moreover,

d(x−k, y−k) ≥ d(x−(k−1), y−(k−1)) (3.3)

for all k ≥ 0. The sequence (x−k)k has a convergent subsequence (x−ki )i ,
since C is compact. Likewise (y−ki )i has a convergent subsequence (y−r j ) j .
Now let ε > 0. As (x−r j ) j and (y−r j ) j are convergent sequences, there exists
N ≥ 1 such that for each rp > rq ≥ N we have that

d(x−rp , x−rq ) ≤ ε and d(y−rp , y−rq ) ≤ ε.

Pick rp > rq ≥ N and put r = rp − rq − 1. Remark that, by (3.1) and (3.2),
d(x−r , x1) ≤ ε and d(y−r , y1) ≤ ε. Therefore d(x−r , y−r ) ≤ 2ε + d(x1, y1)

and hence it follows from (3.3) that

d(x1, y1) ≤ d(x0, y0) ≤ 2ε + d(x1, y1).

This implies that d( f (x), f (y)) = d(x, y), and we are done.

A combination of Lemmas 3.1.2 and 3.1.4 immediately yields the following
result.

Corollary 3.1.5 Let (X, d) be a metric space. If f : X → X is a non-
expansive map and O(x) has a compact closure, then f restricted to ω(x)
is an isometry.

The following property of ω-limit sets of non-expansive maps is due to
Dafermos and Slemrod [55].
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Lemma 3.1.6 Let (X, d) be a metric space. If f : X → X is a non-expansive
map and x ∈ X, then for each y ∈ ω(x) we have that ω(x) = ω(y).

Proof To see that ω(y) ⊆ ω(x) we let z ∈ ω(y). By definition there exist
sequences (ki )i and (ni )i with ki , ni → ∞ such that f ki (x) → y and
f ni (y) → z. As f is non-expansive, we have that

d( f ni +ki (x), z) ≤ d( f ni +ki (x), f ni (y))+ d( f ni (y), z)

≤ d( f ki (x), y)+ d( f ni (y), z)

and hence f ni +ki (x) → z, as i → ∞, so that z ∈ ω(x). To prove the opposite
inclusion we let z ∈ ω(x). In that case there exist sequences (ki )i and (ni )i

with ki , ni → ∞ such that f ki (x) → y and f ni +ki (x) → z. As

d( f ni (y), z) ≤ d( f ni (y), f ni +ki (x))+ d( f ni +ki (x), z)

≤ d(y, f ki (x))+ d( f ni +ki (x), z),

we find that f ni (y) → z as i → ∞, and hence z ∈ ω(y).
A metric space is said to be proper if every closed ball in X is compact.

The following result by Całka [48] shows that if a non-expansive map f on a
proper metric space has an orbit that has a bounded subsequence, then every
orbit of f is bounded.

Theorem 3.1.7 (Całka) Let (X, d) be a proper metric space. If f : X → X
is non-expansive and there exists z ∈ X such that ( f k(z))k has a bounded
subsequence, then O(x) is bounded for each x ∈ X.

Proof As f is non-expansive, it suffices to show that O(y) is bounded for
some y ∈ X . For k ≥ 1 write zk = f k(z), so (zk)k has a bounded subsequence
(zki )i . There exist δ > 0 such that (zki )i ⊆ Bδ(z) = {x ∈ X : d(x, z) ≤ δ}.
As (X, d) is proper, it follows that (zki )i has a convergent subsequence, with
limit y ∈ X . We remark that y ∈ ω(z), so that y ∈ ω(y) by Lemma 3.1.6. Let
(mi )i be a sequence of integers such that mi → ∞ and limi→∞ f mi (y) = y.
For each k ≥ 1 write yk = f k(y). Since f is non-expansive, we have for each
r, s ≥ 1 that

d(ymi +r , ymi +s) ≤ d(yr+1, ys+1) ≤ d(yr , ys)

and limi→∞ d(ymi +r , ymi +s) = d(yr , ys). Therefore

d(yr+1, ys+1) = d(yr , ys) for all r, s ≥ 1. (3.4)

Hence f is an isometry on O(y). We will show that O(y) is bounded.



3.1 Basic properties of non-expansive maps 63

Clearly, if ymi = y for some i , we immediately obtain the theorem. So,
we can assume that ymi is unequal to y for all i . Let ε > 0. As ymi → y as
i → ∞, we know that

|{k ≥ 1 : d(yk, y) < ε}| = ∞. (3.5)

Put Y = Bε(y) ∩ O(y), where Bε(y) denotes the closed ball with radius
ε around y. There exist x1, . . . , xq ∈ X such that Y ⊆ ∪q

i=1 Bε/4(xi ) and
Bε/4(xi ) ∩ O(y) 	= ∅ for all 1 ≤ i ≤ q , as (X, d) is proper. For each i , pick
yni ∈ Y such that yni ∈ Bε/4(xi ). Clearly

Y ⊆
q⋃

i=1

Bε/2(y
ni ). (3.6)

By (3.5) there exists 1 ≤ p ≤ q such that |Bε/2(yn p ) ∩ O(y)| = ∞. Again, as
ymi → y as i → ∞, we know that

|Bε/2(y) ∩ O(y)| = ∞. (3.7)

Therefore there exists n0 ≥ max{1, n1, . . . , nq} and d(yn0 , y) ≤ ε/2.
Put B = ∪n0

i=1 Bε(yi ). To prove that O(y) is bounded, we show that
O(y)⊆ B. Let m ≥ 1 be fixed. If m ≤ n0, then clearly ym ∈ B. So assume
that m > n0. By (3.7) there exists m0 ≥ m such that d(ym0 , y) ≤ ε/2. As
d(yn0 , y) ≤ ε/2, we have that d(ym0 , yn0) ≤ ε, and hence (3.4) gives

d(ym0− j , yn0− j ) = d(ym0 , yn0) ≤ ε for 0 ≤ j ≤ n0.

From this we deduce that y j ∈ B for m0−n0 ≤ j ≤ m0 and ym0−n0 ∈ Bε(y)∩
O(y) = Y . By (3.6) there exists 1 ≤ p ≤ q such that d(ym0−n0 , yn p ) ≤ ε/2,
so that

d(ym0−n0− j , yn p− j ) ≤ ε/2 for 0 ≤ j ≤ min{n p,m0 − n0}, (3.8)

by (3.4). There are two cases: n p ≥ m0 − n0 and n p < m0 − n0. If n p ≥
m0 − n0, then y j ∈ B for 0 ≤ j ≤ m0. On the other hand, if n p < m0 − n0,
then we set m1 = m0 − n0 − n p. By definition, n0 ≥ 1, so that 0 < m1 < m0.
Remark that y j ∈ B for m1 ≤ j ≤ m0 and d(ym1 , y) ≤ ε/2 by (3.8). Thus,
we can replace m0 by m1 and repeat the argument until we get that y j ∈ B for
each 0 ≤ j ≤ m0.

Edelstein [60] has observed that Całka’s Theorem 3.1.7 may fail for general
metric spaces. Before discussing Edelstein’s elegant example, we make a few
general observations. Suppose that X is a reflexive Banach space and T : X →
X is a continuous affine linear map; so,

T (x) = L(x)+ b for x ∈ X,
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where b ∈ X is fixed and L : X → X is a bounded linear map. If ‖L‖ = 1, or
more generally ‖Lk‖ ≤ M < ∞ for all k ≥ 1, then every orbit of T is bounded
if and only if T has a fixed point. Indeed, it is easy to see that if T has a fixed
point, then every orbit of T is bounded. On the other hand, if T has a bounded
orbit O(z), then we can consider the closure of the convex hull of O(z), which
we shall denote by C . Remark that C is a bounded closed convex subset of X ,
which is compact in the weak topology on X , as X is reflexive. Also note that
if x =∑m

i=1 λi T ki (z), where
∑m

i=1 λi = 1 and λi ≥ 0 for all i , then

T (x) =
m∑

i=1

λi L(T ki (z))+ b =
m∑

i=1

λi (L(T
ki (z))+ b) =

m∑
i=1

λi T
ki +1(z) ∈ C.

This implies that T (C) ⊆ C . Furthermore, T is continuous in the weak topol-
ogy on C . So, we can apply the Schauder–Tychonoff theorem [58] to conclude
that T has a fixed point in C .

Edelstein’s example is an affine linear map T on the complex sequence space
�2 = {(x1, x2, x3, . . .) ∈ C

N :∑i |xi |2 < ∞} of the form

T (x)k = ak(xk − 1)+ 1 for all k ≥ 1 and x ∈ �2,

where |ak | = 1 and ak 	= 1 for infinitely many k. Furthermore, we assume that∑
k |1 − ak |2 < ∞, so that T maps �2 into itself. It is easy to see that T is an

isometry, which has no fixed point. It follows from the previous remarks that
every orbit of T is unbounded. In Edelstein’s example the idea is to choose the
coefficients ak ∈ C such that (T k(x))k has a subsequence which converges to
0. For k ≥ 1 let ak = e2π i/k!. In that case∑

k

|1 − ak |2 =
∑

k

|1 − e2π i/k!|2 = 4
∑

k

sin2(π/k!) < ∞.

Also notice that

T m(x)k = e2π im/k!(xk − 1)+ 1

for all k,m ≥ 1. Thus, if we consider the subsequence (T m!(0))m we find that

‖T m!(0)‖2 =
∑
j≥1

|−e2π im!/(m+ j)!+1|2 = 4
∑
j≥1

sin2
( π

(m + 1) · · · (m + j)

)
→ 0

as m → ∞.
Całka’s Theorem 3.1.7 has the following consequence.

Corollary 3.1.8 If f : X → X is a non-expansive map on a proper metric
space, then the following assertions are equivalent:



3.1 Basic properties of non-expansive maps 65

(i) � f = ∅.
(ii) limk→∞ d( f k(x), x) = ∞ for all x ∈ X.

(iii) For each compact set C ⊆ X and x ∈ C, there exists m ∈ N such that
f k(x) 	∈ C for all k ≥ m.

Proof Obviously the second and third assertions are equivalent. Suppose that
� f 	= ∅. Then there exists z ∈ X such that ( f k(z))k has a convergent sub-
sequence. By Theorem 3.1.7 the orbit of each x ∈ X is bounded. Thus, for
each x ∈ X there exists δx > 0 such that f k(x) is in the closed ball with radius
δx around x for all k ≥ 1, which shows that (iii) implies (i). To prove the
opposite implication, we remark that if there exists z ∈ X and C ⊆ X compact
with z ∈ C and f ki (z) ∈ C for some subsequence (ki ) with ki → ∞, then
( f ki (z))i has a convergent subsequence. Therefore ω(z) is non-empty, and we
are done.

Limit sets of non-expansive maps on proper metric spaces have a transitive
abelian group of isometries. Recall that a metric space (X, d) has a transitive
group of isometries if there exists a group � of isometries g : X → X that map
X onto itself such that � acts transitively on X , that is to say, for each x, y ∈ X
there exists g ∈ � with g(x) = y.

Theorem 3.1.9 If f : (X, d) → (X, d) is a non-expansive map on a proper
metric space and � f 	= ∅, then ω(x) has a transitive abelian group of
isometries for each x ∈ X.

Before proving theorem 3.1.9 we give, for the reader’s convenience, a
variant of the classical Arzelà–Ascoli theorem; cf. [42], [154].

Lemma 3.1.10 If (X, d) is a proper metric space and f : X → X is a
non-expansive map with � f 	= ∅, then every subsequence of ( f k)k has a
convergent subsequence that converges uniformly on compact subsets of X.

Proof First note that any proper metric space is separable. Indeed, if we fix
y0 ∈ X , then for each integer n ≥ 1 the closed ball Bn(y0) with radius n and
center y0 is compact. Thus, the open covering of Bn(y0) with open balls with
radius 1/n around each point in Bn(y0) has a finite subcover. Let Yn be centers
of the open balls in the subcover. Clearly Y = ∪nYn is a countable dense subset
of (X, d)

Write Y = {yk : k = 1, 2, 3, . . .}. As f : X → X is non-expansive and
� f 	= ∅, there exists z ∈ X such that ω(z) 	= ∅. Hence ( f k(z))k has a bounded
subsequence, so that ( f k(x))k is bounded for all x ∈ X by Theorem 3.1.7. As
X is proper, ( f k(y1))k has a convergent subsequence, which we denote by
( f ki,1(y1))i . Similarly ( f ki,1(y2))i has a convergent subsequence ( f ki,2(y2))i .
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By repeating this argument we obtain for each m ≥ 1 a subsequence ( f ki,m )i

of ( f k)k such that ( f ki,m (yl))i converges for all l ≤ m. Now consider the
diagonal sequence ( f ki,i )i . This subsequence has the property that ( f ki,i (ym))i

converges for each m ≥ 1. Given x ∈ X and ε > 0, there exists y ∈ Y such
that d(x, y) < ε. As f : X → X is non-expansive, we get that

d( f ki,i (x), f k j, j (x)) ≤ d( f ki,i (x), f ki,i (y))+ d( f ki,i (y), f k j, j (y))

+d( f k j, j (y), f k j, j (x))

≤ 2ε + d( f ki,i (y), f k j, j (y)).

Clearly the right-hand side converges to 2ε as i, j → ∞, and hence ( f ki,i (x))i
is a Cauchy sequence in X . This implies that ( f ki,i (x))i converges, since X is
proper.

To complete the proof we need to verify that the convergence is uniform on
compact subsets of X . Let C ⊆ (X, d) be compact and let {y1, . . . , yr } ⊆ Y
be such that C ⊆ ∪r

i=1 Bε(yi ). Obviously, for each x ∈ C ,

d( f ki,i (x), f k j, j (x)) ≤ 2ε + d( f ki,i (ys), f k j, j (ys))

for some 1 ≤ s ≤ r . Now let I ≥ 1 be such that, for all i, j ≥ I ,

max
1≤s≤r

d( f ki,i (ys), f k j, j (ys)) < ε.

This implies that d( f ki,i (x), f k j, j (x)) ≤ 3ε for all i, j ≥ I and x ∈ C .
Therefore ( f ki,i )i converges uniformly on C .

We now prove Theorem 3.1.9.

Theorem 3.1.9 Let y, z ∈ ω(x). By Lemma 3.1.6 there exists a subsequence
(ki )i such that f ki (y) → z as i → ∞. By the previous lemma we may
assume that ( f ki )i converges uniformly on compact subsets of X to gyz .
Clearly gyz(y) = z and gyz(ω(x)) ⊆ ω(x). Moreover gyz maps ω(x) onto
itself. Indeed, if w ∈ ω(x), then for each ki there exists vi ∈ ω(x) such that
f ki (vi ) = w, as f (ω(x)) = ω(x) by Lemma 3.1.2. Now let v ∈ ω(x) be the
limit point of a convergent subsequence, (vi j ) j , of (vi )i in ω(x). (Recall that
ω(x) is compact.) Then

d(gyz(v), w) = lim
j→∞ d(gyz(v), f ki j (vi j ))

≤ lim
j→∞ d(gyz(v), f ki j (v))+ d( f ki j (v), f ki j (vi j ))

≤ lim
j→∞ d(gyz(v), f ki j (v))+ d(v, vi j )

= 0.
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Thus, gyz(v)=w and hence gyz maps ω(x) onto itself. As gyz is non-
expansive on ω(x), we deduce from Lemma 3.1.4 that gyz is an isometry
on ω(x).

Now put � = {gyz : ω(x) → ω(x) | y, z ∈ ω(x)}. Clearly � acts transi-
tively on ω(x) and the elements of � commute, as the iterates of f commute.
To verify that � is a group we remark that for each gyz ∈ � there exists a
constant d(gyz) ≥ 0 such that d(gyz(u), u) = d(gyz) for all u ∈ ω(x). Indeed,

d(gyz(u), u) = d(guv(gyz(u)), guv(u)) = d(gyz(v), v)

for all u, v ∈ ω(x). This implies that gyy(z) = z for each y, z ∈ ω(x), and
therefore � contains a unit. We also find that g−1

yz = gzy for all y, z ∈ ω(x),
and hence � is a group.

3.2 Fixed-point theorems for non-expansive maps

There are many fixed-point theorems for non-expansive maps, some of which
will be useful to us. Let us begin by recalling the classical Banach contraction
theorem [13].

Theorem 3.2.1 (Banach) Let (X, d) be a complete metric space. If f : X → X
is a Lipschitz contraction, then there exists a unique fixed point x∗ ∈ X of f
such that limk→∞ f k(x) = x∗ for all x ∈ X.

Proof Let c ∈ [0, 1) be the contraction factor of f . For each 1 ≤ k < m we
have that

d( f k(x), f m(x)) ≤
m−1∑
j=k

d( f j (x), f j+1(x))

≤
m−1∑
j=k

ckd(x, f (x))

≤ ck

1 − c
d(x, f (x)).

Therefore ( f k(x))k is a Cauchy sequence, which converges to a fixed point
x∗ ∈ X , as X is complete. To finish the proof, we remark that f has at most one
fixed point. Indeed, if x∗, y∗ ∈ X are two fixed points of f , then d(x∗, y∗) =
d( f (x∗), f (y∗)) ≤ cd(x∗, y∗), where 0 ≤ c < 1, so that x∗ = y∗.

For contractions on compact metric spaces there exists the following fixed-
point result.
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Theorem 3.2.2 If f : (X, d) → (X, d) is a contraction on a compact met-
ric space, then there exists a unique x∗ ∈ X such that f (x∗) = x∗ and
limk→∞ f k(x) = x∗ for all x ∈ X.

Proof Let x ∈ X and remark that ω(x) is a non-empty compact subset of X .
We claim that each x∗ ∈ ω(x) is a fixed point. Let x∗ ∈ ω(x) and suppose that
f ki (x) → x∗, as i → ∞, and ki+1 > ki for all i . Then

d(x∗, f (x∗)) ≤ lim
i→∞ d( f ki (x), f ki ( f (x)))

≤ lim
i→∞ d( f ki−1( f (x)), f ki−1( f 2(x)))

≤ d( f (x∗), f 2(x∗)).

As f is non-expansive, we find that d(x∗, f (x∗)) = 0, and hence x∗ ∈ ω(x) is
a fixed point of f . Since f is a contraction, the fixed point must be unique.

Note that Theorem 3.2.2 may fail if (X, d) is not compact (e.g., take X =
[1,∞) and f (x) = x + 1/x).

A fixed point x∗ in (X, d) of a continuous map f : X → X is said to be
locally attracting if there exists an open neighborhood U of x such that

lim
k→∞ f k(u) = x∗

for all u ∈ U . The following proposition shows that locally attracting
fixed points of non-expansive maps on geodesic metric spaces are globally
attracting.

Proposition 3.2.3 If f : X → X is a non-expansive map on a geodesic metric
space (X, d) and x∗ ∈ X is locally attracting fixed point of f , then

lim
k→∞ f k(x) = x∗

for all x ∈ X.

Proof By assumption there exists ε > 0 such that for each u ∈ Bε(x∗) =
{x ∈ X : d(x, x∗) ≤ ε} we have that limk→∞ f k(u) = x∗. Now let x ∈ X
and denote δ = d(x, x∗). As (X, d) is geodesic, there exists a geodesic path
γ : [0, δ] → (X, d) connecting x∗ and x . So, γ (0) = x∗, γ (δ) = x , and
d(γ (s), γ (t)) = |s − t | for all 0 ≤ s, t ≤ δ.

If δ ≤ ε, we are done. Now if δ > ε, then γ (ε) ∈ Bε(x∗), and hence there
exists an integer k1 ≥ 1 such that

d( f k1(γ (ε)), x∗) ≤ d(γ (ε), x∗)/2 = ε/2.



3.2 Fixed-point theorems for non-expansive maps 69

Since f is non-expansive and d(x, x∗) = d(x, γ (ε)) + d(γ (ε), x∗), we get
that

d( f k1(x), x∗) ≤ d( f k1(x), f k1(γ (ε)))+ d( f k1(γ (ε)), x∗)
≤ d(x, γ (ε))+ d(γ (ε), x∗)/2
= d(x, x∗)− ε/2.

Now if d( f k1(x), x∗) ≤ ε, then f k1(x) ∈ Bε(x∗), so that

lim
k→∞ d( f k(x), x∗) = 0.

Otherwise we replace x by f k1(x) and repeat the argument to find an integer
k2 > k1 such that

d( f k2(x), x∗) ≤ d(x, x∗)− 2ε/2.

Iterating this argument yields, after finitely many steps, an integer km ≥ 1
such that

d( f km (x), x∗) ≤ d(x, x∗)− mε/2 ≤ ε.

Thus, f km (x) ∈ Bε(x∗), and we are done.

For many metric spaces (X, d) it is true that if f : X → X is non-
expansive and f has a bounded orbit, then f has a fixed point, which in general
need not be unique. In particular, this is true for finite-dimensional normed
spaces and Hilbert’s and Thompson’s metric spaces. To see this we use Całka’s
Theorem 3.1.7.

Proposition 3.2.4 Let X be a closed convex subset of a finite-dimensional
normed space (V, ‖ · ‖). If f : X → X is a non-expansive map with � f 	= ∅,
then f has a fixed point.

Proof Let z ∈ X be such that ω(z) 	= ∅. Then ( f k(z))k has a bounded
subsequence and hence O(z) is bounded by Theorem 3.1.7. It follows from
Lemma 3.1.2 that ω(z) is non-empty compact set and f (ω(z)) = ω(z). Let
δ = diam(ω(z)) < ∞. Remark that if δ = 0, then f has a fixed point, and
we are done. If δ > 0, define B = ∩y∈ω(z)Bδ(y), where Bδ(y) is the closed
ball with radius δ and center y. Let C = B ∩ X and note that C is a compact
convex set containing ω(z).

If x ∈ C , then f (x) ∈ X , because f (X) ⊆ X . Furthermore ‖x − y‖ ≤ δ

for all y ∈ B, so ‖ f (x) − f (y)‖ ≤ δ for all y ∈ ω(z). Using the fact that
f (ω(z)) = ω(z), we find that ‖ f (x) − w‖ ≤ δ for all w ∈ ω(z). Thus,
f (x) ∈ C , and hence f (C) ⊆ C . It now follows from the Brouwer fixed-point
theorem that f has a fixed point.
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The example by Edelstein [60], which was discussed after the proof of The-
orem 3.1.7, shows that Proposition 3.2.4 fails for infinite-dimensional normed
spaces.

The balls in Hilbert’s and Thompson’s metric spaces are convex subsets of V
by Lemmas 2.6.1 and 2.6.2. We can therefore apply exactly the same argument
as in Proposition 3.2.4 to obtain the following result.

Corollary 3.2.5 Let K ⊆ V be a solid closed cone, ϕ ∈ int(K ∗), and �◦ =
{x ∈ int(K ) : ϕ(x) = 1}.

(i) If f : �◦ → �◦ is non-expansive with respect to dH and � f 	= ∅, then
f has a fixed point.

(ii) If f : int(K ) → int(K ) is non-expansive with respect to dT and� f 	= ∅,
then f has a fixed point.

3.3 Horofunctions and horoballs

If f : X → X is a non-expansive map on a proper metric space (X, d) and
� f = ∅, then every orbit of f is unbounded, by Corollary 3.1.8. In that case
one might wonder how the orbits wander off to infinity. Such situations arise
naturally in nonlinear Perron–Frobenius theory. Consider, for example, a con-
tinuous order-preserving homogeneous map f : K → K , where K is a solid
closed cone in V . If f (int(K )) ⊆ int(K ) and f has no eigenvector in int(K ),
then the scaled map g : �◦ → �◦ given by

g(x) = f (x)

ϕ( f (x))
for x ∈ �◦,

where �◦ = {x ∈ int(K ) : ϕ(x) = 1} and ϕ ∈ int(K ∗), is non-expansive
under Hilbert’s metric and has no fixed point in �◦. In that case �g = ∅ by
Corollary 3.2.5, and the limit points of the orbit of each x ∈ �◦ under g lie
in ∂�◦. It is interesting to understand the structure of the set of limit points of
the orbits of g for x ∈ �◦. To analyze this problem it is useful to recall several
fundamental concepts from metric geometry; see [12, 42, 177].

Let (X, d) be a proper metric space and denote by C(X) the space of con-
tinuous real-valued functions on X equipped with the topology of uniform
convergence on compact sets. Fix a point y ∈ X and define for each x ∈ X a
function by(x) : X → R by

by(x)(z) = d(z, x)− d(x, y) for z ∈ X. (3.9)

The point y ∈ X is called the base point of by(x).
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Lemma 3.3.1 The map by(x) : (X, d) → R in (3.9) has the following
properties for each x, x ′, y, y′, z, z′ ∈ X:

(i) |by(x)(z)− by(x)(z′)| ≤ d(z, z′),
(ii) |by(x)(z)− by(x ′)(z)| ≤ 2d(x, x ′), and

(iii) by′(x)(z) = by(x)(z)− by(x)(y′).

Proof These properties are easy consequences of the triangle inequality.

Note that the map by : X → C(X) is continuous by Lemma 3.3.1(ii). A
sequence (xk)k ⊆ X is said to converge at infinity if d(xk, y) → ∞ and by(xk)

converges in C(X) for some y ∈ X . Note that this definition is independent
of the base point y ∈ X , because d(xk, y′) ≥ |d(xk, y) − d(y, y′)| → ∞ and
by′(xk) = by(xk)− by(xk)(y′) by Lemma 3.3.1(iii). Two sequences (xk)k and
(x ′

k)k in X that converge at infinity are called equivalent if

lim
k→∞ by(xk) = lim

k→∞ by(x
′
k)

for some (and hence for all) y ∈ X . The set of equivalence classes of the set
of sequences in X that converges at infinity is denoted by X (∞) and is called
the horofunction boundary. Thus, for each y ∈ X and σ ∈ X (∞) there is a
well-defined function by(σ ) ∈ C(X), which is called the horofunction at σ
based at y. The sub-level sets of by(σ ),

Hy(σ, r) = {z ∈ X : by(σ )(z) ≤ r},
are called (closed) horoballs and the level sets of by(σ ) are called horospheres
centered at σ .

Proposition 3.3.2 Every unbounded sequence (xk)k in a proper metric space
(X, d) has a subsequence that converges at infinity.

Proof As (xk)k is unbounded, it has a subsequence (xki )i with d(xki , y) → ∞,
as i → ∞. Now let rk be an increasing sequence of nonnegative numbers such
that rk → ∞ and denote by Brk (y) the closed ball around y ∈ X with radius
rk . Remark that Brk (y) is compact, as (X, d) is proper. It follows from Lemma
3.3.1(i) that the set {by(xki ) : Br1(y) → R | i ≥ 1} is equicontinuous and
uniformly bounded, since |by(xki )(z)| ≤ d(y, z) for each i . Thus, we can apply
the Arzelà–Ascoli theorem [58] to find a subsequence (m1

i )i of (ki )i such that
(by(xm1

i
))i converges uniformly on Br1(y). By repeating this argument, we

obtain a sequence ((xmk
i
))k of successive subsequences such that (by(xmk

i
))i

converges uniformly on Brk (y). Now remark that the diagonal (xmi
i
)i has the

property that (by(xmi
i
))i converges uniformly on each compact subset of X ,

because rk → ∞. Thus, (xmi
i
)i converges at infinity.
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In our subsequent analysis the shape of the horoballs plays an important
role. In particular the following lemma will be useful.

Lemma 3.3.3 If X is a convex subset of an affine space and (X, d) is a proper
metric space in which the balls are convex sets, then each horoball in (X, d) is
convex.

Proof Let Hy(σ, r) = {z ∈ X : by(σ )(z) ≤ r} be a horoball in (X, d) centerd
at σ = (xk)k . Let u, v ∈ Hy(σ, r) and 0 < λ < 1. Put w = λu + (1 − λ)v.
Remark that for each ε > 0 there exists N ≥ 1 such that

by(xk)(u) = d(u, xk)− d(xk, y) ≤ r + ε

and

by(xk)(v) = d(v, xk)− d(xk, y) ≤ r + ε

for all k ≥ N . This implies that u and v are in the ball around xk with radius
r + ε + d(xk, y) for all k ≥ N . As the balls in (X, d) are convex, w is also in
the ball with radius r + ε+ d(xk, y) around xk for all k ≥ N . This implies that
by(xk)(w) = d(w, xk)− d(xk, y) ≤ r + ε for all k ≥ N . Thus,

by(σ )(w) = lim
k→∞ d(w, xk)− d(xk, y) ≤ r + ε

for all ε > 0, and therefore w ∈ Hy(σ, r).

We shall now see how these notions can be used to provide information
about the asymptotic behavior of the iterates of fixed-point free non-expansive
maps. Let (X, d) be a proper metric space and let f : X → X be a non-
expansive map with� f empty. Take x ∈ X and put ak = d( f k(x), x) for each
k ≥ 1. We note that (ak)k is sub-additive, as

ak+m ≤ d( f m+k(x), f m(x))+ d( f m(x), x) ≤ ak + am .

Fekete’s sub-additive lemma [64]

lim
k→∞

ak

k
= inf

k

ak

k

exists, and is independent of x ∈ X , since

d( f k(y), y) ≤ d( f k(y), f k(x))+ d( f k(x), x)+ d(x, y)

≤ d( f k(x), x)+ 2d(x, y).

As � f is empty, it follows from Corollary 3.1.8 that limk→∞ ak = ∞.
Unbounded sequences in R possess the following almost obvious properties.
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Lemma 3.3.4 If (bk)k ⊆ R is such that supk bk = ∞, then there exists a
subsequence (bki )i such that for each i we have that bk < bki for all k < ki .
Moreover, if B = lim supk→∞ bk/k < ∞, then for each ε > 0 there exists a
subsequence (bki )i such that bki − bki −k ≥ (B − ε)k for all 1 ≤ k ≤ ki .

Proof The first assertion is obvious. To prove the second one, we remark that
(bk − (B − ε)k)k is an unbounded sequence, and hence it has a subsequence
such that

bki − (B − ε)ki − bki −k + (B − ε)(ki − k) ≥ 0 for all 1 ≤ k ≤ ki .

This implies that bki − bki −k ≥ (B − ε)k for all 1 ≤ k ≤ ki .

The following theorem is due to Karlsson [99].

Theorem 3.3.5 Let f : X → X be a non-expansive map on a proper metric
space (X, d) and denote A = limk→∞ d( f k(x), x)/k. If � f = ∅, then for
each x ∈ X there exists a subsequence σ of ( f k(x))k such that σ converges at
infinity,

bx (σ )( f k(x)) ≤ −Ak for all k ≥ 1,

and

lim
k→∞

bx (σ )( f k(x))

k
= −A.

Proof Let x ∈ X and ak = d( f k(x), x) for all k ≥ 1. Let ε > 0. As � f is
empty, (ak)k is unbounded, by Corollary 3.1.8. By Lemma 3.3.4 there exists a
subsequence such that aki − aki −k ≥ (A − ε)k for all 0 ≤ k ≤ ki . It follows
from Proposition 3.3.2 that we may assume, after taking a further subsequence,
that σ = ( f ki (x))i converges at infinity, as (X, d) is proper. Moreover, the
following inequalities hold:

−d( f k(x), x) ≤ bx (σ )( f k(x))

= lim
i→∞ d( f k(x), f ki (x))− d( f ki (x), x)

≤ lim inf
i→∞ aki −k − aki

≤ −(A − ε)k.

Thus, bx (σ )( f k(x)) ≤ −(A − ε)k for k ≥ 1, as ε > 0 was arbitrary,
limk→∞ bx (σ )( f k(x))/k = −A.

The point of Theorem 3.3.5 is that every unbounded orbit of a non-expansive
map on a proper metric space lies inside a horoball. As we shall see in the next
section, this constrains the location of its limit points in the boundary at infinity.
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3.4 A Denjoy–Wolff type theorem

In Klein’s model of the hyperbolic plane, i.e., the open disc D ⊆ R
2 with the

cross-ratio metric, the horoballs are tangent to ∂D; see Figure 3.1. Therefore
it follows from Theorem 3.3.5 that if f : (D, κ) → (D, κ) is a non-expansive
map and � f = ∅, then each orbit of f converges to a single point in ∂D. In
fact, it will be shown later in this section that there exists a unique ζ ∈ ∂D
such that

lim
k→∞ f k(x) = ζ for all x ∈ D.

Results of this type hold more generally for metric spaces whose geometry
resembles that of a hyperbolic space. More precisely, Beardon [19] proved that
the following two axioms suffice.

Definition 3.4.1 A metric space (X, d) is said to satisfy Axiom I if it is an open
dense subset of a sequentially compact Hausdorff topological space X and the
relative topology from X coincides with the metric topology of X . Moreover,
for each convergent sequence (xk)k in X with limit x ∈ ∂X = X \ X , we have
that d(xk, y) → ∞, as k → ∞ for all y ∈ X .

Note that the second condition holds either for all y ∈ X or for no y ∈ X ,
by the triangle inequality.

Definition 3.4.2 A metric space (X, d) satisfying Axiom I is said to satisfy
Axiom II if for every two convergent sequences (xk)k and (zk)k in X with
distinct limits x and z in ∂X , respectively, we have that

d(xk, zk)− max{d(xk, y), d(zk, y)} → ∞ as k → ∞, (3.10)

for each y ∈ X .

Figure 3.1 Horoballs in Klein’s model.
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It is again an easy consequence of the triangle inequality that (3.10) either
holds for all y ∈ X or for no y ∈ X .

Relevant examples of metric spaces in nonlinear Perron–Frobenius theory
that satisfy Axiom I are Hilbert’s metric spaces (X, κ), which are open dense
subsets of the norm closure X according to Theorem 2.1.2 and Corollary 2.5.6.
Indeed,

κ(xk, y) = log[x ′
k, xk, y, y′

k] → ∞ as k → ∞,

since |x ′
k − xk | → 0 when (xk) converges to x ∈ ∂X . (Here x ′

k and y′
k are the

end-points of the chord through xk and y.) In general, however, (X, κ) need
not satisfy Axiom II, as the following example shows.

Example 3.4.3 Let X = (0, 1) × (0, 1) be an open square in R
2. If xk =

(1/3, 1/k) and zk = (2/3, 1/k) for all k ≥ 1, then

κ(xk, zk) = log
(2/3

1/3
· 2/3

1/3

) = log 4

for all k ≥ 1, so that (3.10) cannot hold for any y ∈ X .

It will be shown in Section 8.3 that (X, κ) satisfies Axiom II if X is strictly
convex. The following lemma lists some elementary properties of metric
spaces that satisfy Axioms I and II.

Lemma 3.4.4 If (X, d) is a proper metric space that satisfies Axioms I and II,
then the following assertions hold:

(i) If (xk)k and (zk)k are convergent sequences in X with distinct limits x
and z in ∂X, respectively, then d(xk, zk) → ∞ as k → ∞.

(ii) If (xk)k and (zk)k are sequences in X such that xk → x ∈ ∂X and
d(xk, zk) ≤ M for all k ≥ 1, then zk → x as k → ∞.

Proof The first assertion is a direct consequence of Axiom II. Now suppose
that (ii) does not hold. As X is sequentially compact, (zk)k has a convergent
subsequence with limit z 	= x in X . If z ∈ X , then

lim
k→∞ d(xk, z) ≤ lim

k→∞ d(xk, zk)+ d(zk, z) ≤ M,

which contradicts Axiom I. On the other hand, if z ∈ ∂X , then it contradicts
the first assertion.

The hyperbolic nature of metric spaces that satisfy Axioms I and II implies
that each horoball in X meets ∂X in exactly one point.
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Lemma 3.4.5 If (X, d) is a proper metric space that satisfies Axioms I and II
and H is a horoball in X, then there exists ζ ∈ ∂X such that each limit point
z ∈ ∂X of a sequence (zk)k ⊆ H satisfies z = ζ .

Proof Let H = {x ∈ X : by(σ )(x) ≤ r} be a horoball with radius r , centered
at σ = (xk)k , and base-point y. As X is sequentially compact, we may assume
that xk → ζ ∈ ∂X as k → ∞. Suppose that (zk)k is a convergent sequence in
H with limit z ∈ ∂X . Fix ε > 0 and recall that

by(σ )(x) = lim
k→∞ d(x, xk)− d(xk, y).

Therefore for each m ≥ 1 there exists km ≥ 1 such that

d(zm, xk)− d(xk, y) ≤ r + ε

for all k ≥ km and km > km−1. Consider the subsequence (xkm )m of (xk)k .
Clearly

d(zm, xkm )− d(xkm , y) ≤ r + ε

for all m ≥ 1, and hence

d(zm, xkm )− max{d(zm, y), d(xkm , y)} ≤ r + ε

for all m ≥ 1. It now follows from Axiom II that z = ζ .

The following result due to Beardon [19] can be derived from Lemmas 3.4.4
and 3.4.5.

Theorem 3.4.6 Let (X, d) be a proper metric space that satisfies Axioms I
and II. If f : X → X is a non-expansive map and � f = ∅, then there exists
ζ ∈ ∂X such that

lim
k→∞ f k(x) = ζ for all x ∈ X

and the convergence is uniform on compact subsets of X.

Proof Let x, z ∈ X and remark that there exist horoballs Hx and Hz in X
such that O(x) ⊆ Hx and O(z) ⊆ Hz by Theorem 3.3.5. As (X, d) is a
proper metric space satisfying Axioms I and II and � f = ∅, it follows from
Lemma 3.4.5 that ω(x) = {ζx } ∈ ∂X and ω(z) = {ζz} ∈ ∂X . As X is sequen-
tially compact this implies that limk→∞ f k(x) = ζx and limk→∞ f k(z) = ζz .
Note that d( f k(x), f k(z)) ≤ d(x, z) for all k ≥ 1. It therefore follows from
Lemma 3.4.4(ii) that ζx = ζz .

To see that the convergence is uniform on compact sets we need to show
that if U ⊆ X is an open neighborhood of ζ ∈ ∂X and B is a closed ball in
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(X, d), then there exists K ≥ 1 such that f k(x) ∈ U for all x ∈ B and
k ≥ K . Suppose by way of contradiction that such K does not exist. Then
there exists a sequence (xk)k ∈ B such that f k(xk) 	∈ U for all k ≥ 1. As
X \ U is sequentially compact, (xk)k has a convergent subsequence with limit
ξ 	= ζ . But d( f k(x), f k(xk)) ≤ d(x, x1) for all x ∈ B and k ≥ 1, as f is
non-expansive. This contradicts Lemma 3.4.4(ii).

Theorem 3.4.6 can be viewed as a generalization of the classical Denjoy–
Wolff theorem [56, 226, 227] concerning fixed-point free holomorphic maps
on the open unit disc in C, which asserts the following: If f : D → D is a
fixed-point free holomorphic map on the open unit disc D ⊆ C, then there
exists ζ ∈ ∂D such that

lim
k→∞ f k(x) = ζ for all x ∈ D,

and the convergence is uniform on compact subsets of D. To see how the
Denjoy–Wolff theorem fits the framework one first notes that a holomorphic
map on the open unit disc is non-expansive under the Poincaré metric by
the Schwartz–Pick lemma. Secondly, the open unit disc with the Poincaré
metric is a proper metric space that satisfies Axioms I and II; see [19]. The
idea to generalize the Denjoy–Wolff theorem to metric spaces is due to Bear-
don [18–20] and was further developed by Karlsson [99], Karlsson and Noskov
[101], Lins [130, 131], and Nussbaum [168]. In Sections 8.3 and 8.4 we will
discuss Denjoy–Wolff type theorems for non-expansive maps on Hilbert’s met-
ric spaces and their application to the asymptotic behavior of the iterates of
order-preserving homogeneous maps that have no eigenvector in the interior
of the cone.

3.5 Non-expansive retractions

To analyze the iterates of non-expansive maps f : X → X it is useful to
understand the geometry of the attractor, and the way f acts on it. Intuitively
one may expect that � f is the range of a non-expansive retraction on X , i.e., a
non-expansive map r : X → X such that r(X) = � f and r2(x) = r(x)
for all x ∈ X . The purpose of this section is to prove the existence of such a
retraction under appropriate conditions on the metric space and show that f
acts as an isometry on � f . In particular, we shall see that this result holds if
X is a closed subset of a finite-dimensional normed space, from which we can
deduce various geometric properties of � f .
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Let us first prove the existence of a non-expansive retraction onto � f .

Theorem 3.5.1 If (X, d) is a proper metric space and f : X → X is a
non-expansive map with � f 	= ∅, then the following assertions hold:

(i) There exists a subsequence (mi )i such that the map r : X → X defined by

r(x) = lim
i→∞ f mi (x)

for x ∈ X is well defined, and ( f mi )i converges uniformly to r on
compact subsets of X.

(ii) The map r : X → X is a non-expansive retraction onto � f .

Proof By Lemma 3.1.10 we know that ( f k)k has a convergent subsequence
( f ki )i , which converges uniformly on compact sets. By taking a further sub-
sequence we may assume that ki+1 − ki → ∞ as i → ∞. If we apply
Lemma 3.1.10 again we may also assume that ( f ki+1−ki )i converges uniformly
on compact sets in X . Now define

r(x) = lim
i→∞ f ki+1−ki (x) (3.11)

for all x ∈ X . This proves the first assertion.
It follows from the definition of r : X → X that r is non-expansive. Let us

now show that r is a retraction that maps X onto � f . Clearly r(X) ⊆ � f . Let
y ∈ � f . From Lemma 3.1.6 we know that y ∈ ω(y) and hence ( f k(y))k has
a bounded subsequence. It therefore follows from Theorem 3.1.7 that O(x) is
bounded for each x ∈ X , and, as (X, d) is a proper metric space, the closure
of O(x) is compact for each x ∈ X . Thus, we deduce from Lemma 3.1.2 that
for each k ≥ 1 there exists yk ∈ ω(y) such that f k(yk) = y. Let g denote the
pointwise limit of ( f ki )i and let (yki j ) j be a convergent subsequence of (yki )i ,
with limit z ∈ ω(y). Then

d( f ki j (yki j ), g(z)) → 0,

as j → ∞, since ( f ki j ) j converges uniformly on compact subsets to g. This
implies that g(z) = y. Now consider the equality

f ki+1(z) = f ki+1−ki ( f ki (z))

for all i ≥ 1. Clearly the left-hand side converges to g(z) and the right-hand
side to r(g(z)), as ( f ki+1−ki )i converges uniformly to r on ω(y). Thus, r(y) =
y and hence r is a retraction onto � f .
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Next we show that f is an isometry on � f .

Corollary 3.5.2 If (X, d) is a proper metric space and f : X → X is a non-
expansive map with � f 	= ∅, then the restriction of f to � f is an isometry
and

lim
k→∞ d( f k(x),� f ) = 0 for all x ∈ X.

Proof Let r be the non-expansive retraction defined in (3.11). For each
x, y ∈� f we have that

d(x, y) = d(r(x), r(y)) ≤ d( f (x), f (y)) ≤ d(x, y),

so that f is an isometry on � f . Let x ∈ X and remark that

d( f k(x),� f ) ≤ d( f k(x), f k−(ki+1−ki )(r(x))) ≤ d( f ki+1−ki (x), r(x)),

for all k ≥ ki+1 − ki . This implies that d( f k(x),� f ) → 0, as k → ∞.

Ranges of non-expansive retractions often possess some special geometric
properties, especially when X is a closed subset of normed space. For instance,
if X is a closed convex subset of a vector space V equipped with a strictly
convex norm, then� f is convex for each non-expansive map on X . Recall that
a norm ‖ · ‖ is strictly convex if the unit sphere does not contain any straight-
line segments, or, equivalently, ‖x + y‖ = ‖x‖ + ‖y‖ and y 	= 0 implies
x = ‖x‖/‖y‖y.

Lemma 3.5.3 If X ⊆ V is closed and convex, and f : X → X is non-
expansive with respect to a strictly convex norm, then � f is convex.

Proof Let r : X → X be the non-expansive retraction defined by (3.5.1)
in the proof of Theorem 3.5.1. Take x, y ∈ � f and 0 ≤ λ ≤ 1. Note that
z = λx+(1−λ)y is the unique point that satisfies ‖x−z‖ = (1−λ)‖x−y‖ and
‖y − z‖ = λ‖x − y‖, as ‖ · ‖ is strictly convex. This implies that ‖x − r(z)‖ ≤
(1 − λ)‖x − y‖ and ‖y − r(z)‖ ≤ λ‖x − y‖, as r is non-expansive. Thus,
‖x − r(z)‖ + ‖r(z)− y‖ = ‖x − y‖ and hence r(z) = z.

If, in addition, f : X → X is order-preserving, then the retraction r :
X → X in (3.11) is also order-preserving. If the underlying norm is strictly
monotone, meaning that ‖x‖ < ‖y‖ for all 0 ≤ x < y, then we have the
following result.

Lemma 3.5.4 Let X ⊆ V be a lattice and f : X → X be order-preserving
with respect to a minihedral cone K ⊆ V . If f is non-expansive under a
strictly monotone norm, then Fix f and � f are both lattices.
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Proof Let x, y ∈ Fix f . As f is order-preserving, f (inf(x, y)) ≤ f (x) and
f (inf(x, y)) ≤ f (y), so that f (inf(x, y)) ≤ inf( f (x), f (y)). Suppose that
f (inf(x, y)) < inf( f (x), f (y)). By strict monotonicity we get that

‖y − inf(x, y)‖ ≥ ‖ f (y)− f (inf(x, y))‖
> ‖ f (y)− inf( f (x), f (y))‖
= ‖y − inf(x, y)‖,

which is a contradiction. Thus, f (inf(x, y)) = inf( f (x), f (y)) = inf(x, y).
In a similar way it can be shown that f (sup(x, y)) = sup( f (x), f (y)) =
sup(x, y) for all x, y ∈ Fix f , and hence Fix f is a lattice.

By applying the first statement to the order-preserving non-expansive
retraction defined in Theorem 3.5.1 we deduce that � f is a lattice.

A prime example of a strictly monotone norm for the standard positive cone
is the �1-norm. So, we can deduce from Lemma 3.5.4 that Fix f and � f are
lattices if f : R

n+ → R
n+ is an order-preserving map which is non-expansive

under the �1-norm. This observation plays an important role in Chapter 9,
where we examine the iterative behavior of such maps.



4

Sup-norm non-expansive maps

In Chapter 2 it was shown that order-preserving (sub)homogeneous maps are
non-expansive under Hilbert’s metric or Thompson’s metric. We also saw that
if the underlying cone is polyhedral, Hilbert’s and Thompson’s metric spaces
can be isometrically embedded into (Rn, ‖ · ‖∞), as long as n is sufficiently
large. Therefore sup-norm non-expansive maps play a special role in nonlinear
Perron–Frobenius theory. The main purpose of this chapter is to prove that
the iterates of sup-norm non-expansive maps have some striking properties.
Among other facts it will be shown that every bounded orbit of a sup-norm
non-expansive map converges to a periodic orbit, and, moreover, there exists
an a-priori upper bound for the periods of its periodic points in terms of the
dimension of the underlying space. Consequently, every bounded orbit of a
sub-topical map converges to a periodic orbit. In the final section it will be
shown that the period of each periodic point of a sub-topical map on R

n does
not exceed

( n
�n/2�

)
, which is a sharp upper bound.

4.1 The size of the ω-limit sets

In this section an upper bound for the size of ω-limit sets of sup-norm non-
expansive maps is given in terms of the dimension of the underlying space. To
begin we recall that ω(x) has a transitive abelian group of sup-norm isome-
tries by Theorem 3.1.9, if O(x) is bounded. Sets that have an abelian group of
isometries enjoy the following basic property.

Lemma 4.1.1 If (X, d) is a metric space with a transitive abelian group � of
isometries, then for each g ∈ � there exists a constant d(g) ≥ 0 such that
d(x, g(x)) = d(g) for all x ∈ X. Moreover, |X | = |�|.
Proof Let g ∈ � and note that, as � is abelian, d(x, g(x)) = d( f (x),
g( f (x))) for all f ∈ �. This implies that d(x, g(x)) is constant for all x ∈ X ,
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since � acts transitively on X . To see that |X | = |�|, we fix x ∈ X and con-
sider ϕx : � → X given by ϕx (g) = g(x) for g ∈ �. As � acts transitively,
ϕx is onto. The map ϕx is also injective. Indeed, g(x) = f (x) implies that
f −1(g(x)) = x , so that f (y) = g(y) for all y ∈ X by the first assertion of the
lemma. We conclude that |X | = |�|.

A sequence x1, x2, . . . , xm in a metric space (X, d) is called an additive
chain if

d(x1, xm) =
m−1∑
k=1

d(xk, xk+1).

An additive chain has length m if it consists of m distinct elements. Using
Lemma 4.1.1 the following property of additive chains can be derived.

Proposition 4.1.2 Let (X, d) be a metric space with a transitive abelian group
� of isometries. If x1, x2, . . . , xm is an additive chain of length m in (X, d) and
fk ∈ � is such that fk(xk) = xk+1 for 1 ≤ k < m, then for every permutation
π on {1, 2, . . . ,m} and every x ∈ X the sequence

x, fπ(1)(x), fπ(2) ◦ fπ(1)(x), . . . , fπ(m−1) ◦ · · · ◦ fπ(1)(x)

is an additive chain of length m.

Proof Let f = fm−1 ◦ · · · ◦ f1 and remark that f = fπ(m−1) ◦ · · · ◦ fπ(1), as
� is abelian. For simplicity write zk = fπ(k−1) ◦ · · · ◦ fπ(1)(x) for 2 ≤ k ≤ m
and put z1 = x . From Lemma 4.1.1 it follows that

d(z1, zm) = d(x1, xm) =
m−1∑
k=1

d( fk) =
m−1∑
k=1

d( fπ(k)) =
m−1∑
k=1

d(zk, zk+1),

and hence z1, z2, . . . , zm is an additive chain of length m.

We now consider the case where the metric is induced by the sup-norm.
As the sup-norm is a polyhedral norm, the assumption that x, y, z forms
an additive chain need not imply that y lies on the straight-line segment
connecting x and z. In fact, in a sup-norm metric space there are usually
infinitely many geodesics connecting two distinct points. To determine whether
a sequence is an additive chain with respect to the sup-norm it is conve-
nient to introduce for each 1 ≤ i ≤ n a partial ordering ≤i on R

n by x ≤i y
if ‖x − y‖∞ = yi − xi . A sequence x1, x2, . . . , xm in (Rn, ‖ · ‖∞) is called an
i -chain if either x1 ≤i x2 ≤i · · · ≤i xm or xm ≤i · · · ≤i x2 ≤i x1. It is easy to
verify that x1, x2, . . . , xm is an additive chain in (Rn, ‖ · ‖∞) if and only if it
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is an i-chain for some i . Moreover, if x1, x2, . . . , xm is an additive chain in
(Rn, ‖ · ‖∞) and ‖x1 − xm‖∞ = |x1

i − xm
i |, then it is an i-chain.

Another useful concept is the notion of an extreme pair. A pair {x, y} in a
metric space (X, d) called an extreme pair in X if there exists no z ∈ X such
that z, x, y or x, y, z form an additive chain of length 3. Using the extreme
pairs the following upper bound for the size of compact sets in (Rn, ‖ · ‖∞)
that have a transitive abelian group of isometries can be proved.

Theorem 4.1.3 If X is a compact set in (Rn, ‖ · ‖∞) and X has a transitive
abelian group of isometries, then

|X | ≤ max
1≤k≤n

2k
(

n

k

)
.

Before proving this theorem we isolate a combinatorial lemma concerning
anti-chains in a certain finite partially ordered set. Recall that a subset A of a
partially ordered set (S,�) is called an anti-chain if there exist no x, y ∈ A
with x � y and x 	= y. Let � be the partial ordering on {0, 1, 2}n given by

a � b if ai = bi for all i for which bi ∈ {0, 1}.
It is easy to verify that � is reflexive, anti-symmetric, and transitive. Using a
standard method from extremal set theory to derive a so-called LYM inequal-
ity [28, section 3], we prove the following upper bound for the cardinality of
anti-chains in the partially ordered set ({0, 1, 2}n,�). (LYM stands for Lubell
[136], Yamamoto [229], and Meshalkin [146], who independently discovered
this method.)

Lemma 4.1.4 If A is an anti-chain in ({0, 1, 2}n,�), then

|A| ≤ max
k

2k
(

n

k

)
.

Proof We call a chain a0 � a1 � . . . � an a maximal chain in({0, 1, 2}n,�) if
it consists of n + 1 distinct elements. There are n!2n maximal chains. Indeed,
to obtain a maximal chain one has to select a point a0 such that a0 has no
coordinates equal to 2. There are 2n possibilities. Subsequently we change,
one by one, the coordinates of a0 to 2. There are n! ways to do this. Thus, in
total we have n!2n maximal chains.

Given an element a in A with k coordinates equal to 2, we now determine
how many maximal chains a0 � a1 � . . . � an contain a. Clearly there are
k!2k chains a0 � . . . � ak−1 � a, with k + 1 distinct elements, and each of
these can be extended in (n −k)! ways to a maximal chain. Thus a is contained
in k!(n − k)!2k maximal chains.
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To finish the argument we let mk denote the number of elements in A with
k coordinates equal to 2. Obviously |A| = ∑n

k=0 mk . As A is an anti-chain,
each maximal chain contains at most one element of A. Therefore

n∑
k=0

mkk!(n − k)!2k ≤ n!2n,

which yields the (LYM) inequality

n∑
k=0

mk2k−n
(

n

k

)−1

≤ 1.

From this it follows that

|A| =
n∑

k=0

mk ≤ max
k

2n−k
(

n

k

)
= max

k
2k
(

n

k

)
.

Remark that the upper bound in Lemma 4.1.4 is sharp, as the collection of
points in {0, 1, 2}n with exactly n − k coordinates equal to 2 is an anti-chain
containing 2k

(n
k

)
elements. It can be shown, using Stirling’s formula, that there

exist constants 0 < δ1 ≤ δ2 such that

δ13n/
√

n ≤ max
1≤k≤n

2k
(

n

k

)
≤ δ23n/

√
n for all n ∈ N.

Let us now prove Theorem 4.1.3.

Proof of Theorem 4.1.3 Suppose that |X | > maxk 2k
(n

k

)
. Then there exists ε >

0 and Xε ⊆ X such that ‖x − y‖∞ ≥ ε for all x 	= y in Xε and |Xε| >
maxk 2k

(n
k

)
. We call z1, z2, . . . , zm an ε-additive chain if it is an additive chain

and ‖zk − zk+1‖∞ ≥ ε for all 1 ≤ k < m. We say that {x, y} is an ε-extreme
pair in X if ‖x − y‖∞ ≥ ε and there exists no z ∈ X such that z, x, y or x, y, z
is an ε-additive chain.

Define c : Xε → {0, 1, 2}n by

c(x)i =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 if there exists y ∈ X with {x, y} an ε-extreme pair in X
and ‖x − y‖∞ = yi − xi ,

1 if there exists y ∈ X with {x, y} an ε-extreme pair in X
and ‖x − y‖∞ = xi − yi ,

2 otherwise,

for all 1 ≤ i ≤ n and x ∈ Xε. We claim that c is well defined. Indeed, if
c(x)i = 0 and c(x)i = 1, then there exist y, z ∈ X such that {x, y} and {x, z}
are ε-extreme pairs in X with ‖x − y‖∞ = yi − xi and ‖x − z‖∞ = xi − zi .
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This implies that z ≤i x ≤i y, so that z, x, y is an ε-additive chain. But this
contradicts the fact that {x, y} is an ε-extreme pair in X .

Next we show that c(y) 	� c(x) for all x 	= y in Xε. Let x 	= y in Xε and
let F be the collection of ε-additive chains z1, z2, . . . , zm in X with z1 = x
and z2 = y. As X is a compact set in (Rn, ‖ · ‖∞), it is bounded and hence
there exists an ε-additive chain, z1, z2, . . . , zr , in F with maximal length r .
We claim that {z1, zr } is an ε-extreme pair in X . Indeed, clearly there exists
no u ∈ X such that z1, zr , u is an ε-additive chain, as r is maximal. On the
other hand, if there exists u ∈ X with u, z1, zr an ε-additive chain, then
z1, zr , f (zr ), where f ∈ � is such that f (u) = z1, is also an ε-additive
chain by Proposition 4.1.2 and Lemma 4.1.1. Thus, {z1, zr } is an ε-extreme
pair in X .

There are two cases: ‖z1 − zr‖∞ = zr
i − z1

i and ‖z1 − zr‖∞ = z1
i − zr

i .
In the first case c(x)i = 0. We now argue, by contradiction, that c(y)i 	= 0 in
that case. If c(y)i = 0, then there exists u ∈ X such that {y, u} is an ε-extreme
pair in X and ‖y − u‖∞ = ui − yi . As ‖z1 − zr‖∞ = zr

i − z1
i , we know that

‖x − y‖∞ = yi − xi , so that x ≤i y ≤i u. Thus, x, y, u is an ε-additive chain
of length 3, which is a contradiction. In the second case we have that c(x)i = 1
and it can be shown, in the same fashion, that c(y)i 	= 1 in that case. Therefore
c(y) 	� c(x), and hence c(Xε) is an anti-chain in ({0, 1, 2}n,�) whose size
exceeds maxk 2k

(n
k

)
, which contradicts Lemma 4.1.4.

From Theorem 4.1.3 it is easy to deduce the following upper bound of
ω-limit sets of bounded orbits of sup-norm non-expansive maps.

Theorem 4.1.5 If f : X → X , with X ⊆ R
n, is a sup-norm non-expansive

map and x ∈ X has a bounded orbit, then |ω(x)| ≤ maxk 2k
(n

k

)
.

Proof As O(x) is bounded, its closure is compact. Therefore it follows from
Theorem 3.1.9 that ω(x) has a transitive abelian group of sup-norm isometries,
so that |ω(x)| ≤ maxk 2k

(n
k

)
by Theorem 4.1.3.

4.2 Periods of periodic points

A combination of Theorem 4.1.5 and Lemma 3.1.3 immediately gives the
following result for the iterative behavior of sup-norm non-expansive maps.

Theorem 4.2.1 If X ⊆ R
n is closed and f : X → X is a sup-norm non-

expansive map, then either all orbits of f are unbounded, or for each x ∈ X
there exist an integer p ≥ 1 and a periodic point ξ ∈ X of f with period p
such that
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lim
k→∞ f kp(x) = ξ

and p ≤ maxk 2k
(n

k

)
.

Theorem 4.2.1 shows that the period of each periodic point of a sup-norm
non-expansive map f : X → X , with X ⊆ R

n , does not exceed maxk 2k
(n

k

)
. It

is believed, however, that this upper bound is not optimal. In fact, Nussbaum
[160] has made the following conjecture.

Conjecture 4.2.2 (Nussbaum) The optimal upper bound for the periods of
periodic points of sup-norm non-expansive maps f : X → X, with X ⊆ R

n,
is 2n.

At present the conjecture is proved for n = 1, 2, and 3 only. The case n = 3
is already nontrivial and was established by Lyons and Nussbaum [137]. The
upper bound in Theorem 4.2.1 is due to Lemmens and Scheutzow [123] and is
currently the strongest estimate. Other upper bounds were obtained in [27,140,
160, 204]. Evidence supporting Conjecture 4.2.2 is provided by the following
result of Lyons and Nussbaum.

Theorem 4.2.3 A sup-norm non-expansive map f : X → X, where X ⊆ R
n,

cannot have a periodic point whose period p is prime and satisfies p > 2n.

Proof Let ξ ∈ X be a periodic point with period p of a sup-norm non-
expansive map f : X → X , where X ⊆ R

n . Suppose that p is prime. Let
g denote the restriction of f to O(ξ). Clearly, O(ξ) consists of p points and
� = {gk : 0 ≤ k < p} is a transitive cyclic group of sup-norm isometries on
O(ξ).

For 1 ≤ i ≤ n, let li = minz∈O(ξ) zi and ui = maxz∈O(ξ) zi . Put l =
(l1, . . . , ln) and u = (u1, . . . , un). Let Q be the parallelepiped with vertex set
{(x1, . . . , xn) ∈ R

n : xi = li or xi = ui }. (It is not hard to show that O(ξ) is
contained in the boundary of Q, but we shall not need that here.)

The proof uses the idea of a maximal tight subset. A subset T of O(ξ) is
called tight if the (sup-norm) diameter of T is strictly smaller than the diam-
eter of O(ξ). It is said to be a maximal tight subset of O(ξ) if it is tight and
not properly contained in another tight subset of O(ξ). Now let T be a maxi-
mal tight subset of O(ξ). We claim that T, g(T ), . . . , g p−1(T ) are all distinct.
Indeed, if gk(T ) = gm(T ) for some 0 ≤ k < m < p, then gm−k(T ) = T .
But as p is prime, there exists q ≥ 1 such that q(m − k) ≡ 1 mod p, so that
g(T ) = gq(m−k)(T ) = T . This implies that T = ∪k gk(T ) = O(ξ), which is
a contradiction, as T is tight. We also remark that T, g(T ), . . . , g p−1(T ) are
all maximal tight subsets of O(ξ), as g is an isometry of O(ξ) onto itself. To
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complete the proof it suffices to show that the number of maximal tight subsets
of O(ξ) does not exceed 2n . To see this we associate with each maximal tight
subset S of O(ξ) a vertex vS of the parallelepiped Q as follows: vS

i = li if
there exists s ∈ S with si = li and vS

i = ui otherwise. We claim that vS 	= vT

if S and T are distinct maximal tight subsets of O(ξ). Indeed, if S 	= T , then
there exist s ∈ S and t ∈ T such that ‖s − t‖∞ = diam(O(ξ)), as S and T
are distinct maximal tight subsets. We know that |si − ti | = diam(O(ξ)) for
some i . This implies that either si = li and ti = ui or si = ui and ti = li . In
the first case vS

i = li , but vT
i 	= li , as T is a tight subset. In the second case,

vT
i = li and vS

i 	= li , as S is a tight subset. As Q contains at most 2n vertices,
we are done.

It is easy to see that one cannot expect to do better than 2n in Conjecture
4.2.2. Simply consider the set of vertices of the n-dimensional cube, Hn =
{(x1, . . . , xn) ∈ R

n : xi = ±1 for 1 ≤ i ≤ n}. As ‖x − y‖∞ = 2 for all
x 	= y in Hn , any cyclic permutation σ of the elements of Hn of order 2n is a
sup-norm isometry, and each point of Hn has period 2n under σ .

It is known [223, chapter III] that every sup-norm non-expansive map
g : X → R

n , with X ⊆ R
m , admits a sup-norm non-expansive extension to the

whole of R
m . This is a special case of the so-called Aronszajn–Panitchpakdi

theorem [10]. In fact, for sup-norm non-expansive maps there exists the
following explicit construction.

Lemma 4.2.4 If g : X → R
n, with X ⊆ R

m, is a sup-norm non-expansive
map, then G : R

m → R
n given by

Gi (z) = sup
x∈X

(
gi (x)− ‖x − z‖∞

)
for z ∈ R

m

is a sup-norm non-expansive extension of g.

Proof To see that Gi (z) < ∞ for all i and z ∈ R
m we take x∗ ∈ X fixed.

Remark that

gi (x)− ‖x − z‖∞ ≤ gi (x)− ‖x − x∗‖∞ + ‖x∗ − z‖∞
≤ gi (x)− ‖g(x)− g(x∗)‖∞ + ‖x∗ − z‖∞
≤ gi (x

∗)+ ‖x∗ − z‖∞,

for each x ∈ X , so that Gi (z) < ∞.
Clearly for each z ∈ X we have that G(z) ≥ g(z). On the other hand, if

z ∈ X and 1 ≤ i ≤ n, then for each ε > 0 there exists x ∈ X such that

Gi (z)− ε ≤ gi (x)− ‖x − z‖∞ ≤ gi (x)− ‖g(x)− g(z)‖∞ ≤ gi (z).

Thus, G(z) = g(z) for all z ∈ X .
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To show that G is sup-norm non-expansive, let ε > 0 and y, z ∈ R
m .

Assume, without loss of generality, that ‖G(y) − G(z)‖∞ = Gi (y) − Gi (z).
There exists x ∈ X such that

‖G(y)− G(z)‖∞ = Gi (y)− Gi (z)

≤ gi (x)− ‖x − y‖∞ + ε − (gi (x)− ‖x − z‖∞)
≤ ‖y − z‖∞ + ε,

which completes the proof.

As

‖x − z‖∞ = max{t(x − z), t(z − x)} = − min{b(z − x),b(x − z)},
we see that if X is a finite set, the sup-norm non-expansive map G in Lemma
4.2.4 is of the form

Gi (z) = max
x

min
j

(
ri (x, j)± z j

)
,

where ri (x, j) ∈ R. Special examples are so-called Boolean maps. A Boolean
map is a map h : R

n → R
n where each coordinate function is a finite min

or max combination of expressions of the type xi or 1 − xi , e.g., the map
h : R

3 → R
3 given by

f

⎛
⎝ x1

x2

x3

⎞
⎠ =

⎛
⎝ (x2 ∧ x3) ∨ (1 − x1)

x1 ∨ (1 − x3)

((1 − x2) ∧ (1 − x3)) ∨ x1

⎞
⎠ for x ∈ R

3.

They are called Boolean maps because the restriction of each coordinate func-
tion hi (x) to {0, 1}n is a Boolean sentence with variables x1, . . . , xn , where
min is interpreted as AND, max as OR, and (1 − xi ) as NOT xi . It is clear that
a Boolean map leaves {0, 1}n invariant and that each of its periodic points in
{0, 1}n has period at most 2n . Boolean maps also leave {0, 1/2, 1}n invariant.
The value 1/2 may be interpreted as a fuzzy value when one is not sure. It is
unknown if each of its periodic points in {0, 1/2, 1}n has period at most 2n , as
is predicted by Conjecture 4.2.2.

Theorem 4.2.1 has consequences for the dynamics of other non-expansive
maps as well.

Corollary 4.2.5 Let (X, d) be a complete metric space that can be isometri-
cally embedded into (Rn, ‖ · ‖∞). If f : X → X is non-expansive, then every
bounded orbit of f converges to a periodic orbit whose period does not exceed
maxk 2k

(n
k

)
.
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Proof Let ϕ be the isometric embedding of (X, d) into (Rn, ‖ · ‖) and put
Y = ϕ(X). We remark that Y is a closed subset of (Rn, ‖ · ‖∞), as (X, d) is
complete. Define g : Y → Y by g = ϕ ◦ f ◦ ϕ−1. As f is non-expansive,
g is sup-norm non-expansive. It thus follows from Theorem 4.2.1 that every
bounded orbit of g converges to a periodic orbit whose period does not exceed
maxk 2k

(n
k

)
. The same is true for f , since g = ϕ ◦ f ◦ ϕ−1.

In Chapter 2 we encountered various complete metric spaces that can be iso-
metrically embedded into (Rn, ‖ · ‖∞). In particular we saw that (int(Rn+), dT )

is isometric to (Rn, ‖·‖∞). We also showed that if K ⊆ V is a solid polyhedral
cone with N facets and �◦ = {x ∈ int(K ) : ϕ(x) = 1} where ϕ ∈ int(K ∗),
then (�◦, dH ) is a complete metric space that can be isometrically embedded
into (Rm, ‖ · ‖∞) for m = N (N − 1)/2 by Proposition 2.2.3. Other interesting
examples of metric spaces that can be isometrically embedded into (Rm, ‖·‖∞)
are finite-dimensional normed spaces with a polyhedral norm; that is to say, its
unit ball is a polyhedron.

Lemma 4.2.6 If ‖·‖ is a polyhedral norm on R
n with N facets, then (Rn, ‖·‖)

can be isometrically embedded into (RN/2, ‖ · ‖∞).

Proof Let B denote the unit ball of the polyhedral norm ‖ · ‖. As B has N
facets, there exist N linear functionals ϕ1, . . . , ϕN on R

n such that

B =
N⋂

i=1

{x ∈ R
n : ϕi (x) ≤ 1}.

Since B is symmetric, we know that N is even and we may assume that
ϕi = −ϕi+N/2 for 1 ≤ i ≤ N/2. Now define � : R

n → R
N/2 by �(x)i =

ϕi (x) for 1 ≤ i ≤ N/2. We claim that � is an isometry from (Rn, ‖ · ‖)
into (RN/2, ‖ · ‖∞). As � is linear, it suffices to show that ‖�(x)‖∞ = 1
for all x ∈ R

n with ‖x‖ = 1. Note that ‖x‖ = 1 implies that there exists
1 ≤ i ≤ N/2 such that ϕi (x) = ±1 and |ϕ j (x)| ≤ 1 for all j 	= i . Therefore
‖�(x)‖∞ = |ϕi (x)| = 1, and we are done.

An important example of a polyhedral norm on R
n is the �1-norm, whose

unit ball is the cross-polytope, which has 2n facets. So, we can combine Corol-
lary 4.2.5 and Lemma 4.2.6 to derive an upper bound (in terms of n) on the
periods of the periodic points of �1-norm non-expansive maps f : X → X ,
where X can be any subset of R

n . Although this upper bound significantly
improves old results by Misiurewicz [149], it is believed to be far from sharp;
see [121]. In Chapter 9, however, we shall see that much stronger results are
known for �1-norm non-expansive maps f : X → X , with f (0) = 0, if one
assumes that X = R

n+ or X = R
n .
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4.3 Iterates of topical maps

Special examples of sup-norm non-expansive maps are topical maps. Topical
maps are not only non-expansive under the sup-norm, but also under the top
function by Proposition 2.7.1. To find a suitable upper bound for the periods of
periodic points of topical maps f : R

n → R
n , we remark that if x is a periodic

point of f , then O(x) is an anti-chain in (Rn,≤), where ≤ is induced by the
standard positive cone. Moreover, the restriction of f to O(x) is a top isometry,
since f is top non-expansive. This implies that O(x) has a transitive cyclic
group of top isometries. Conversely, if X is a finite set in R

n with a transitive
cyclic group of top isometries, then there exists a topical map g : R

n → R
n that

has X as one of its periodic orbits. Indeed, we have the following proposition,
which is similar to Lemma 4.2.4.

Proposition 4.3.1 If X ⊆ R
n and h : X → R

n is a top non-expansive map,
then the topical map H : R

n → R
n, defined by

Hi (z) = sup
x∈X

(
hi (x)− t(x − z)

)
for z ∈ R

n,

extends h.

Proof The proof is identical to the proof of Lemma 4.2.4 and is left to the
reader.

Thus, to find a suitable estimate for the possible periods of periodic points
of topical maps on R

n , it suffices to find a sequence x0, x1, . . . , x p−1 in R
n

such that the map xk �→ xk+1 mod p is a top isometry, or, equivalently,

t(xk+m − xk) = t(xm − x0) for all k,m ≥ 0.

(Here the indices are counted modulo p.) We note that if X is an anti-chain
in the partially ordered set ({0, 1}n,≤), where ≤ is induced by R

n+, then
t(x − y) = 1 for all x 	= y in X . Hence any cyclic permutation of the ele-
ments of X is a top isometry in that case. An obvious example of an anti-chain
of size

(n
m

)
is the set {x ∈ {0, 1}n : ∑i xi = m}. It is a classic result in com-

binatorics that the maximal size of an anti-chain in ({0, 1}n,≤) is
( n
�n/2�

)
. This

result is known as Sperner’s theorem [209] and is usually formulated as follows
(cf. [28, section 3]).

Theorem 4.3.2 (Sperner) If A is a collection of subsets of {1, . . . , n} such that
there are no A, B ∈ A with A ⊆ B and A 	= B, then |A| ≤ ( n

�n/2�
)
.

Proof The proof of this theorem is classical and uses the LYM technique. We
call a chain A0 ⊆ A1 ⊆ . . . ⊆ An a maximal chain in the partially ordered
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set ({1, . . . , n},⊆) if |Ai | = i for all 0 ≤ i ≤ n. We note that there are n!
maximal chains. If we consider A ∈ A and |A| = k, then A is contained in
k!(n − k)! maximal chains. Indeed, there are k! chains A0 ⊆ . . . ⊆ Ak−1 ⊆ A
with k + 1 distinct elements, and each of these can be extended in (n − k)!
ways to a maximal chain. Now let mk denote the number of elements of A
with size k. Clearly |A| = ∑

k mk . As A is an anti-chain in ({1, . . . , n},⊆),
each maximal chain contains at most one element of A. Therefore

∑
k

mkk!(n − k)! ≤ n!, so that
∑

k

mk

(
n

k

)−1

≤ 1.

From this (LYM) inequality it follows that

|A| =
∑

k

mk ≤ max
k

(
n

k

)
=
(

n

�n/2�
)
.

By using the anti-chain {x ∈ {0, 1}n : ∑i xi = ( n
�n/2�

)}, we see that there

exists a topical map on R
n which has a periodic point with period

( n
�n/2�

)
. For

instance, for n = 4 the map

f

⎛
⎜⎜⎝

x1

x2

x3

x4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝
(x1 ∧ x2) ∨ (x1 ∧ x3) ∨ (x3 ∧ x4)

(x1 ∧ x4) ∨ (x2 ∧ x3) ∨ (x3 ∧ x4)

(x1 ∧ x2) ∨ (x1 ∧ x4) ∨ (x2 ∧ x4)

(x1 ∧ x3) ∨ (x2 ∧ x3) ∨ (x2 ∧ x4)

⎞
⎟⎟⎠

has (1, 1, 0, 0) as a period 6 point. Analogous to Conjecture 4.2.2 it seems rea-
sonable to hypothesize that

( n
�n/2�

)
is the optimal upper bound for the periods

of periodic points of topical maps on R
n , and this turns out to be true.

To prove this, we use arguments similar to the ones used in Section 4.1,
but instead of the sup-norm we use the top function. To begin, we need the
notion of a top-additive chain. A sequence x1, x2, . . . , xm in R

n is called a
top-additive chain if

t(x1 − xm) =
m−1∑
k=1

t(xk − xk+1).

We say that the top-additive chain has length m if it consists of m distinct
points. Note that if x1, x2, . . . , xm is a top-additive chain, then xm, . . . , x2, x1

need not be a top-additive chain, as t(x) 	= t(−x) in general.

Lemma 4.3.3 A sequence x1, x2, . . . , xm in R
n is a top-additive chain with

t(x1−xm) = x1
i −xm

i if and only if t(xk−xk+1) = xk
i −xk+1

i for all 1 ≤ k < m.
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Proof First we remark that if x1, x2, . . . , xm is a top-additive chain and t(x1 −
xm) = x1

i − xm
i , then

t(x1 − xm) =
m−1∑
k=1

t(xk − xk+1) ≥
m−1∑
k=1

xk
i − xk+1

i = x1
i − xm

i = t(x1 − xm),

so that t(xk − xk+1) = xk
i − xk+1

i for 1 ≤ k < m. On the other hand, if
t(xk − xk+1) = xk

i − xk+1
i for 1 ≤ k < m, then

x1
i − xm

i ≤ t(x1 − xm) ≤
m−1∑
k=1

t(xk − xk+1) =
m−1∑
k=1

xk
i − xk+1

i = x1
i − xm

i .

The following basic property can be proved by an argument analogous to
the proof of Lemma 4.1.1.

Lemma 4.3.4 If X ⊆ R
n has a transitive abelian group � of top isometries,

then for each g ∈ � there exists a constant d(g) such that t(x − g(x)) = d(g)
for all x ∈ X.

By arguing as in Proposition 4.1.2 we deduce the following result.

Proposition 4.3.5 Let X ⊆ R
n and suppose that X has a transitive abelian

group � of top isometries. If x, y, z is a top-additive chain in X and g ∈ � is
such that g(x) = y, then y, z, g(z) is also a top-additive chain in X.

Proof Let f ∈ � be such that f (y)= z. As � is abelian, it follows
from Lemma 4.3.4 that t(y − g(z))= t(y − f (g(y)))= t(x − f (g(x)))= t(x −
y) + t(y − z)= t(z − g(z))+ t(y − z). Thus, y, z, g(z) is a top-additive chain
in X .

We also need the analogous notion of an extreme pair for the top function.
An ordered pair (x, y) ∈ X × X , with x 	= y, is called a top-extreme pair in
X if there exists no z ∈ X such that z, x, y or x, y, z is a top-additive chain
of length 3 in X . Remark that (x, y) being a top-extreme pair need not imply
that (y, x) is a top-extreme pair. This asymmetry is useful and allows us to
consider ordered pairs instead of unordered pairs. We also need the following
proposition.

Proposition 4.3.6 Let X be an anti-chain in (Rn,≤), where ≤ is induced by
R

n+. If X has a transitive abelian group � of top isometries, then (x, y) ∈
X × X, with x 	= y, is a top-extreme pair if and only if there exists no z ∈ X
such that x, y, z is a top-additive chain of length 3 in X.
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Proof One implication follows directly from the definition. To prove the other
one we suppose that (x, y) ∈ X × X , with x 	= y, is not a top-extreme pair
in X . Then there exists z ∈ X such that either z, x, y or x, y, z is a top-
additive chain of length 3 in X . If x, y, z is a top-additive chain of length 3
we are done. On the other hand, if z, x, y is top-additive chain of length 3, then
x, y, g(y), where g ∈ � is such that g(z) = x , is also a top-additive chain by
Proposition 4.3.5. To see that it has length 3 we observe that t (u − v) > 0 for
all u 	= v, as X is an anti-chain in (Rn,≤). Thus, t(y − g(y)) = t(z − x) > 0,
as z 	= x , and t(x − g(y)) = t(z − y) > 0, as z 	= y. Therefore x, y, g(y) has
length 3.

By using these preliminary observations we now prove the following result.

Theorem 4.3.7 If X is a finite anti-chain in (Rn,≤), where ≤ is induced by
R

n+, and X has a transitive abelian group � of top isometries, then

|X | ≤
(

n

�n/2�
)
.

Proof The proof is quite similar to the proof of Theorem 4.1.3. Define a coding
c : X → {0, 1}n by

c(x)i =
⎧⎨
⎩

1 if there exists y ∈ X such that (x, y) is a top-
extreme pair in X and t(x − y) = xi − yi ,

0 otherwise,
(4.1)

for 1 ≤ i ≤ n and x ∈ X . By Sperner’s Theorem 4.3.2, it suffices to show
that c(x) 	≤ c(y) for all x 	= y in X . So let x 	= y in X and consider a top-
additive chain z1, z2, . . . , zr in X , with z1 = x and z2 = y, of maximal length
r . We claim that (z1, zr ) is a top-extreme pair in X . Indeed, if we suppose,
for the sake of contradiction, that (z1, zr ) is not a top-extreme pair, then there
exists u ∈ X such that z1, zr , u is a top-additive chain of length 3 in X by
Proposition 4.3.6. This implies that z1, . . . , zr , u is a top-additive chain. To
obtain the contradiction we show that it has length r + 1. If u = zk , then
1 < k < r and

t(z1 − u) = t(z1 − zk)+ t(zk − zr )+ t(zr − u)

= t(z1 − u)+ t(u − zr )+ t(zr − u),

so that t(zr − u)+ t(u − zr ) = 0. This contradicts the fact that t(zr − u) > 0
and t(u − zr ) > 0, as zr 	= u and X is an anti-chain in (Rn,≤). Thus, (z1, zr )

is a top-extreme pair in X .
We know t(z1 − zr ) = z1

j − zr
j for some j , so that c(x) j = 1. We claim

that c(y) j 	= 1. If c(y) j = 1, then there exists v ∈ X such that (y, v) is
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top-extreme pair in X and t(y − v) = y j − v j . As t(z1 − zr ) = z1
j − zr

j , it
follows from Lemma 4.3.3 that t(x − y) = x j − y j . Applying Lemma 4.3.3
once more gives that x, y, v is a top-additive chain in X . This additive chain
has length 3, as x = v implies y j − x j = y j − v j = t(y − v) = t(y − x) > 0,
which contradicts the fact that x j − y j = t(x − y) > 0. Now note that x, y, v
cannot be a top-additive chain of length 3, since (y, v) is a top-extreme pair in
X . Hence c(y) j 	= 1 and therefore c(y) j = 0. By interchanging the roles of
x and y, there also exists 1 ≤ i ≤ n such that c(y)i = 1 and c(x)i = 0. This
implies that c(x) 	≤ c(y), and we are done.

As each periodic orbit of a topical map f : R
n → R

n has a transitive cyclic
group of top isometries, Theorem 4.3.7 has the following consequence.

Corollary 4.3.8 The optimal upper bound for the periods of periodic points of
topical maps f : R

n → R
n is

( n
�n/2�

)
.

It turns out that this result can be generalized to sub-topical maps. Recall
that a map g : R

n → R
n is sub-topical if it is additively subhomogeneous and

order-preserving with respect to R
n+. Any sub-topical map g : R

n → R
n can

be turned into a topical map G : R
n+1 → R

n+1 by adding one extra coordinate
in the following way. Define

G

(
x

xn+1

)
=
(

xn+11 + g(x − xn+11)

xn+1

)
for

(
x

xn+1

)
∈ R

n+1.

(4.2)
The map G has the following properties.

Lemma 4.3.9 If g : R
n → R

n is sub-topical and G : R
n+1 → R

n+1 is given
by (4.2), then

(i) G is topical, and
(ii) if x ∈ R

n is a periodic point of g with period p, then (x, 0) is a periodic
point with period p of G.

Proof It is clear from the definition that G is additively homogeneous. To see
that G is order-preserving, assume that (x, xn+1) ≤ (y, yn+1). Note that

(yn+1 − xn+1)1 + g(y − yn+11)− g(x − xn+11) ≥ g(y − xn+11)

− g(x − xn+11) ≥ 0,

as g is additively subhomogeneous and order-preserving. So, G is order-
preserving.

Obviously, Gk(x, 0)= (gk(x), 0) for all k ≥ 1 and therefore (x, 0) is peri-
odic point of G with period p, if x is a periodic point of g with period p.
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Using the map G it is easy to prove the following generalization of
Corollary 4.3.8.

Theorem 4.3.10 The optimal upper bound for the periods of periodic points
of sub-topical maps g : R

n → R
n is

( n
�n/2�

)
.

Proof Let ξ ∈ R
n be a periodic point of a sub-topical map g : R

n → R
n ,

with period p. Let G : R
n+1 → R

n+1 be given by (4.2). It follows from
Lemma 4.3.9 that G is a topical map, which has (ξ, 0) as a periodic point with
period p. Let X ⊆ R

n+1 denote the periodic orbit of (ξ, 0) under G. As G is
order-preserving and non-expansive with respect to the top function, X is an
anti-chain in (Rn+1,≤) and X has a transitive abelian group of top isometries.

Now define c : X → {0, 1}n+1 as in (4.1). We know from the proof of
Theorem 4.3.7 that c(X) is an anti-chain in ({0, 1}n+1,≤) of size |X |. We
also know that c(x)n+1 = 0 for all x ∈ X , as xn+1 = 0 for all x ∈ X . By
restricting each element of c(X) to the first n coordinates, we obtain an anti-
chain in ({0, 1}n,≤) of size |c(X)| = |X | = p. Thus, it follows from Sperner’s
Theorem 4.3.2 that p ≤ ( n

�n/2�
)
.
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Eigenvectors and eigenvalues of nonlinear
cone maps

In this chapter we will lay the foundations for the spectral theory of continuous
order-preserving homogeneous maps f : K → K , where K is a solid closed
cone in a finite-dimensional vector space V . Two sensible definitions for the
cone spectral radius, rK ( f ), of f are given, and it is shown that they coincide.
The main result, which generalizes the Kreı̆n–Rutman Theorem 1.1.6, tells us
that there exists an eigenvector x ∈ K , with x 	= 0, corresponding to rK ( f ); so,

f (x) = rK ( f )x .

It turns out that the spectral radius rK ( f ) satisfies a “minimax” variational
formula analogous to the Collatz–Wielandt formula for the cone spectral radius
of nonnegative matrices. We will also discuss continuity properties of rK ( f ),
and analyze the cone spectrum,

σK ( f ) = {λ ≥ 0 : f (x) = λx for some x ∈ K \ {0}}.
Before we begin developing the theory we need to clarify a practical matter
concerning continuous extensions of order-preserving maps.

5.1 Extensions of order-preserving maps

It frequently happens that we are given an order-preserving subhomogeneous
map that is defined on the interior of a closed cone. Natural examples arise
when we have a sub-topical map g : R

n → R
n . In that case the log-exp trans-

form of g is an order-preserving subhomogeneous map on the interior of R
n+.

In such situations it is often useful to know if the map admits a continuous
order-preserving subhomogeneous extension to the boundary of the cone. In
this section we discuss this problem. It turns out that polyhedral cones play a
key role in the solution.
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Let K be a solid closed cone in V and x ∈ ∂K . We say that (xk)k in int(K )
converges to x from above if xk → x , as k → ∞, and x �K xk for all k ≥ 1.
Such sequences always exist if K is solid; a simple example is the sequence
xk = x + u/k, where u ∈ int(K ).

Lemma 5.1.1 Let K ⊆ V be a solid closed cone and x ∈ ∂K . If (xk)k

converges to x from above, then there exists a subsequence (xki )i such that
xm �K xki for all m ≥ ki+1.

Proof The subsequence (xki )i is defined inductively. Put xk1 = x1 and sup-
pose that we have found k1< k2< . . . < ki that satisfy the assertion. As
xki − x ∈ int(K ), there exists a neighborhood Ui of xki − x with Ui ⊆ int(K ).
Now let Vi be an open symmetric neighborhood of 0 such that xki − x −v ∈ Ui

for all v ∈ Vi . Since (xk)k converges to x , there exists ki+1 > ki such that
xm−x ∈ Vi for all m ≥ ki+1. This implies that xki −xm = xki −x−(xm−x) ∈ Ui

for all m ≥ ki+1, and we are done.

By using this lemma the following extension result from [41] is proved.

Theorem 5.1.2 If K ⊆ V and K ′ ⊆ V ′ are closed cones, where K is solid, and
f : int(K ) → K ′ is an order-preserving continuous map, then the following
assertions are true:

(i) If (xk)k converges to x from above, then there exists yx ∈ K ′ such that

lim
k→∞ f (xk) = yx . (5.1)

(ii) The map F : K → K ′ defined by F(x) = yx is a well-defined order-
preserving extension of f to ∂K .

(iii) If, in addition, f is (sub)homogeneous, then F : K → K ′ is also
(sub)homogeneous.

Proof By Lemma 5.1.1 there exists a subsequence (xki )i such that xm �K

xki for all m ≥ ki+1. In particular, we get that 0 ≤K xki+1 �K xki for all
i ≥ 1, and hence 0 ≤K ′ f (xki+1) ≤K ′ f (xki ), as f is order-preserving. This
implies that there exists yx ∈ K ′ such that limi→∞ f (xki ) = yx , since K ′ is a
normal cone.

Let ε > 0 and i ≥ 1 be such that ‖ f (xki )−yx‖ < ε. Suppose that m ≥ ki+1;
so, xm �K xki . As (xki )i converges to x from above, there exists j ≥ i + 1,
such that xk j ≤K xm . Otherwise, xm ≤K xk j for all j ≥ i+1, so that xm ≤K x ,
as K is closed. This contradicts the fact that 0 �K xm−x . Thus, for each j ≥ 1
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sufficiently large, we have that xk j ≤K xm ≤K xki . As f is order-preserving,
f (xk j ) ≤K ′ f (xm) ≤K ′ f (xki ). This implies that

‖ f (xm)− f (xk j )‖ ≤ M‖ f (xki )− f (xk j )‖,
since K ′ is normal. By letting j → ∞, we get that

‖ f (xm)− yx‖ ≤ M‖ f (xki )− yx‖ < Mε.

Thus, ( f (xk))k converges to yx , which completes the proof of the first
assertion.

To verify that F is well defined, we let (x ′
k)k be another sequence

that converges to x from above. Define (zk)k by z2k = xk and z2k−1 = x ′
k

for all k ≥ 1. Clearly (zk)k also converges to x from above. Moreover
limk→∞ f (xk)= limk→∞ f (zk)= limk→∞ f (x ′

k) by the first assertion. Thus,
F is a well-defined extension of f . To show that F is order-preserving,
we remark that if x ≤K y, then (x + u/k)k converges to x from above and
(y + u/k)k converges to y from above for u ∈ int(K ). For each k ≥ 1 we
have that x + u/k ≤K y + u/k, so that f (x + u/k) ≤K ′ f (y + u/k). Thus,
limk→∞ f (x + u/k) ≤K ′ limk→∞ f (y + u/k) and hence F(x) ≤K " F(y).

Suppose that f is subhomogeneous and let x ∈ K and 0 < λ < 1.
If (xk)k converges to x from above, then (λxk)k also converges to λx from
above. Therefore λF(x) = limk→∞ λ f (xk) ≤K ′ limk→∞ f (λxk) = F(λx). A
similar argument can be given if f is homogeneous.

In general the extension F : K → K ′ given in Theorem 5.1.2 need not be
continuous, as can be seen from the following example. Let Symn denote the
real vector space of n × n symmetric matrices. Denote by 	n(R) the set of all
positive-semidefinite matrices in Symn and put K = 	n(R) × 	n(R). Note
that K is a closed cone in Symn ×Symn and recall that	n(R) is a solid closed
cone in Symn . Consider the map f : int(K ) → 	n(R) given by

f (A, B) = (A−1 + B−1)−1 for all (A, B) ∈ int(K ).

It follows from Lemma 1.4.2 that g(A) = A−1 is order-reversing with respect
to 	n(R). Therefore f is order-preserving. It is easy to see that f is homoge-
neous. Thus, f is non-expansive with respect to Thompson’s metric, and hence
continuous on int(K ). However, we shall see that even for n = 2 the extension
of f given in Theorem 5.1.2 is not continuous. Take

A = B =
(

1 0
0 0

)
∈ ∂	n(R),
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and for k ∈ N let Ak = A + k−1 I and Bk = B + k−1 I . Thus, ((Ak, Bk))k

converges to (A, B) from above. By using the equality f (X, Y ) =
X (X + Y )−1Y = Y (X + Y )−1 X for X, Y ∈ int(	n(R)), a simple calculation
shows that

F(A, B) = lim
k→∞ f (Ak, Bk) =

(
1/2 0
0 0

)
.

On the other hand, if we consider

A′
k =

(
1 1/k

1/k m/k2

)
and B ′

k =
(

1 2/k
2/k 4m/k2

)
,

where k,m ∈ N and m > 1, then ((A′
k, B ′

k))k also converges to (A, B), but

lim
k→∞ f (A′

k, B ′
k) 	=

(
1/2 0
0 0

)
.

Indeed, a straightforward computation shows that

lim
k→∞ f (A′

k, B ′
k) =

(
a 0
0 0

)
,

where a = (5m − 5)/(10m − 9) < 1/2. Consequently F is not continuous.
The cone 	n(R) is not polyhedral by Lemma 2.4.1. It turns out that the

extension F : K → K ′ defined in Theorem 5.1.2 is always continuous, if K is
polyhedral. This is due to the following geometric property, which, as we shall
prove, characterizes polyhedral cones.

Definition 5.1.3 A closed cone K ⊆ V is said to satisfy condition G at x ∈ K
if, for every sequence (xk)k ⊆ K with limk→∞ xk = x and each 0 < λ < 1,
there exists m ∈ N such that λx ≤ xk for all k ≥ m. We say that K satisfies
condition G if condition G is satisfied at every point in K .

Note that if K is a solid closed cone, condition G is satisfied at every point
x ∈ int(K ). However, for K to satisfy condition G at each point in ∂K , it needs
to be polyhedral, as the following result from [41] shows.

Lemma 5.1.4 A solid closed cone K ⊆ V is polyhedral if and only if it satisfies
condition G.

Proof If K ⊆ V is a polyhedral cone, there exist finitely many linear func-
tionals ψ1, . . . , ψN such that K = {x ∈ V : ψi (x) ≥ 0 for i = 1, . . . , N }.
Let (xk)k be a convergent sequence in K with limit x , and let 0 < λ < 1.
As xk → x , we have that ψi (xk) → ψi (x) for 1 ≤ i ≤ m. If ψi (x) > 0,
then ψi (xk) − ψi (λx) → (1 − λ)ψi (x) > 0. In that case there exists
mi ≥ 1 such that ψi (xk) ≥ ψi (λx) for all k ≥ mi . If ψi (x) = 0, then
clearly 0 = ψi (λx) ≤ ψi (xk) for all k ≥ 1 and we put mi = 1. Now let
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m = max{mi : i = 1, . . . , N }. Then ψi (λx) ≤ ψi (xk) for all k ≥ m. This
implies that xk − λx ∈ K for all k ≥ m.

To show the opposite implication, we take ϕ ∈ int(K ∗) and let � = {x ∈
K : ϕ(x) = 1}. Recall from Lemma 1.2.4 that such a positive functional ϕ
exists and � is a compact and convex set. Clearly K is polyhedral if � is a
polyhedron. Thus, it suffices to prove that � has finitely many extreme points.

Let x ∈ � and 0 < λ < 1. It follows from condition G that there exists a
neighborhood Ux of x such that λx ≤ u for all u ∈ Ux ∩ K . Let y 	= x in
Ux ∩ � and for 0 < α ≤ λ, put z = y/(1 − α) − αx/(1 − α). Remark that
z ∈ �, as ϕ(z) = 1 and 0 < α ≤ λ. Thus, y = (1−α)z +αx is not an extreme
point of �. This implies that Ux contains at most one extreme point of �. As
� is compact, ∪x∈�Ux has a finite subcover of �, and hence � has finitely
many extreme points.

By exploiting property G of polyhedral cones, we now prove the following
result.

Theorem 5.1.5 Let K ⊆ V and K ′ ⊆ V ′ be closed cones and suppose that
K is a solid polyhedral cone. If f : int(K ) → K ′ is order-preserving and
(sub)homogeneous, then F : K → K ′ given in Theorem 5.1.2 is a continuous
order-preserving (sub)homogeneous extension of f .

Proof By Theorem 5.1.2 it remains to be shown that F is continuous. As f is
non-expansive under Thompson’s metric on int(K ), F is continuous on int(K ).
Now let (xk)k ⊆ K be a sequence that converges to x ∈ ∂K . Take an increasing
sequence (λk)k ⊆ (0, 1)with λk → 1. For each k ≥ 1 there exists mk ≥ 1 such
that λk x ≤K xm for all m ≥ mk . On the other hand, there exists u ∈ int(K )
and a decreasing sequence (δk)k with δk → 0 such that

x − δku ≤K xm ≤K x + δku for all m ≥ mk,

and hence λk F(x) ≤K ′ F(λk x) ≤K ′ F(xm) ≤K ′ F(x + δku) for all m ≥ mk .
This implies that

0 ≤K ′ F(xm)− λk F(x) ≤K ′ f (x + δku)− λk F(x) for all m ≥ mk .

and hence limk→∞ F(xk) = F(x).

5.2 The cone spectrum

The analysis of the eigenvalues and eigenvectors of order-preserving homoge-
neous maps on closed cones in finite-dimensional vector spaces has numerous
similarities with the classical Perron–Frobenius theory, but also some marked
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contrasts. For instance, there exist continuous order-preserving homogeneous
maps f : K → K that have infinitely many distinct eigenvalues. This may
come as a surprise, especially since K is only assumed to be finite-dimensional.
The purpose of this section is to discuss this issue in detail. Given an order-
preserving homogeneous map f : K → K we say that λ ≥ 0 is an eigenvalue
of f if there exists x ∈ K with x 	= 0 such that f (x) = λx , and denote the
cone spectrum by

σK ( f ) = {λ ≥ 0 : λ is an eigenvalue of f }.
The following result is elementary, but useful.

Lemma 5.2.1 Suppose that f : K → K is an order-preserving homogeneous
map on a closed cone K ⊆ V and x, y ∈ K \ {0} are such that y dominates x.
If λx ≤K f (x) and f (y) ≤K μy, then λ ≤ μ.

Proof The case λ = 0 is trivial. So, assume that λ > 0. Note that as y
dominates x , there exists β > 0 such that x ≤K βy. This implies that
λk x ≤K f k(x) ≤K β f k(y) ≤K βμk y, so that(μ

λ

)k
y − 1

β
x ∈ K

for all k ≥ 1. Letting k → ∞ we see that if μ < λ, then −x/β ∈ K , which is
impossible. Thus, λ ≤ μ, which completes the proof.

As a consequence we derive the following result.

Corollary 5.2.2 If f : K → K is an order-preserving homogeneous map on a
closed cone K ⊆ V , and f has eigenvectors x and y in K with x ∼K y, then
the eigenvalues of x and y are equal.

Proof Suppose that f (x) = λx and f (y) = μy. As x ∼K y, we know that
x dominates y, and y dominates x . So, it follows from Lemma 5.2.1 that λ =
μ.

As {0} is a part of any cone K , we see that the number of distinct eigen-
values of an order-preserving homogeneous map f : K → K is bounded by
m − 1, where m is the number of parts of K . In case K = R

n+ it is easy to
construct an example that shows that the upper bound is sharp. Indeed, given
I ⊆ {1, . . . , n}, define 1I ∈ R

n+ by 1I
i = 1 if i ∈ I , and 1I

i = 0 otherwise.
Furthermore, let λI > 0 be such that λI < λJ if I ⊆ J and I 	= J . Now
consider f : R

n+ → R
n+ given by

f (x) =
∨

∅	=I⊆{1,...,n}
λI (min

i∈I
xi )1

I for x ∈ R
n+.
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Clearly f is a continuous order-preserving homogeneous map on R
n+. More-

over, for J ⊆ {1, . . . , n} with J 	= ∅ we have that

f (1J ) =
∨

∅	=I⊆J

λI1
I = λJ1

J ,

as λI < λJ for I ⊆ J with I 	= J . Thus, we can arrange f to have 2n − 1
distinct eigenvalues.

It turns out that the upper bound, m − 1, is sharp for every polyhedral cone.
Before we prove this we introduce some notation. Let K ⊆ V be a solid
polyhedral cone with N facets and facet-defining functionals ψ1, . . . , ψN . For
r < 0 and I ⊆ {1, . . . , N } non-empty, define Mr (I ) : int(K ) → [0,∞) by

Mr (I )(x) =
(∑

i∈I

ψi (x)
r
)1/r

for x ∈ int(K ).

Note that Mr (I ) has a continuous order-preserving homogeneous exten-
sion to ∂K by Theorem 5.1.2. Moreover, if x ∈ ∂K and there exists i ∈ I
with ψi (x)= 0, then Mr (I )(x)= 0, since r < 0. For r = − ∞ we let
M−∞(I ) : K → [0,∞) be given by

M−∞(I )(x) = min
i∈I

ψi (x) for x ∈ K .

Theorem 5.2.3 Let K ⊆ V be a solid polyhedral cone with m faces. If
f : K → K is a homogeneous order-preserving map, then |σK ( f )| ≤ m − 1.
Moreover, there exists a continuous homogeneous order-preserving map on K
with m − 1 distinct eigenvalues.

Proof It follows from Lemma 1.2.2 that if K is a polyhedral cone with m faces,
then K has m parts. Omitting the trivial part {0} and using Corollary 5.2.2 we
find that m − 1 is an upper bound for the size of σK ( f ).

To construct an example with m − 1 distinct eigenvalues on a polyhedral
cone K with m faces, we let ψ1, . . . , ψN denote the facet-defining functionals
of K . Let P(K ) denote the collection of parts of K , so |P(K )| = m. Recall
that each part of K is the relative interior of a face of K ; see Lemma 1.2.2.
Moreover by Lemma 1.2.3 we know that for each P ∈ P(K ) we have that

P = {x ∈ K : ψi (x) > 0 if and only if i ∈ I (P)},
where I (P) = {i : ψi (x) > 0 for some x ∈ P}

For each P ∈ P(K ) with P 	= {0} select z P ∈ P . The idea is to con-
struct a continuous order-preserving homogeneous map which has the points
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z P as eigenvectors with distinct eigenvalues. Let r ∈ [−∞, 0). We will use a
continuous order-preserving homogeneous map fr : K → K of the form

fr (x) =
∑

P∈P(K ),P 	={0}
λP Mr (I (P))(x)u

P for x ∈ K , (5.2)

where λP > 0 and u P ∈ P are chosen appropriately.
Recall that P(K ) has a natural partial ordering � given by P � Q if for each

y ∈ Q and x ∈ P there exists β > 0 such that x ≤K βy. Furthermore recall
from Lemma 1.2.3 that P � Q if and only if I (P) ⊆ I (Q). It follows that for
each x ∈ Q and P ∈ P(K ) with P 	= {0} we have that Mr (I (P))(x) > 0 if
P � Q, and Mr (I (P))(x) = 0 otherwise.

We will define λP > 0 and u P ∈ P inductively using the height of P with
respect to �. For P ∈ P(K ) with dim P = 1, so that P has height 1,
take u P = z P and chose λP > 0 such that the positive numbers μP =
λP Mr (I (P))(u P ) are all distinct for P ∈ P(K ) with height 1. So, f (z P) =
μP z P for those parts P .

Now suppose that we have already selected u P ∈ P and λP > 0 for all
P � Q with {0} 	= P 	= Q. Consider

fr (z
Q)=

∑
P∈P(K ),P 	={0}

λP Mr (I (P))(z
Q)u P =

∑
P�Q,P 	={0}

λP Mr (I (P))(z
Q)u P

and write

wQ =
∑

P�Q,{0}	=P 	=Q

λP Mr (I (P))(z
Q)u P .

Note that for each μQ > 0 sufficiently large we have that μQzQ − wQ ∈ Q.
Take λQ > 0 and uQ ∈ Q such that

λQ Mr (I (Q))(z
Q)uQ = μQ zQ − wQ .

Recall that Mr (I (Q))(zQ) > 0; so, once we have fixed μQ > 0 and λQ > 0
the vector uQ ∈ Q is uniquely determined.

It follows from the construction that fr (zQ) = wQ +μQzQ −wQ = μQzQ .
Thus, we can chose μQ > 0 such that fr has |P(K )| − 1 = m − 1 distinct
eigenvalues.

If −∞ < r < 0, the function f we constructed in Theorem 5.2.3 is infinitely
differentiable on int(K ). One could ask whether there exists a continuous
homogeneous order-preserving map on K as in Theorem 5.2.3 which is C1

on int(K ) and for which D f (x) extends continuously to 0. For dim K > 1 the
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answer is trivially no: If L denotes the limit of D f (x) as x → 0, L would
necessarily have m − 1 distinct eigenvalues.

The following result shows that the cone spectrum need not be finite if the
cone is not polyhedral. To prove it we need Straszewicz’s theorem [210] (see
also [186, p. 167]), which says that the exposed points of a closed convex set
S in a finite-dimensional vector space V are dense in the extreme points of S.

Recall that a point x in a closed convex set C ⊆ V is said to be exposed
if there exists a hyperplane H ⊆ V with dim(H) = dim(V ) − 1 such that
H ∩ C = {x}.
Theorem 5.2.4 If K ⊆ V is a solid closed cone, then there exists a continuous
order-preserving homogeneous map f : K → K with infinitely many distinct
eigenvalues if and only if K is nonpolyhedral.

Proof By Theorem 5.2.3 it suffices to construct for each solid closed non-
polyhedral cone K ⊆ V a continuous order-preserving homogeneous map
f : K → K with infinitely many distinct eigenvalues.

Let u ∈ int(K ) and note that if K is nonpolyhedral, then K ∗ is also non-
polyhedral. Define �∗ = {ϕ ∈ K ∗ : ϕ(u) = 1}, which is a compact convex set
in V ∗ by Lemma 1.2.4. As K ∗ is nonpolyhedral, �∗ is not a polyhedron, and
hence it has infinitely many extreme points. By Straszewicz’s theorem [210],
we know that the exposed points of �∗ are dense in the extreme points of �∗.
Therefore we can find a sequence (ϕk)k in �∗ of distinct exposed points such
that ϕk → ψ ∈ �∗ as k → ∞ and ϕk 	= ψ for all k ≥ 1.

As ϕk is an exposed point of �∗, F = {λϕk : λ ≥ 0} is an exposed face of
K ∗. So, as K ∗∗ = K , there exists xk ∈ K with ‖xk‖ = 1 such that ϕk(xk) = 0
and ϕ(xk) > 0 for all ϕ ∈ �∗ \ {ϕk}. In particular,

ψ(xk) > 0 and ϕm(x
k) > 0 for all m 	= k. (5.3)

Now define f : K → K as follows:

f (x) =
∞∑

k=1

(1

2

)k
λk inf

m 	=k
ϕm(x)x

k for x ∈ K ,

where (λk)k is a bounded sequence of strictly positive reals. Note that for each
k 	= q we have that

λk inf
m 	=k

ϕm(x
q) = 0,

as ϕq(xq) = 0. On the other hand, if k = q , then

λq inf
m 	=q

ϕm(x
q) > 0,
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by (5.3) and the fact that ϕk → ψ as k → ∞, ϕk 	= ϕq for all k 	= q, and
ϕq 	= ψ .

Thus for each q ≥ 1 we have that

f (xq) =
(1

2

)q
λq inf

m 	=q
ϕm(x

q)xq ,

which shows that xq is an eigenvector of f . We can select 0 < λq ≤ 1 in such
a way as to ensure that f has infinitely many distinct eigenvalues.

The cone spectrum of the map f constructed in the proof of Theorem 5.2.4
is a countably infinite set. The following example shows that the cone spectrum
of a continuous order-preserving homogeneous map may contain a continuum,
even if the cone is finite-dimensional.

Example 5.2.5 The example we give is defined on the cone of positive-
semidefinite symmetric 2 × 2 matrices, 	2(R), but similar examples exist on
	n(R) for n > 2. Recall from Section 2.4 that 	2(R) is a self-dual cone with
respect to the inner-product 〈R, S〉 = tr(RS). Let

A =
(

1 0
0 0

)
∈ ∂	2(R)

and define f : 	2(R) → 	2(R) by

f (X) =
(

tr(X A)X
)1/2

for X ∈ 	2(R).

Clearly if X ≤ Y , then tr(X A) ≤ tr(Y A), as A ∈ 	2(R). It follows that

tr(X A)X ≤ tr(Y A)X ≤ tr(Y A)Y,

which implies that f (X) ≤ f (Y ), since the map R �→ R1/2 is order-preserving
on 	2(R) (see Section 1.4). Note also that f is homogeneous.

For 0 ≤ α ≤ 1 let

Xα =
(

1 − α 0
0 α

)
∈ 	2(R).

So, tr(XαA) = 1 − α and

f (Xα) =
(
(1 − α)2 0

0 (1 − α)α

)1/2

=
(
(1 − α) 0

0
√
(1 − α)α

)
.

We see that if f (Xα) = λXα , then λ = 1 and
√
(1 − α)α = α, which is

equivalent to α = 0 or α = 1/2. Thus, X0 and X1/2 are eigenvectors of f with
eigenvalue 1. As X1/2 lies in the interior of the cone, it follows from Lemma
5.2.1 that the maximum eigenvalue of f is equal to 1.
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Now consider Z ∈ ∂	2(R) with tr(Z) = 1. Note that Z can be written as

Z =
(

cosϑ − sinϑ
sinϑ cosϑ

)
X0

(
cosϑ sinϑ

− sinϑ cosϑ

)

=
(

cos2 ϑ cosϑ sinϑ
cosϑ sinϑ sin2 ϑ

)

for some 0 ≤ ϑ ≤ 2π . Thus,

f (Z) =
(

tr(Z A)Z
)1/2 = | cosϑ |Z1/2 = | cosϑ |Z ,

which shows that Z ∈ ∂	2(R) is an eigenvector with eigenvalue | cosϑ |, and
hence the cone spectrum of f is equal to [0, 1].

With regard to Example 5.2.5 we mention the following open problem.

Problem 5.2.6 Which finite-dimensional closed cones K admit a continuous
order-preserving homogeneous map f : K → K with a continuum in σK ( f )?

5.3 The cone spectral radius

The main part of the Perron–Frobenius theorem concerns the spectral radius
and its corresponding eigenvector. In this section we discuss generalizations
of the spectral radius to nonlinear cone maps. Initially we shall only assume
that f : K → K is a continuous homogeneous map on a solid closed cone
K in a finite-dimensional vector space V . Two natural definitions for the cone
spectral radius, denoted rK ( f ), are considered, and it will be shown that they
coincide. Unlike the linear case, it may happen that there exists no x ∈ K \ {0}
such that

f (x) = rK ( f )x . (5.4)

In the next section, however, it will be shown that if f : K → K is also
assumed to be order-preserving, then rK ( f ) is an eigenvalue of f . It must
be remarked that the issue does not arise if f : K → K is linear, as f is
necessarily order-preserving in that case.

Let K ⊆ V be a closed clone and f : K → K be a continuous homogeneous
map. As f is continuous at 0 and homogeneous, we can define

‖ f ‖K = sup{‖ f (x)‖: x ∈ K and ‖x‖ ≤ 1}, (5.5)

where ‖·‖ is a fixed norm on V . Since f is homogeneous, ‖ f (x)‖ ≤ ‖ f ‖K ‖x‖
for all x ∈ K . This implies that

‖ f k+m(x)‖ ≤ ‖ f k‖K ‖ f m‖K ‖x‖
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for all k,m ≥ 1 and x ∈ K , so that

‖ f k+m‖K ≤ ‖ f k‖K ‖ f m‖K for all k,m ≥ 1.

By Fekete’s sub-additive lemma [64], we find that

lim
m→∞ ‖ f m‖1/m

K = inf
m≥1

‖ f m‖1/m
K . (5.6)

For linear maps f , Bonsall [32] called limm→∞ ‖ f m‖1/m
K the cone spectral

radius of f . For a continuous homogeneous map f : K → K we therefore
define the Bonsall cone spectral radius of f to be

r̂K ( f ) = lim
m→∞ ‖ f m‖1/m

K = inf
m≥1

‖ f m‖1/m
K . (5.7)

Note that r̂K ( f ) is independent of norm, as all norms on a finite-dimensional
vector space are equivalent.

Another natural definition of the cone spectral radius of f : K → K is the
following. For each x ∈ K with x 	= 0 let

μK (x, f ) = lim sup
m→∞

‖ f m(x)‖1/m, (5.8)

and define the cone spectral radius of f by

rK ( f ) = sup{μK (x, f ) : x ∈ K and x 	= 0}. (5.9)

Note that ‖ f m(x)‖1/m ≤ ‖ f m‖1/m
K ‖x‖1/m for all x ∈ K with x 	= 0 and

m ≥ 1. As limm→∞ ‖ f m‖1/m
K = r̂K ( f ), we see that μK (x, f ) ≤ r̂K ( f ) for

all x ∈ K with x 	= 0. Thus,

rK ( f ) ≤ r̂K ( f ). (5.10)

By making essential use of the assumption that V is finite-dimensional, it will
be shown that rK ( f ) = r̂K ( f ). In fact, the equality does not necessarily hold in
infinite-dimensional Banach spaces: see [138]. The following result is a special
case of [138, theorem 2.3].

Theorem 5.3.1 If f : K → K is a continuous homogeneous map on a closed
cone K ⊆ V , then rK ( f ) = r̂K ( f ).

Proof By inequality (5.10) it suffices to prove that r̂K ( f ) ≤ rK ( f ). Suppose
that rK ( f ) < r̂K ( f ). For λ ≥ 0 fixed, define fλ(x) = f (λx) = λ f (x). Clearly
rK ( fλ) = λrK ( f ) and r̂K ( fλ) = λr̂K ( f ). Thus, replacing f by fλ, we may
assume that rK ( f ) < 1 and r̂K ( f ) > 1.

For α > 0 let Bα = {x ∈ K : ‖x‖ ≤ α}. As rK ( f ) < 1, there exists for each
x ∈ K an integer mx ≥ 1 such that f mx (x) ∈ B1/3. By continuity, there exists
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a relatively open neighborhood Vx of x in K such that ‖ f mx (y)‖ < 1/2 for all
y ∈ Vx .

The collection {Vx : x ∈ B1} is an open covering of the compact set B1, and
hence there exist finitely many x1, . . . , x p ∈ B1 such that B1 ⊆⋃p

j=1 Vx j . For

notational convenience write Vj = B1 ∩ Vx j and m j = mx j . So, B1 = ∪p
j=1Vj

and ‖ f m j (y)‖ < 1/2 for all y ∈ Vj .
Let M = max j m j and W = ∪M

j=0 f j (B1). We claim that f (W ) ⊆ W .

If w ∈ W , then w = f j (x) for some x ∈ B1 and 0 ≤ j ≤ M . Clearly if
j < M , then f (w) = f j+1(x) ∈ W . On the other hand, if w = f M (x), then
we can find 1 ≤ k ≤ p such that x ∈ Vk . Note that f mk (x) ∈ B1/2 ⊆ B1 and
1 ≤ mk ≤ M . Putting ξ = f mk (x) ∈ B1 and using the fact that B1 ⊆ W , we
find that f (w) = f M−mk+1(ξ) ∈ W .

Since W is compact, there exists a constant R > 0 such that ‖w‖ < R for
all w ∈ W . Thus, for each x ∈ B1, we have that ‖ f m(x)‖ ≤ R for all m ≥ 1.
This implies that r̂K ( f ) ≤ 1, which is a contradiction.

The cone spectral radius rK ( f ), and hence also r̂K ( f ), has the following
basic properties.

Proposition 5.3.2 If K ⊆ V is a closed cone and g : K → K is a continuous
homogeneous map, then the following hold:

(i) For each k ≥ 1 we have that rK (gk) = rK (g)k .
(ii) If gk(x) = λk x for some x ∈ K \ {0} and k ≥ 1, then λ ≤ rK (g).

Moreover, if K1 ⊆ V1 and K2 ⊆ V2 are closed cones, and f1 : K1 → K2 and
f2 : K2 → K1 are continuous homogeneous maps, then

rK1( f2 ◦ f1) = rK2( f1 ◦ f2).

Proof By Theorem 5.3.1 it suffices to prove the statements for r̂K (g). Remark
that

r̂K (g
k) = lim

m→∞ ‖gkm‖1/m
K = lim

m→∞
(
‖gkm‖1/(mk)

K

)k = r̂K (g)
k .

To prove the second assertion let x ∈ K \ {0} and gk(x) = λk x . Clearly
gkm(x) = λkm x for all m ≥ 1, so that

λ = lim
m→∞ ‖gkm(x)‖1/(mk) ≤ lim sup

j→∞
‖g j (x)‖1/j ≤ rK (g).

To prove the last assertion let ‖ · ‖ be a norm on V1 and ‖ · ‖′ be a norm
on V2. Define ‖ f1‖ = sup{‖ f1(x)‖′ : x ∈ K1 and ‖x‖ ≤ 1}. Likewise let
‖ f2‖ = sup{‖ f2(y)‖: y ∈ K2 and ‖y‖′ ≤ 1}. For every integer m ≥ 1,
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‖( f2◦ f1)
m+1(x)‖ = ‖ f2(( f1◦ f2)

m( f1(x)))‖ ≤ ‖ f2‖‖( f1◦ f2)
m‖K2‖ f1‖‖x‖,

so that

‖( f2 ◦ f1)
m+1‖K1 ≤ ‖ f2‖‖( f1 ◦ f2)

m‖K2‖ f1‖.
If ‖ f1‖ = 0, or if ‖ f2‖ = 0, then

r̂K1( f2 ◦ f1) = 0 ≤ r̂K2( f1 ◦ f2).

On the other hand, if both are non-zero, then

r̂K1( f2 ◦ f1) = lim
m→∞ ‖( f2 ◦ f1)

m+1‖1/(m+1)
K1

≤ lim
m→∞ ‖ f2‖1/(m+1)

(
‖( f1 ◦ f2)

m‖1/m
K2

)m/(m+1)‖ f1‖1/(m+1)

= r̂K2( f1 ◦ f2).

From Theorem 5.3.1, we conclude that rK1( f2 ◦ f1) ≤ rK2( f1 ◦ f2). Inter-
changing the roles of K1 and K2 shows that rK1( f2 ◦ f1)= rK2( f1 ◦ f2).

It is natural to ask if the cone spectral radius of a continuous homogeneous
map f : K → K is an eigenvalue. Define

r̃K ( f ) = sup{λ ≥ 0 : g(x) = λx for some x ∈ K \ {0}}.
One may suspect that r̃K ( f ) = rK ( f ), particularly as r̃K ( f ) ≤ rK ( f )
by Proposition 5.3.2(ii). The following example, however, shows that the
inequality can be strict, even in finite dimensions.

Example 5.3.3 Consider the Lorentz cone �3 = {(x1, x2, x3) ∈ R3 : x2
1 −

x2
2 − x2

3 ≥ 0 and x1 ≥ 0}. Let Uϑ : R2 → R2 denote the rotation through ϑ
about the origin, and assume that ϑ/π is irrational. Define fϑ : �3 → �3 by

fϑ(x) = (
1

2
x1 +

√
x2

2 + x2
3 ,Uϑ(x2, x3)) for x ∈ �3.

It is easy to verify that fϑ(�3) ⊆ �3, and that fϑ is a continuous homogeneous
map. Furthermore, for each k ≥ 1 we have that

f k
ϑ (x) = ((1/2)k x1 +

√
x2

2 + x2
3

k−1∑
j=0

(1/2) j ,U k
ϑ(x2, x3)), (5.11)

since ‖(x2, x3)‖2 = ‖Uϑ(x2, x3)‖2. As ϑ/π is irrational, we know that
Uϑ(x2, x3) = λ(x2, x3) for some λ ≥ 0 if and only if (x2, x3) = (0, 0).
Thus, x ∈ �3 with x 	= 0 satisfies fϑ(x) = λx for some λ ≥ 0 if and only if
x1 > 0, x2 = x3 = 0, and λ = 1/2. This shows that r̃�3( fϑ) = 1/2. By taking
x = (x1, x2, x3) with x1 ≥ 0 and x2

1 = 1/2 = x2
2 + x2

3 and using (5.11), we
see that ‖ f k

ϑ ‖2 ≥ 1. So, r�3( fϑ) ≥ 1, which shows that r̃�3( fϑ) < r�3( fϑ).
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To ensure that the cone spectral radius is an eigenvalue, extra assumptions
are required. In the next section it will be shown that it is sufficient to assume,
in addition, that f is order-preserving. In fact, the following slightly more gen-
eral condition suffices. There exists a closed cone C ⊆ V with K ⊆ C such
that f : K → K is a continuous homogeneous map that is order-preserving
with respect to C . The assumption that f is order-preserving with respect to
C instead of K may seem artificial; indeed, in many natural examples f is
order-preserving with respect to K . It may, however, happen that it is easier to
prove that f preserves ≤C even if f is K -order-preserving. To illustrate this,
consider the following example.

Example 5.3.4 For 1 ≤ i, j ≤ n let αi j ≥ 0 be such that
∑n

j=1 αi j > 0 for
each i . Define f : int(Rn+) → R

n+ by

fi (x) =
( n∑

j=1

αi j x−1
j

)−1

for all 1 ≤ i ≤ n and x ∈ int(Rn+). Obviously f is continuous, homogeneous,
and order-preserving with respect to R

n+. By Theorem 5.1.5 f has a continuous
homogeneous order-preserving extension to R

n+.
Let K = {x ∈ R

n : 0 ≤ x1 ≤ x2 ≤ . . . ≤ xn}. We claim that f (K ) ⊆ K if
and only if

k∑
j=1

αi j ≥
k∑

j=1

α(i+1) j for 1 ≤ i < n and 1 ≤ k ≤ n. (5.12)

To show this we note that, by continuity of f , f (K ) is contained in K if and
only if f (x) ∈ K for all x ∈ K with 0 < x1 ≤ x2 ≤ . . . ≤ xn . For such
x ∈ K , f (x) ∈ K is equivalent to

n∑
j=1

αi j x−1
j ≥

n∑
i=1

α(i+1) j x−1
j for 1 ≤ i < n. (5.13)

Write y j = x−1
j , and note that y1 ≥ y2 ≥ . . . ≥ yn > 0 and y j → 0 as

x j → ∞. Thus, (5.13) is equivalent to

n∑
j=1

αi j y j ≥
n∑

j=1

α(i+1) j y j (5.14)

for all 1 ≤ i ≤ n and y1 ≥ y2 ≥ . . . ≥ yn ≥ 0.
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For i fixed let β j = αi j − α(i+1) j and define Sk = ∑k
j=1 β j and S0 = 0.

Summation by parts shows that

n∑
j=1

β j y j =
n−1∑
k=1

Sk(yk − yk+1)+ Sn yn . (5.15)

As y1 ≥ y2 ≥ . . . ≥ yn > 0 and, by (5.12), Sk ≥ 0 for all 1 ≤ k ≤ n, we see
that (5.14) is satisfied.

To show the equivalence we fix 1 ≤ k ≤ n and consider the vector y given
by y j = 1 for 1 ≤ j ≤ k and y j = 0 for j > k. In that case (5.14) gives∑k

j=1 αi j ≥ ∑k
j=1 α(i+1) j . This shows that f (K ) ⊆ K if and only if (5.12)

holds.
Even though f (K ) is contained in K it may happen that f is not order-

preserving with respect to K . For instance one can use Theorem 1.3.1 to show
that if

αnn(α(n−1)n)
2 − α(n−1)n(αn1)

2 < 0

then f is not order-preserving with respect to K .

We conclude this section with several useful inequalities for the cone
spectral radius.

Proposition 5.3.5 Let K ⊆ C be closed cones in V , and f : K → K and
g : K → K be continuous homogeneous maps such that

f (x) ≤C g(x) for all x ∈ K . (5.16)

If either f or g is order-preserving with respect to C, then rK ( f ) ≤ rK (g).

Proof We first show by induction that f k(x) ≤C gk(x) for all x ∈ K . The
case k = 1 is our assumption. Suppose that f m(x) ≤C gm(x) for all x ∈ K
and m ≤ k. If f is order-preserving with respect to C , then it follows from
(5.16) that

f k+1(x) = f ( f k(x)) ≤C f (gk(x)) ≤C g(gk(x)) = gk+1(x).

On the other hand, if g is order-preserving with respect to C , then

f k+1(x) = f ( f k(x)) ≤C g( f k(x)) ≤C g(gk(x)) = gk+1(x).

As C is a closed cone in a finite-dimensional vector space, C is normal by
Lemma 1.2.5. Thus, there exists M > 0 such that ‖u‖ ≤ M‖v‖ for all u, v ∈ C
with u ≤C v. it follows that

‖ f k(x)‖ ≤ M‖gk(x)‖ for all x ∈ K and k ≥ 1.
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So, lim supk→∞ ‖ f k(x)‖1/k ≤ lim supk→∞ ‖gk(x)‖1/k for all x ∈ K , and
hence rK ( f ) ≤ rK (g).

Proposition 5.3.6 Let K ⊆ C be closed cones in V and f : K → K be a
continuous homogeneous map. If f is order-preserving with respect to C and
there exist u ∈ K \ {0} and ρ > 0 such that

ρu ≤C f (u),

then rK ( f ) ≥ ρ. Moreover, if K has a non-empty interior, then for each x ∈
int(K ) we have that

rK ( f ) = lim
k→∞ ‖ f k(x)‖1/k .

Proof If ρu ≤C f (u), then ρku ≤C f k(u) for all k ≥ 1. As C is normal, we
deduce that ρk‖u‖ ≤ M‖ f k(u)‖ for some constant M > 0. This implies that

ρ ≤ lim sup
k→∞

‖ f k(u)‖1/k ≤ rK ( f ).

If x ∈ int(K ), then there exists a constant M ′ > 0 such that y ≤C M ′x for
all y ∈ K with ‖y‖ ≤ 1. Again using normality of C , we find that ‖ f k(y)‖ ≤
M ′M‖ f k(x)‖ for all y ∈ K with ‖y‖ ≤ 1 and k ≥ 1. This implies that

‖ f k‖K ≤ M ′M‖ f k(x)‖ ≤ M ′M‖x‖‖ f k‖K .

As limk→∞ ‖ f k‖1/k
K = rK ( f ) by Theorem 5.3.1, we conclude that

lim
k→∞ ‖ f k(x)‖1/k = rK ( f ).

5.4 Eigenvectors corresponding to the cone spectral radius

As in classical Perron–Frobenius theory the cone spectral radius of a contin-
uous homogeneous order-preserving map is an eigenvalue with eigenvector in
the cone. The proof relies on the Brouwer fixed-point theorem. The idea that
fixed-point theory can be a powerful tool to show existence of eigenvectors
is an old one, and can be traced back to the works of Alexandroff and Hopf
[8, pp. 480–1] and Kreı̆n and Rutman [117].

Theorem 5.4.1 Let K ⊆ C be closed cones in V , where K has non-empty
interior, and let f : int(K ) → K be a continuous homogeneous map which is
order-preserving with respect to C. Suppose that ϑ ∈ int(C∗) and u ∈ int(K ).
For ε > 0 define fε : int(K ) → int(K ) by
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fε(x) = f (x)+ εϑ(x)u for x ∈ int(K ). (5.17)

The following assertions hold:

(i) The map fε is continuous, homogeneous, and order-preserving with
respect to C.

(ii) There exists xε ∈ int(K ) with ϑ(xε) = 1 such that fε(xε) = rK ( fε)xε.

(iii) If 0 < η < ε, then rK ( fη) < rK ( fε) and hence limε→0 rK ( fε) = r
exists.

(iv) There exists a convergent sequence (xεk )k in {xε : 0 < ε ≤ 1} with xεk →
x and εk → 0 as k → ∞, such that f (xεk ) → y as k → ∞ and y = r x.

Proof Let� = {x ∈ K : ϑ(x) = 1}. So,� is a convex compact set by Lemma
1.2.4. Clearly fε is a continuous homogeneous map which preserves ≤C , as
ϑ ∈ C∗. Moreover, fε(K ) ⊆ int(K ), since u ∈ int(K ).

As u ∈ int(K ) ⊆ int(C) and � ⊆ K is compact, there exists M1 > 0 such
that

x ≤C M1u for all x ∈ �. (5.18)

This implies that fε(x) = f (x)+εu ≤C M1 f (u)+εu for all x ∈ �∩ int(K ).
As u ∈ int(C), there also exists M2 > 0 such that

M1 f (u) ≤C M2u. (5.19)

Thus,

fε(x) ≤C (M2 + ε)u for all x ∈ � ∩ int(K ). (5.20)

It follows that

εϑ(u) ≤ ϑ( fε(x)) ≤ (M2 + ε)ϑ(u) for all x ∈ � ∩ int(K ). (5.21)

Now define gε : � ∩ int(K ) → � ∩ int(K ) by

gε(x) = fε(x)

ϑ( fε(x))
for all x ∈ � ∩ int(K ).

By (5.21) we know that

εu

(M2 + ε)ϑ(u)
≤K

fε(x)

(M2 + ε)ϑ(u)
≤K gε(x).

As C is a closed cone in a finite-dimensional vector space V , it is normal
and hence there exists a constant M3 > 0 such that ‖ f (x)‖ ≤ M3‖u‖ for all
x ∈ � ∩ int(K ) by (5.18) and (5.19). Since f (x) ∈ K for all x ∈ � ∩ int(K )
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and u ∈ int(K ), there exists a constant M > 0 such that f (x) ≤K Mu for all
x ∈ � ∩ int(K ). By using (5.21) we see that

gε(x) ≤K
f (x)+ εu

εϑ(u)
≤K

(M + ε)u

εϑ(u)
for all x ∈ � ∩ int(K ).

Thus, there exist constants 0 < A ≤ B such that

gε(� ∩ int(K )) ⊆ {x ∈ � ∩ int(K ) : Au ≤K x ≤K Bu}. (5.22)

Write �ε = {x ∈ � ∩ int(K ) : dH (x, u) ≤ log(B/A)}, where the Hilbert
metric is determined by K . So, �ε is a compact convex subset of � ∩ int(K )
by Lemma 2.6.1. The inclusion (5.22) ensures that gε(�ε) ⊆ �ε. It follows
from the Brouwer fixed-point theorem that gε(xε) = xε for some xε ∈ �ε ⊆
�∩int(K ). Write λε = ϑ( fε(xε)) and note that fε(xε) = λεxε and ϑ(xε) = 1.
Proposition 5.3.6 implies that rK ( fε) = limk→∞ ‖ f k

ε (xε)‖1/k = λε. This
completes the proof of part (ii).

Now suppose that 0 < η < ε. As fη(xη) = rK ( fη)xη, we have that
fε(xη) = rK ( fη)xη + (ε − η)u. As u ∈ int(C), there exists δ > 0 such
that δxη ≤C (ε − η)u, so that

(rK ( fη)+ δ)xη ≤C fε(xη). (5.23)

Recall that xε ∈ int(C), and hence there exists α > 0 such that αxη ≤C xε.
Combining this inequality with (5.23) and iterating fε gives

α(rK ( fη)+ δ)k xη ≤C α f k
ε (xη) ≤C f k

ε (xε) = rK ( fε)
k xε.

This implies that( rK ( fε)

rK ( fη)+ δ

)k
xε − αxη ∈ C for all k ≥ 1. (5.24)

If rK ( fε) < rK ( fη) + δ, we can let k → ∞ in (5.24) and conclude that
−αxη ∈ C , which is impossible. Thus, rK ( fε) ≥ rK ( fη) + δ, which shows
that rK ( fη) < rK ( fε) for 0 < η < ε and hence limε→0 rK ( fε) = r exists.

As {xε : 0 < ε ≤ 1} and { f (xε) : 0 < ε ≤ 1} are bounded subsets of the
finite-dimensional closed cone K , there exists a sequence (εk)k with εk → 0
as k → ∞ such that (xεk )k converges to some x ∈ � and ( f (xεk ))k converges
to some y ∈ K . As fεk (xεk ) = rK ( fεk )xεk → r x as k → ∞, we find that
y = r x .

If the map f : int(K ) → K in Theorem 5.4.1 has a continuous homoge-
neous C-order-preserving extension F : K → K , then F has an eigenvector
in K with eigenvalue r . In that case we will see that r = rK (F). The exam-
ple discussed in Section 5.1 shows that in general f may fail to have such a
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continuous extension. However, in case K is polyhedral essentially the same
arguments as in Section 5.1 can be used to show that f always admits a con-
tinuous homogeneous extension F : K → K which is order-preserving with
respect to C . We refer the reader to [41, theorem 7.2] for details.

Corollary 5.4.2 Let K ⊆ C be closed cones in V with int(K ) non-empty. If
f : K → K is a continuous homogeneous map which is order-preserving with
respect to C, then there exists x ∈ K \ {0} with f (x) = rK ( f )x.

Proof We use the notation from Theorem 5.4.1. For each x ∈ K , f (x) ≤C

fε(x), so Proposition 5.3.5 implies that rK ( f ) ≤ rK ( fε). This shows that
r ≥ rK ( f ), where r = limε→0 rK ( fε). By part (iv) of Theorem 5.4.1 there
exists a sequence (xεk )k in � ∩ int(K ) with xεk → x and εk → 0 as k → ∞
such that f (xεk ) → y as k → ∞ and y = r x . Since f is continuous on K ,
we get that r x = y = f (x), so that r ≤ rK ( f ) by definition of rK ( f ). Thus,
r = rK ( f ) and f (x) = rK ( f )x .

Corollary 5.4.2 is closely related to a classical result by Kreı̆n and Rutman
[117, theorem 9.1], which deals with compact, nonlinear cone maps in a
Banach space. Direct generalizations to noncompact cone maps have been
given by Nussbaum and Mallet-Paret [138, 139], where more sophisticated
ideas from fixed-point theory, such as the fixed-point index, are used.

5.5 Continuity of the cone spectral radius

Given a continuous homogeneous order-preserving map f : K → K on a solid
closed cone K ⊆ V , and a sequence ( fk)k of continuous homogeneous order-
preserving maps on K such that

lim
k→∞ sup

x∈�
‖ f (x)− fk(x)‖ = 0, (5.25)

where � = {x ∈ K : ϕ(x) = 1} and ϕ ∈ int(K ∗), it is natural to ask if

lim
k→∞ rK ( fk) = rK ( f ). (5.26)

We say that f : K → K has a continuous cone spectral radius if (5.26) holds
for every sequence ( fk)k of continuous homogeneous order-preserving maps
on K satisfying (5.25). There exist examples [120] in infinite-dimensional
Banach spaces of linear maps that are compact on a closed cone, but not com-
pact as a linear map on the whole space, which do not have a continuous cone
spectral radius. In finite dimensions, however, no such examples are known. In
fact, the following problem is open.
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Problem 5.5.1 Is the cone spectral radius continuous for every continuous
homogeneous order-preserving map f : K → K on a solid closed cone K in
a finite-dimensional vector space V ?

The cone spectral radius is always upper-semicontinuous, as the following
lemma shows.

Lemma 5.5.2 If f : K → K is a continuous homogeneous order-preserving
map on a solid closed cone K ⊆ V and ( fk)k is a sequence of continuous
homogeneous order-preserving maps on K satisfying (5.25), then

lim sup
k→∞

rK ( fk) ≤ rK ( f ).

Proof For k ≥ 1 write λk = rK ( fk) and let uk ∈ K be such that fk(uk) =
λkuk . There exists a subsequence (λki )i such that

lim
i→∞ λki = lim sup

k→∞
λk = λ′.

As �ϕ = {x ∈ K : ϕ(x) = 1}, with ϕ ∈ int(K ∗), is compact by Lemma 1.2.4,
we may after taking a further subsequence assume that (uki )i converges in�ϕ .
Denote its limit by v. As f is continuous, f (v) = λ′v by (5.25). Now the
definition of rK ( f ) implies that λ′ ≤ rK ( f ), and we are done.

If the cone is polyhedral, the cone spectral radius is always continuous. This
is a consequence of the following result.

Theorem 5.5.3 If f : K → K is a continuous homogeneous order-preserving
map on a solid closed cone K ⊆ V , and there exists u ∈ K \ {0} at which
condition G is satisfied with f (u) = rK ( f )u, then the cone spectral radius is
continuous.

Proof For each k ≥ 1 write uk = fk(u). By (5.25), limk→∞ uk = rK ( f )u. As
condition G is satisfied at u, there exists 0 < μk < 1 with μk → 1 such that

μkrK ( f )u ≤K uk for all k ≥ 1.

This implies that μkrK ( f )u ≤K fk(u) for all k ≥ 1. It follows from Proposi-
tion 5.3.6 that μkrK ( f ) ≤ rK ( fk) for all k ≥ 1. Letting k → ∞ we deduce
that

rK ( f ) ≤ lim inf
k→∞ rK ( fk).
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Combining this inequality with Lemma 5.5.2 shows that limk→∞ rK ( fk) =
rK ( f ).

Recall from Lemma 5.1.4 that if K is a polyhedral cone, then condition G
is satisfied at every point x ∈ K . Thus, Theorem 5.5.3 has the following direct
consequence.

Corollary 5.5.4 The cone spectral radius is continuous for every continuous
homogeneous order-preserving map on a polyhedral cone.

Of course, to apply Theorem 5.5.3 we only need to know that condition
G is satisfied at an eigenvector u ∈ K with f (u) = rK ( f )u. An interesting
situation occurs when u ∈ int(K ). In that case condition G is satisfied at u
regardless of the geometry of the cone K .

Corollary 5.5.5 If f : K → K is a continuous homogeneous order-preserving
map and there exists u ∈ int(K ) with f (u) = rK ( f )u, then f has a continuous
cone spectral radius.

Further results concerning Problem 5.5.1 were obtained in [120] using the
fixed-point index. It was shown there that if f : K → K is a continuous homo-
geneous order-preserving map and there exists a sequence (μk)k in (0, rK ( f )]
such that limk→∞ μk = rK ( f ) and each μk is not an eigenvalue of f , then
rK ( f ) is continuous. We know from Example 5.2.5 that such a sequence (μk)k

does not always exist. In that specific example, however, the homogeneous
order-preserving map has an eigenvector in the interior of the cone, and hence
it has a continuous spectral radius by Corollary 5.5.5.

We end this section with an elementary result, which we will need later.

Lemma 5.5.6 If f : K → K is a continuous homogeneous order-preserving
map on a solid closed cone K and ( fk)k is a sequence of continuous
homogeneous order-preserving maps on K satisfying (5.25) and

f (x) ≤K fk(x) for all x ∈ K and k ≥ 1,

then limk→∞ rK ( fk) = rK ( f ).

Proof Let u ∈ K be such that f (u) = rK ( f )u and note that rK ( f )u =
f (u) ≤K fk(u). So, by Proposition 5.3.6 we know that rK ( f ) ≤ rK ( fk) for
all k ≥ 1, so that rK ( f ) ≤ lim infk→∞ rK ( fk). Using Lemma 5.5.2 we obtain
the equality.
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5.6 A Collatz–Wielandt formula

A classical result going back to Collatz [52] and Wielandt [225] asserts that,
for every nonnegative matrix A, the spectral radius r(A) satisfies

r(A) = inf
x∈int(Rn+)

max
1≤i≤n

(Ax)i
xi

. (5.27)

Such a “minimax” variational formula for the cone spectral radius exists for
general continuous order-preserving homogeneous maps.

Let K ⊆ V be a solid closed cone and u ∈ int(K ). Following the notation
from Section 2.1 let �∗

u = {ϕ ∈ K ∗ : ϕ(u) = 1} and denote the set of extreme
points of �∗

u by E∗
u . According to (2.6),

M(x/y) = max
ϕ∈cl(E∗

u )

ϕ(x)

ϕ(y)

for x, y ∈ K with y ∈ int(K ). Given a continuous order-preserving
homogeneous map f : K → K , define the Collatz–Wielandt number by

cw( f ) = inf
x∈int(K )

M( f (x)/x) = inf
x∈int(K )

max
ϕ∈cl(E∗

u )

ϕ( f (x))

ϕ(x)
. (5.28)

Note that if K = R
n+, then

cw( f ) = inf
x∈int(Rn+)

max
1≤i≤n

fi (x)

xi
.

Theorem 5.6.1 If f : K → K is a continuous order-preserving homogeneous
map on a solid closed cone K ⊆ V , then

rK ( f ) = cw( f ).

Proof If x ∈ int(K ), then f (x) ≤K M( f (x)/x)x , as K is closed. It follows
from Proposition 5.3.6 that

rK ( f ) = lim
k→∞ ‖ f k(x)‖1/k ≤ M( f (x)/x),

and hence rK ( f ) ≤ infx∈int(K ) M( f (x)/x) = cw( f ).
To prove equality we first consider the case where f has an eigenvector x0 ∈

int(K ), so f (x0) = rK ( f )x0. Clearly, in that case, M( f (x0)/x0) = rK ( f ) and
hence cw( f ) ≤ rK ( f ), which gives the equality.

If f does not have an eigenvector in int(K ), we consider for each integer
k ≥ 1 the continuous order-preserving homogeneous map fk : K → int(K )
given by

fk(x) = f (x)+ ϕ(x)

k
u,
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where ϕ ∈ int(K ∗) is fixed. Note that

lim
k→∞ sup

x∈�
‖ f (x)− fk(x)‖ = 0,

and f (x) ≤K fk(x) for all x ∈ K . From Lemma 5.5.6 we know that rK ( f ) =
limk→∞ rK ( fk). As fk(K ) ⊆ int(K ), each fk has an eigenvector in int(K ).
Thus, by the previous case, cw( fk) = rK ( fk). It is clear that M( f (x)/x) ≤
M( fk(x)/x) for all k ≥ 1 and x ∈ int(K ). Thus, cw( f ) ≤ cw( fk) for all
k ≥ 1. Now taking limits as k → ∞ gives

rK ( f ) = lim
k→∞ rK ( fk) = lim

k→∞ cw( fk) ≥ cw( f ).

This shows that rK ( f ) = cw( f ).
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Eigenvectors in the interior of the cone

It is frequently important to know whether a homogeneous order-preserving
map f : int(K ) → int(K ) on a solid closed cone K ⊆ V has an eigenvector
u ∈ int(K ). For example, to prove that a topical map g : R

n → R
n has an

additive eigenvector v ∈ R
n , i.e.,

g(v) = λ1 + v for some λ ∈ R, (6.1)

we can consider the log-exp transform f : int(Rn+) → int(Rn+) of g. It is easy
to verify that g has an additive eigenvector v ∈ R

n satisfying g(v) = λ1 + v

if and only if f has an eigenvector u ∈ int(Rn+) with f (u) = eλu.
The problem of the existence of an eigenvector in the interior of the cone

appears to be subtle and difficult, even for simple examples on R
n+, and there

seems to be no clear-cut solution. In this chapter several general principles
are given, which may be useful in proving existence of eigenvectors in the
interior. These principles, and their limitations, are illustrated in Section 6.6
by analyzing homogeneous order-preserving maps on R

n+ involving means. In
Chapter 7 further applications to the solution of matrix scaling problems are
discussed.

6.1 First principles

To appreciate the subtlety of the problem of finding an eigenvector in the
interior of the cone we consider the following basic example.

Example 6.1.1 Let α = (a, b, c) ∈ int(R3+) and define the order-preserving
homogeneous map fα : R

3+ → R
3+ by

fα(x) =
⎛
⎝ ax1 + a min{x2, x3}

bx2 + b min{x1, x3}
cx3 + c min{x1, x2}

⎞
⎠ for x ∈ R

3+.
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Given a coordinate permutation σ : (x1, x2, x3) �→ (xσ(1), xσ(2), xσ(3)), it is
easy to verify that

fσ(α)(σ (x)) = σ( fα(x)) for all x ∈ R
3+.

So, fα has an eigenvector in int(R3+) if and only if fσ(α) has one, and
f k
α (x)/‖ f k

α (x)‖∞ → v is equivalent to f k
σ(α)(σ (x))/‖ f k

σ(α)(σ (x))‖∞ →
σ(v). Thus, in the analysis of the iterates of fα and the eigenvectors of fα
in the interior of R

3+, we can always assume that a ≤ b ≤ c by replacing α by
σ(α) for a suitable permutation σ , if necessary.

Lemma 6.1.2 If α = (a, b, c) ∈ int(R3+) and c ≥ a + b, then

lim
k→∞

f k
α (x)

‖ f k
α (x)‖∞

=
⎛
⎝ 0

0
1

⎞
⎠ (6.2)

for all x ∈ int(R3+).

Proof First note that if t > 0 and g(x) = t fα(x), then (6.2) holds if and only
if

lim
k→∞

gk(x)

‖gk(x)‖∞
=
⎛
⎝ 0

0
1

⎞
⎠ for all x ∈ int(R3+).

Taking t = 1/c, we may as well assume that a, b > 0, c = 1, and
a + b ≤ 1. For (x1, x2, x3) ∈ int(R3+) and integers k ≥ 1, define
(xk

1 , xk
2 , xk

3 ) = f k((x1, x2, x3)) and mk = min{xk
1 , xk

2 }. Because xk+1
1 = axk

1+
a min{xk

2 , xk
3 } ≤ a(xk

1 +xk
2 ) and xk+1

2 = bxk
2 +b min{xk

1 , xk
3 } ≤ b(xk

1 +xk
2 ), we

know that xk+1
1 +xk+1

2 ≤ (a+b)(xk
1 +xk

2 ), so that xk
1 +xk

2 ≤ (a+b)k(x1 +x2)

for all k ≥ 1.
If a + b < 1, it follows that xk

1 + xk
2 → 0 as k → ∞. If a + b = 1, then

xk+1
1 + xk+1

2 ≤ xk
1 + xk

2 for all k ≥ 1, and we find that xk
1 + xk

2 → r for some
r ≥ 0 as k → ∞. On the other hand, it is easy to see that xk

3 = x3 +∑k
j=1 m j ,

so that xk+1
3 ≥ xk

3 and xk
3 ≥ x3 > 0 for all k ≥ 1. Thus, if xk

1 + xk
2 → 0, then

(6.2) holds.
To complete the proof it remains to consider the case where a + b = 1

and xk
1 + xk

2 → r > 0 as k → ∞. Let δ = lim supk→∞ mk . If δ > 0, then
xk

3 = x3 + ∑k
j=1 m j → ∞ as k → ∞. In that case (6.2) holds, because

xk
1 + xk

2 → r < ∞. Finally assume that δ = 0; so, limk→∞ mk = 0. In that
case we will derive a contradiction from the assumptions that xk

1 +xk
2 → r > 0

and min{xk
1 , xk

2 } → 0. Indeed, select ε > 0 and m ≥ 1 such that



122 Eigenvectors in the interior of the cone

max{x j
1 , x j

2 } ≥ r − ε and min{x j
1 , x j

2 } ≤ ε for all j ≥ m.

Such an integer m exists, since max{x j
1 , x j

2 } + min{x j
1 , x j

2 } = x j
1 + x j

2 . If

x j
1 = max{x j

1 , x j
2 } and j ≥ m, then x j+1

1 ≥ ax j
1 ≥ a(r − ε) and x j+1

2 ≥
b min{x3, r − ε}. Similarly, if x j

2 = max{x j
1 , x j

2 } and j ≥ m, then x j+1
2 ≥

bx j
2 ≥ b(r − ε) and x j+1

1 ≥ a min{x3, r − ε}. It follows that if j ≥ m,

then x j+1
1 ≥ a min{x3, r − ε} and x j+1

2 ≥ b min{x3, r − ε}. Thus, for ε > 0

sufficiently small, x j+1
1 > ε and x j+1

2 > ε for all j ≥ m, which contradicts
min{xk

1 , xk
2 } → 0 as k → ∞.

We can use Lemma 6.1.2 to prove the following result for fα .

Proposition 6.1.3 The map fα has an eigenvector in int(R3+) if and only if
a < b +c and b < a +c and c < a +b. Furthermore, if fα has an eigenvector
in int(R3+), it is unique up to positive scalar multiples.

Proof By virtue of Lemma 6.1.2 and the remarks preceding it, we see that fα
has no eigenvector in the interior of R

3+ if a ≥ b +c or b ≥ a +c or c ≥ a +b,
which shows that the conditions are necessary.

To prove that they are sufficient, we may assume without loss of generality
that 0 < a ≤ b ≤ c. As c < a + b and a ≤ b ≤ c, we get that

1 ≤ b

a
≤ c

a + b − c
.

A simple calculation shows that u = (1, b/a, c/(a + b − c)) is an eigenvector
of fα in int(R3+) with eigenvalue a + b. Now suppose that v = (v1, v2, v3) is
also an eigenvector of fα in the interior of R

3+. It follows from Corollary 5.2.2
that v has eigenvalue a + b, and hence

av1 + a min{v2, v3} = (a + b)v1,

bv2 + b min{v1, v3} = (a + b)v2,

cv3 + c min{v1, v2} = (a + b)v3.

The first equation implies that v1 = (a/b)min{v2, v3}. As a ≤ b, we deduce
that v1 ≤ v2 and v1 ≤ v3. It now follows from the second equation that v2 =
(b/a)v1, and the third equation gives v3 = (c/(a + b − c))v1. Thus, v = v1u,
which shows that u is the unique, up to positive scalar multiples, eigenvector
of fα in the interior of R

3+ if a ≤ b ≤ c and c < a + b.

The following basic principle to check for eigenvectors in the interior of the
cone is a direct generalization of the irreducibility condition for linear maps.
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Proposition 6.1.4 If f : K → K is a continuous homogeneous order-
preserving map on a solid closed cone K ⊆ V and for each x ∈ K \ {0}
there exists an integer kx ≥ 1 such that

kx∑
k=0

f k(x) ∈ int(K ),

then each eigenvector of f lies in int(K ).

Proof If u ∈ K \ {0} with f (u) = λu, then

kx∑
k=0

f k(u) =
( kx∑

k=0

λk
)

u ∈ int(K ),

This implies that u ∈ int(K ).

The hypotheses in Proposition 6.1.4 are often too restrictive, as homoge-
neous order-preserving maps frequently have eigenvectors in the boundary
of the cone as well as in the interior. Given a continuous homogeneous
order-preserving map f : K → K on a solid closed cone K , define

r∂K ( f ) = sup{λ ≥ 0 : f (x) = λx for some x ∈ ∂K \ {0}}.
If the set is empty, we put r∂K ( f ) = −∞.

Proposition 6.1.5 If f : K → K is a continuous homogeneous order-
preserving map on a solid closed cone K , and there exist u ∈ K \ {0} and
ρ > 0 such that ρu ≤K f (u) and r∂K ( f ) < ρ, then f has an eigenvector in
int(K ).

Proof By Proposition 5.3.6 it follows that ρ ≤ rK ( f ), as ρu ≤K f (u), and
hence r∂K ( f ) < rK ( f ). By Corollary 5.4.2 there exists x ∈ K with x 	= 0
such that f (x) = rK ( f )x . By the definition of r∂K ( f ), x 	∈ ∂K , and hence
x ∈ int(K ).

Of course, Proposition 6.1.5 is only useful if it can be shown that r∂K ( f ) <
rK ( f ), which is often hard for specific examples. In theory, however, one fre-
quently has that r∂K ( f ) < rK ( f ) if f has an eigenvector in int(K ). To prove
this we need to recall the idea of semi-differentiability ([7] which extends the
notion of semi-differentiability as discussed in [187]).

Let ξ ∈ V , where V is a finite-dimensional normed vector space. For r > 0
write Br (ξ) = {v ∈ V : ‖v − ξ‖ < r}. If D ⊆ V and ξ ∈ D, we say that D is
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locally convex at ξ if there exists r > 0 such that Br (ξ) ∩ D is convex. Given
D ⊆ V locally convex at ξ ∈ D, define

Sξ = {v ∈ V : there exists tv > 0 such that ξ + tv ∈ D for all 0 ≤ t ≤ tv}.
(6.3)

Using local convexity at ξ , it is straightforward to check that Sξ is convex and
λSξ = Sξ for all λ > 0. In general, however, Sξ is not closed. For example,
if D is the Lorentz cone �3 and ξ ∈ ∂�3 with ξ 	= 0, then Sξ is an open
half-space. However, it is easy to show that if D ⊆ V is a polyhedral cone, Sξ
is closed for all ξ ∈ D.

If D ⊆ V is locally convex at ξ ∈ D and f : D → V , it may happen that
the one-sided Gateaux derivative

lim
t→0+

f (ξ + tv)− f (ξ)

t
(6.4)

exists for all v ∈ Sξ . Note that the map f ′
ξ : Sξ → V , where f ′

ξ (v) is the limit
in (6.4), is positively homogeneous. In that case we can write, for all v ∈ Sξ
with ξ + v ∈ D,

f (ξ + v)− f (ξ)− f ′
ξ (v) = R(v). (6.5)

If f ′
ξ : Sξ → V is continuous and

lim‖v‖→0

‖R(v)‖
‖v‖ = 0, (6.6)

we say that f : D → V is semi-differentiable at ξ ∈ D. Here Equation (6.6)
must be interpreted as follows. For each ε > 0 there exists δ > 0 such that for
v ∈ Sξ with ξ + v ∈ D and ‖v‖ ≤ δ,

‖R(v)‖ ≤ ε‖v‖.
The map f ′

ξ : Sξ → V is called the semi-derivative of f at ξ with respect
to D. Although the map f ′

ξ need not be linear, the chain rule does hold for
semi-differentiable maps.

Lemma 6.1.6 Let V1, V2, and V3 be finite-dimensional normed vector spaces,
and let D1 ⊆ V1 and D2 ⊆ V2 be open sets. If f : D1 → V2 is semi-
differentiable at x ∈ D1 and g : D2 → V3 is semi-differentiable at y = f (x) ∈
D2, then g ◦ f is semi-differentiable at x and

(g ◦ f )′x = g′
y ◦ f ′

x .

Furthermore, if there exists an open neighborhood U of x such that f|U is Lip-
schitz with Lipschitz constant C > 0, then f ′

x is Lipschitz on V1 with Lipschitz
constant C.
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Proof Since there will be no confusion, we simply write ‖ · ‖ to denote the
norm on Vi for i = 1, 2, 3. As f is semi-differentiable at ξ ,

f (x + v) = f (x)+ f ′
x (v)+ ‖v‖ε1(v)

for all v ∈ V1 with x + v ∈ D1. Here f ′
x : V1 → V2 is a continuous positively

homogeneous map and lim‖v‖→0 ε1(v) = 0. There exists δ > 0 so that f (x +
v) ∈ D2 for all ‖v‖ < δ. As g is semi-differentiable at y = f (x) ∈ D2, we
have for ‖v‖ < δ,

g( f (x + v)) = g( f (x))+ g′
y( f ′

x (v)+ ‖v‖ε1(v))

+∥∥ f ′
x (v)+ ‖v‖ε1(v)

∥∥ε2( f ′
x (v)+ ‖v‖ε1(v)),

where lim‖w‖→0 ε2(w) = 0.
Since f ′

x is continuous and positively homogeneous, there exists M > 0
with ‖ f ′

x (v)‖ ≤ M‖v‖ for all v ∈ V1. Using this estimate we see that∥∥ f ′
x (v)+ ‖v‖ε1(v)

∥∥ε2( f ′
x (v)+ ‖v‖ε1(v)) = ‖v‖ε3(v),

where lim‖v‖→0 ε3(v) = 0.
As both g′

y and f ′
x are positively homogeneous, we can write

g′
y( f ′

x (v)+ ‖v‖ε1(v))− g′
y( f ′

x (v)) =‖v‖(g′
y( f ′

x (v/‖v‖)+ ε1(v))

− g′
y( f ′

x (v/‖v‖))
)
.

Using uniform continuity of g′
y on pre-compact subsets of V2, we see that

‖v‖(g′
y( f ′

x (v/‖v‖)+ ε1(v))− g′
y( f ′

x (v/‖v‖))
) = ‖v‖ε4(v),

where lim‖v‖→0 ε4(v) = 0. For ‖v‖ < δ it follows that

g( f (x + v)) = g( f (x))+ g′
y( f ′

x (v))+ ‖v‖(ε3(v)+ ε4(v)),

which shows that g ◦ f is semi-differentiable at x with semi-derivative g′
y ◦ f ′

x .
If U ⊆ D1 is an open neighborhood of x and f|U is Lipschitz with Lipschitz

constant C > 0, it remains to show that f ′
x is Lipschitz with Lipschitz constant

C . For u, v ∈ V1 there exists ε > 0 so that x + tu ∈ U and x + tv ∈ U for all
0 ≤ t ≤ ε. Remark that, for 0 ≤ t ≤ ε,∥∥∥ f (x + tu)− f (x)

t
− f (x + tv)− f (x)

t

∥∥∥ =
∥∥∥ f (x + tu)− f (x + tv)

t

∥∥∥
≤ C‖u − v‖.

Letting t → 0 in the above inequality shows that

‖ f ′
x (u)− f ′

x (v)‖ ≤ C‖u − v‖ for all u, v ∈ V1,

which completes the proof.
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The next theorem shows that often r∂K ( f ) < rK ( f ), whenever f has an
eigenvector in int(K ).

Theorem 6.1.7 Let f : K → K be a continuous homogeneous order-
preserving map on a solid closed cone K ⊆ V with eigenvector u ∈ int(K ). If
f is semi-differentiable at u and the semi-derivative f ′

u : V → V satisfies the
condition that for each w ∈ K with w < u there exists an integer N ≥ 1 such
that

−
N∑

k=1

( f ′
u)

k(w − u) ∈ int(K ), (6.7)

then r∂k( f ) < rK ( f ).

Proof If f (u) = λu we must have that λ > 0, as otherwise f (x) = 0 for all
x ∈ K and f ′

u cannot satisfy (6.7). Note that if we replace f by λ−1 f , then
all the hypotheses remain valid. So we may as well assume from the start that
λ = 1 and f (u) = u. By the chain rule for semi-differentiable maps, Lemma
6.1.6, we know that for each k ≥ 1, f k is semi-differentiable at u and

( f k)′u = ( f ′
u)

k .

For the sake of contradiction suppose that there exists v ∈ ∂K \ {0} with
f (v) = v. Write a = m(u/v), so av < u and u − av 	∈ int(K ). By (6.7) there
exists an integer N ≥ 1 such that

−
n∑

k=1

( f ′
u)

k(av − u) ∈ int(K ).

For 0 < t ≤ 1 define ut = (1 − t)u + tav < u and note that

f k(ut ) = f k(u)+ t ( f ′
u)

k(av − u)+ t‖av − u‖εk(t (av − u)),

where lim‖w‖→0 εk(w) = 0. It follows that

N∑
k=1

( f k(u)− f k(ut )) = t
(
−

N∑
k=1

( f ′
u)

k(av−u)−‖av−u‖
N∑

k=1

εk(t (av−u))
)
.

Since −∑n
k=1( f ′

u)
k(av − u) ∈ int(K ) and lim‖w‖→0

∑N
k=1 εk(w) = 0, there

exists s > 0 such that for 0 < t ≤ s

N∑
k=1

( f k(u)− f k(ut )) ∈ int(K ).
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Note that av < ut for all 0 ≤ t < 1, so that
∑N

k=1( f k(ut ) − f k(av)) ∈ K .
Thus, we find that

Nu =
N∑

k=1

f k(u) "
N∑

k=1

f k(av) = Nav

and hence there exists a′ > a such that a′v ≤ u, which contradicts the fact that
a = m(u/v).

Of course if in Theorem 6.1.7 f is Fréchet differentiable at u, then the con-
dition (6.7) is equivalent to assuming that the derivative f ′(u) is irreducible.
A careful inspection of the proof of Theorem 6.1.7 also shows that instead of
assuming (6.7) it suffices to demand that, for each w ∈ ∂K \ {0} with w < u,
there exist an integer N ≥ 1 and a constant s > 0 such that

( N∑
k=1

f k(u)− f k((1 − t)u + tw))
)

∈ int(K ) for all 0 < t ≤ s.

6.2 Perturbation method

A natural approach to finding eigenvectors of a homogeneous order-preserving
map f : int(K ) → int(K ) in the interior of K is to consider perturbations
fε : int(K ) → int(K ) for ε > 0 such that each fε has an eigenvector xε ∈
int(K ). If it can be arranged that the set {xε : ε > 0} has a limit point x∗ ∈
int(K ), then under suitable conditions on the perturbations fε we may expect
x∗ to be an eigenvector of f in int(K ). As we shall see in this section this idea
works in a variety of circumstances.

There exists the following interesting choice for the perturbation fε
of a homogeneous order-preserving map f : int(K ) → int(K ). A map
fε : int(K ) → int(K ) is said to be a contractive perturbation of f if it is
of the form

fε(x) = f (x)+ εg(x) for x ∈ int(K ), (6.8)

where ε > 0 and g : K → K is a continuous homogeneous strongly order-
preserving map such that g(K \ {0}) ⊆ int(K ).

Note that as g is strongly order-preserving, fε is also strongly order-
preserving. It thus follows from Lemma 2.1.6 that fε is contractive under
Hilbert’s metric. Specific examples of maps g : K → K are provided by

g(x) = ϑ(x)u for x ∈ K , (6.9)

where ϑ ∈ int(K ∗) and u ∈ int(K ).



128 Eigenvectors in the interior of the cone

Lemma 6.2.1 Let K ⊆ V be a solid closed cone, ϕ ∈ int(K ∗), and �◦ =
{x ∈ int(K ) : ϕ(x) = 1}. If f : int(K ) → int(K ) is a homogeneous order-
preserving map and fε is a contractive perturbation of f , then, for each ε > 0,
fε has a unique eigenvector xε ∈ �◦ and

lim
k→∞

f k
ε (x)

ϕ( f k
ε (x))

= xε for all x ∈ �◦. (6.10)

Proof Let fε : int(K ) → int(K ) be given by

fε(x) = f (x)+ εg(x) for x ∈ int(K ),

where ε > 0 and g : K → K is a continuous homogeneous strongly order-
preserving map such that g(K \ {0}) ⊆ int(K ). Recall that � = {x ∈
K : ϕ(x) = 1} is compact, so that g(�) is a compact subset of int(K ), as g
is continuous and g(K \ {0}) ⊆ int(K ). Select w ∈ �◦ and note that as � is
compact, there exists a constant β > 0 such that y ≤ βw for all y ∈ �. It
follows that f (y) ≤ β f (w) for all y ∈ �◦, and hence cl({ f (y) : y ∈ �◦}) is a
compact subset of K .

A simple compactness argument now shows that there exists a constant μ >
0 such that u ≤ μv for all u ∈ cl({ f (y) : y ∈ �◦}) and all v ∈ g(�). In
particular, we have that

f (y) ≤ μg(x) for all x ∈ � and y ∈ �◦. (6.11)

Define hε : �◦ → �◦ by

hε(x) = fε(x)

ϕ( fε(x))
for all x ∈ �◦.

Select constants 0 < c1 ≤ c2 such that c1 ≤ ϕ(g(x)) ≤ c2 for all x ∈ �◦.
From (6.11) it follows that f (x)+ εg(x) ≤ (μ+ ε)g(x), so that

ϕ( f (x)+ εg(x)) ≤ (μ+ ε)ϕ(g(x)) ≤ (μ+ ε)c2.

This implies that

hε(x) ≥ ε

(μ+ ε)c2
g(x) for all x ∈ �◦. (6.12)

Similarly, we see that

hε(x) ≤ (μ+ ε)

εc1
g(x) for all x ∈ �◦, (6.13)

because ϕ( f (x)+ εg(x)) ≥ εc1 and f (x)+ εg(x) ≤ (μ+ ε)g(x).
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Again, as g(�) is compact, there exist constants 0 < α1 ≤ α2 such that
α1w ≤ g(x) ≤ α2w for all x ∈ �◦. Using (6.12) and (6.13) we deduce that

εα1

(μ+ ε)c2
w ≤ hε(x) ≤ (μ+ ε)α2

εc1
w for all x ∈ �◦. (6.14)

Note that the set

Tε = {z ∈ �◦ : εα1

(μ+ ε)c2
w ≤ z ≤ (μ+ ε)α2

εc1
w}

= {z ∈ �◦ : dH (w, z) ≤ log
( (μ+ ε)2c2α2

ε2c1α1

)
}

is compact. By (6.14) we see that hε(�◦) ⊆ Tε and also that hε(Tε) ⊆ Tε.
As fε is homogeneous and strongly order-preserving, hε is contractive under

Hilbert’s metric by Lemma 2.1.6. It follows from Theorem 3.2.2 that hε has a
unique fixed point xε ∈ Tε and limk→∞ hk

ε(x) = xε for all x ∈ Tε. Thus, xε

is a locally attracting fixed point of hε in �◦. It now follows from Proposition
3.2.3 that

lim
k→∞ hk

ε(x) = xε for all x ∈ �◦,

which completes the proof.

The eigenvector xε ∈ � of a contractive perturbation fε can be useful in
detecting eigenvectors of f in the interior of the cone.

Theorem 6.2.2 Let K ⊆ V be a solid closed cone, ϕ ∈ int(K ∗), and �◦ =
{x ∈ int(K ) : ϕ(x) = 1}. Suppose that f : int(K ) → int(K ) is a homogeneous
order-preserving map and fε : int(K ) → int(K ) is a contractive perturbation
of f with eigenvector xε ∈ �◦ for ε > 0. Then f has an eigenvector x∗ ∈
int(K ) if and only if cl({xε ∈ �◦ : ε > 0}) is a compact subset of �◦.

Proof Suppose that v ∈ int(K ) is an eigenvector of f . Note that as g(K \
{0}) ⊆ int(K ) and g is continuous, g(�) is a compact subset of int(K ), and
hence there exists 0 ≤ R < ∞ such that

sup{dH (g(x), v) : x ∈ int(K )} ≤ R.

Write BR(v) = {z ∈ int(K ) : dH (z, v) ≤ R}. So, for each ε > 0 we have that
εg(x) ∈ BR(v). Furthermore, for x ∈ int(K ) with dH (x, v) ≤ R,

dH ( f (x), v) = dH ( f (x), f (v)) ≤ dH (x, v) ≤ R.

We know that BR(v) is convex and λz ∈ BR(v) for all λ > 0 and z ∈ BR(v).
Since f (x) ∈ BR(v) for all x ∈ BR(v) and εg(x) ∈ BR(v) for all x ∈ int(K ),
it follows that
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fε(x) = f (x)+ εg(x) ∈ BR(v) for all x ∈ BR(v) and ε > 0.

Let hε : �◦ → �◦ be given by

hε(x) = fε(x)

ϕ( fε(x))
for all x ∈ �◦.

So hε(BR(v)∩�◦) ⊆ BR(v)∩�◦. As BR(v) is compact and hε is contractive
under Hilbert’s metric by Lemma 2.1.6, we know from Theorem 3.2.2 that hε
has a unique fixed point in BR(v) ∩�◦. From Lemma 6.2.1 we conclude that

cl({xε ∈ �◦ : ε > 0}) ⊆ BR(v) ∩�◦,

and hence cl({xε ∈ �◦ : ε > 0}) is a compact subset of �◦.
Now suppose that x∗ is a limit point of {xε ∈ �◦ : ε > 0} in �◦. Let λε ≥ 0

be such that fε(xε) = λεxε. There exists a sequence (εk)k with limk→∞ εk = 0
such that limk→∞ xεk = x∗ and limk→∞ λεk = λ∗. Note that

lim
k→∞ sup

x∈�◦
‖ f (x)− fε(x)‖ = lim

k→∞ sup
x∈�◦

εk‖g(x)‖ = 0.

As f is continuous on int(K ) we find that limk→∞ fεk (x
εk ) = f (x∗) and

limk→∞ fεk (x
εk ) = limk→∞ λεk xεk = λ∗x∗, so that f (x∗) = λ∗x∗. As x∗ ∈

int(K ) and f (x∗) ∈ int(K ), we also see that λ∗ > 0.

If in (6.8) we take g(x) = ϑ(x)u, where ϑ ∈ int(K ∗) and u ∈ int(K ), then
the arguments in the proof of Theorem 6.2.2 provide information about the
location of possible eigenvectors of f in the interior of K . More precisely, if
for some ε > 0 we have found an eigenvector xε ∈ �◦ of fε and dH (xε, u) =
2R, then each eigenvector v ∈ �◦ of f satisfies dH (u, v) ≥ R. Indeed, if
dH (xε, u) = 2R and v ∈ �◦ is an eigenvector of f with dH (u, v) < R, then

R < dH (x
ε, u)− dH (u, v) ≤ dH (x

ε, v),

which is impossible, as it follows from the proof of Theorem 6.2.2 that
dH (xε, v) ≤ R.

We also wish to point out that there are many examples of homogeneous
order-preserving maps f : int(K ) → int(K ) for which the set of normalized
eigenvectors, {x ∈ int(K ) : f (x) = r f (K )x and ‖x‖ = 1}, is a compact subset
of int(K ), but not a single point. A simple example is provided by the following
map. Let 0 < a, b < 1 and C = {x ∈ R

2+ : ax1 ≤ x2 and bx2 ≤ x1}. Define a
retraction g of R

2+ onto the closed cone C inside R
2+ by

g(x) =

⎡
⎢⎢⎣
(

x1+x2
1+a ,

a(x1+x2)
1+a

)
for x2 ≤ ax1,

(x1, x2) for ax1 ≤ x2 and bx2 ≤ x1,(
b(x1+x2)

1+b , x1+x2
1+b

)
for x1 ≤ bx2.
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Obviously g is continuous, homogeneous, and a retraction onto C . A simple
calculation shows that g satisfies

g(x) =
(

max
(

min{x1,
x1+x2
1+a }, b(x1+x2)

1+b

)
max

(
min{x2,

x1+x2
1+b }, a(x1+x2)

1+a

)
)

for each x ∈ R
2+. From this identity we see that g preserves the ordering

induced by R
2+.

In the remainder of the section we will see how Theorem 6.2.2 can be used
to prove a variety of sufficient conditions for the existence of eigenvectors of
homogeneous order-preserving maps in the interior of R

n+. These conditions
were obtained by Gaubert and Gunawardena [74] and involve a directed graph,
which is a direct generalization of the usual directed graph associated with a
nonnegative matrix.

For J ⊆ {1, . . . , n} and a positive real u > 0, define u J ∈ R
n+ by u J

j = u

if j ∈ J , and u J
j = 1 otherwise. We associate a digraph G f = (V, A) with

a homogeneous order-preserving map f : int(Rn+) → int(Rn+) as follows. The
vertex set V = {1, . . . , n} and there exists an arc (i, j) ∈ A if

lim
u→∞ fi (u

{ j}) = ∞. (6.15)

Recall that a digraph G = (V, A) is strongly connected if for each i, j ∈ V
there exists a directed path from i to j in G. For r > 0 define

�(r) = sup{u ≥ 0 : inf
(i, j)∈A

fi (u
{ j}) ≤ r}.

So, if (i, j) ∈ A and fi (u{ j}) ≤ r , then u ≤ �(r). We also remark that � is an
increasing function of r , and �(r) < ∞ for all r > 0 by (6.15).

Theorem 6.2.3 Let �◦
n = {x ∈ int(Rn+) :

∑
i xi = 1} and suppose that

f : int(Rn+) → int(Rn+) is a homogeneous order-preserving map. If G f is
strongly connected, then the following assertions hold:

(i) If fε : int(Rn+) → int(Rn+) is a contractive perturbation of f with eigen-
vector xε ∈ �◦

n for ε > 0, then cl({xε ∈ �◦
n : ε > 0}) is a compact subset

of �◦
n.

(ii) There exists an eigenvector of f in int(Rn+).
(iii) The set {v ∈ �◦

n : f (v) = rRn+( f )v} is a compact subset of �◦
n.

Proof As we are dealing with R
n+ both f and fε can be extended continuously

to ∂Rn+ by Theorem 5.1.5. So we may as well assume from the beginning that
f and fε are continuous homogeneous order-preserving maps on R

n+.
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To prove the first assertion we argue by contradiction. Suppose that cl({xε ∈
�◦

n : ε > 0}) is not a compact subset of �◦
n . This implies that there exists

a sequence (xεk )k with limk→∞ xεk = x∗ ∈ ∂�n , where �n = {x ∈
R

n+ : ∑i xi = 1} and limk→∞ εk = 0. Denote λk = rRn+( fεk ) for all k ≥ 1, so
fεk (x

εk ) = λk xεk . As f (x) ≤ fεk (x) for all x ∈ R
n+ and k ≥ 1, and

lim
k→∞ sup

x∈�n

‖ f (x)− fεk (x)‖ = lim
k→∞ sup

x∈�n

εk‖g(x)‖ = 0,

it follows from Lemma 5.5.6 that

lim
k→∞ λk = rRn+( f ). (6.16)

By taking a further subsequence we may assume for some 1 ≤ i ≤ n that

xεk
i = b(xεk ) for all k ≥ 1, (6.17)

and limk→∞ xεk
i = 0.

Now the idea is to use the fact that G f is strongly connected to show that
x∗

j = 0 for all j , which is impossible, as x∗ ∈ �n . Take j ∈ {1, . . . , n} and
let i = i1 → i2 → i3 → · · · → im = j be a directed path from i to j in
G f where m ≤ n. (Such a path always exists as G f is strongly connected.) It
follows that

lim
u→∞ fi1(u

{i2}) = ∞.

From (6.16) there exists a constant M0 > 0 such that λk ≤ M0 for all k ≥ 1.
Using (6.17) we find for u = xεk

i2
/xεk

i1
and K ≥ 1 that

xεk
i1

fi1(u
{i2}) ≤ xεk

i1
fi1(x

εk/xεk
i1
) ≤ xεk

i1
( fεk )i1(x

εk/xεk
i1
) = λk xεk

i1
≤ M0xεk

i1
,

as f (x) ≤ fεk (x) for all x ∈ int(Rn+).
Put M1 = �(M0) and note that for u = xεk

i2
/xεk

i1
we have that u ≤ M1; so,

xεk
i2

≤ M1xεk
i1

for all k ≥ 1.

We can repeat this argument. Indeed, for u = xεk
i3
/xεk

i1
we have that

xεk
i1

fi2(u
{i3}) ≤ xεk

i1
fi2(x

εk/xεk
i1
) ≤ xεk

i1
( fεk )i2(x

εk/xεk
i1
) = λk xεk

i2
≤ M0 M1xεk

i1
,

and u ≤ �(M0 M1) = M2. Thus,

xεk
i3

≤ M2xεk
i1

for all k ≥ 1.

Iterating this argument yields, after finitely many steps, a constant M > 0 such
that

xεk
j ≤ Mxεk

i1
for all k ≥ 1.
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Now letting k → ∞ we deduce that x∗
j = limk→∞ xεk

j = 0, which shows that
x∗ = 0. Thus, cl({xε ∈ �◦

n : ε > 0}) is a compact subset of �◦
n .

The second assertion is a direct consequence of part (i) and Theorem 6.2.2.
To show that {v ∈ �◦

n : f (v) = rRn+( f )v} is a compact subset of �◦
n we

observe that the same argument as in the proof of part (i) can be applied to f
instead of fεk .

A simple example to which Theorem 6.2.3 applies is the map f : R
3+ → R

3+
given by

f (x) =
⎛
⎜⎝

(x1 ∨ x2) ∧ 2
√

x2x3√
x2

2 + x2
3 ∧ 3

√
x3x1

x1 ∨ (x2 ∧ x3)

⎞
⎟⎠

for x ∈ R
3+. It is easy to verify that G f is the digraph given in Figure 6.1.

On the other hand, the reader can check that Theorem 6.2.3 does not apply to
Example 6.1.1.

There exists a dual version of Theorem 6.2.3. Let τ : int(Rn+) → int(Rn+) be
given by

τ(x) = (x−1
1 , . . . , x−1

n ) for x ∈ int(Rn+).

Given a homogeneous order-preserving map f : int(Rn+) → int(Rn+), define
f − : int(Rn+) → int(Rn+) by f −(x) = (τ ◦ f ◦ τ)(x) for all x ∈ int(Rn+).
Clearly f − is a homogeneous order-preserving map, and f has an eigenvector
in int(Rn+) if and only if f − does.

Corollary 6.2.4 If f : int(Rn+) → int(Rn+) is a homogeneous order-preserving
map and G f − is strongly connected, then f has an eigenvector in int(Rn+).

The digraph G f − can be easily constructed from f by noting that there
exists an arrow from i to j in G f − if and only if limu→0+ fi (u{ j}) = 0. It turns
out that if G f − is strongly connected, then r∂Rn+( f ) < rRn+( f ).

Corollary 6.2.5 If f : R
n+ → R

n+ is a continuous homogeneous order-
preserving map such that f (int(Rn+)) ⊆ int(Rn+) and G f − is strongly
connected, then r∂Rn+( f ) ≤ 0 < rRn+( f ).

�2��3

1
�

�
�� �

��

Figure 6.1 The digraph G f .
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Proof For the sake of contradiction suppose that there exists w ∈ ∂Rn+ \ {0}
such that f (w) = λw and λ > 0. By scaling w we may assume that w ≤ 1.
Let J = { j : w j = 0} and I = {1, . . . , n} \ J . Note that I 	= ∅, as w 	= 0.
Recall that G f − is strongly connected, and hence there exists an arc from some
i ∈ I to some j ∈ J in G f − . As w ≤ u{ j} for all u > 0, we find that

0 ≤ λwi = fi (w) ≤ lim
u→0+ fi (u

{ j}) = 0.

But wi > 0 and λ > 0, which is impossible. Thus, either f has no eigenvector
in ∂Rn+, in which case r∂Rn+( f ) = −∞, or r∂Rn+( f ) = 0.

As f (int(Rn+)) ⊆ int(Rn+), there exists δ > 0 such that δ1 ≤ f (1). So, by
Proposition 5.3.6, we also know that rRn+( f ) ≥ δ > 0.

6.3 Bounded invariant sets

Another useful strategy for proving the existence of eigenvectors in the interior
of the cone is given by the following result.

Proposition 6.3.1 If f : int(K ) → int(K ) is a homogeneous order-preserving
map on the interior of a solid closed cone K ⊆ V , then there exists W ⊆
int(K ) with diam(W ) = sup{dH (x, y) : x, y ∈ W } < ∞ and f (W ) ⊆ W if
and only if f has an eigenvector in int(K ).

Proof Clearly f has an eigenvector u ∈ int(K ); then for each ε > 0 the
closed ball Bε(u) = {x ∈ int(K ) : dH (x, u) ≤ ε} satisfies the conditions of the
theorem. On the other hand, if there exists W ⊆ int(K ) with diam(W ) < ∞
and f (W ) ⊆ W , we can assume that tW = W for all t > 0 by replacing
W by W ′ = {t x : t > 0 and x ∈ W }. Now we can consider the scaled map
g : �◦ → �◦ given by

g(x) = f (x)

ϕ( f (x))

for x ∈ �◦, where �◦ = {x ∈ int(K ) : ϕ(x) = 1} and ϕ ∈ int(K ∗). Clearly
g(W ∩�◦) ⊆ W ∩�◦. Moreover, as diam(W ) < ∞, the orbit of eachw ∈ W ∩
�◦ under g has a limit point in �◦. It therefore follows from Corollary 3.2.5
that g has a fixed point in �◦, and hence f has an eigenvector in int(K ).

There are various natural invariant sets of homogeneous order-preserving
maps f : int(K ) → int(K ). For β > 0 define the super-eigenspace of f
corresponding to β by
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Sβ( f ) = {x ∈ int(K ) : f (x) ≤ βx}.
Similarly, for α > 0 define the sub-eigenspace of f corresponding to α by

Sα( f ) = {x ∈ int(K ) : αx ≤ f (x)}.
Note that Sβ( f ) and Sα( f ) are non-empty for β > 0 large and α > 0 small.
The intersection of a sub-eigenspace and a super-eigenspace is called a slice
space, and is denoted by

Sβα ( f ) = Sα( f ) ∩ Sβ( f ).

Clearly, sub-eigenspaces, super-eigenspaces, and slice spaces are invariant
under f .

In case K = R
n+ it was shown by Gaubert and Gunawardena [74] that each

super-eigenspace of f is bounded in Hilbert’s metric if G f is strongly con-
nected, and that each sub-eigenspace of f is bounded in Hilbert’s metric if
G f − is strongly connected. Sometimes it can be shown that all slice spaces of
a homogeneous order-preserving map f : int(Rn+) → int(Rn+) are bounded in
Hilbert’s metric by using the so-called recession map f̂ : int(Rn+) → int(Rn+),
which is defined by

f̂ (x) = lim
r→∞ f (xr

1, xr
2, . . . , xr

n)
1/r for x ∈ int(Rn+).

Note that f̂ (1) = 1, so 1 is always an eigenvector of f̂ in int(Rn+). The
recession map f̂ need not always exist, but if it does it can be a useful tool for
proving the existence of eigenvectors in the interior of R

n+, as the following
result by Gaubert and Gunawardena [74] shows.

Theorem 6.3.2 If f : int(Rn+) → int(Rn+) is a homogeneous order-preserving
map for which f̂ exists, and 1 is the only eigenvector of f̂ in int(Rn+), up to a
positive scalar multiple, then all slice spaces of f are bounded under Hilbert’s
metric and f has an eigenvector in int(Rn+).

Proof Suppose, by way of contradiction, that Sβα ( f ) is unbounded under
Hilbert’s metric. Then there exists a sequence (xk)k in Sβα ( f ), with b(xk) = 1
for all k ≥ 1, and dH (xk,1) → ∞ as k → ∞. As

dH (x
k,1) = log

t(xk)

b(xk)
= log t(xk),

we see that limk→∞ t(xk) = ∞. So, we may assume that tk = log t(xk) > 0
for all k ≥ 1.

Let L be the coordinatewise log function, and E be the coordinatewise
exponential function. For each k ≥ 1 write yk = L(xk), and note that, as
xk ∈ Sβα ( f ),



136 Eigenvectors in the interior of the cone

αE(yk) ≤ f (E(yk)) ≤ βE(yk). (6.18)

Remark that b(E(yk/tk)) = e0 = 1 and t(E(yk/tk)) = e, so that

1 ≤ E(yk/tk) ≤ e1 for all k ≥ 1.

Thus, after taking a subsequence we may assume that limk→∞ E(yk/tk) =
E(y) for some y ∈ R

n . Also note that b(E(y)) = 1 and t(E(y)) = e; so,
E(y) 	= 1.

To obtain a contradiction we show that f̂ (E(y)) = E(y). Remark that

log M( f (E(yk))1/tk/ f (E(ytk))
1/tk ) = 1

tk
log M( f (E(yk))/ f (E(ytk)))

≤ 1

tk
log M(E(yk)/E(ytk))

= log M(E(yk/tk)/E(y)),

as f is homogeneous and order-preserving. Likewise,

log M( f (E(ytk))
1/tk/ f (E(yk)1/tk ) ≤ log M(E(y)/E(yk/tk))

for all k ≥ 1. Thus,

lim
k→∞ dH ( f (E(yk))1/tk , f (E(ytk))

1/tk ) = 0. (6.19)

From (6.18) we deduce that(
αE(yk)

)1/tk ≤ f (E(yk))1/tk ≤ (βE(yk))1/tk ,

where the left-hand side and the right-hand side converge to E(y) as k →
∞. It follows from (6.19) that limk→∞ f (E(ytk))1/tk = E(y), which shows
that f̂ (E(y)) = E(y). This is a contradiction, as E(y) 	= 1. Thus, all slice
spaces of f are bounded, and f has an eigenvector in int(Rn+) by Proposition
6.3.1.

Note that if x = (x1, . . . , xn) is an eigenvector of f̂ in int(Rn+), then, for
each s > 0,

lim
r→∞ f (xsr

1 , . . . , xsr
n )

1/r = f̂ (x)s = (xs
1, . . . , xs

n).

So, for each s > 0, xs = (xs
1, . . . , xs

n) is an eigenvector of f̂ in int(Rn+). Note
that if x 	= 1, then dH (xs,1) → ∞ as s → ∞. We conclude that either each
eigenvector of f̂ in int(Rn+) is a multiple of 1, or the set of eigenvectors of f̂
in int(Rn+) is unbounded under dH .

To illustrate the use of the recession map consider the following example:

g(x) =
⎛
⎝ x1 + 2x2 + 3x3

2(x−1
1 + x−1

2 )−1 + 3x3

(2x−1
2 + 3x−1

3 )−1

⎞
⎠
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for x ∈ int(R3+). It is easy to verify that

ĝ(x) =
⎛
⎝ x1 ∨ x2 ∨ x3

(x1 ∧ x2) ∨ x3

x2 ∧ x3

⎞
⎠ ,

and ĝ(x) = x for x ∈ int(R3+) if and only if x is a positive multiple of 1. Thus,
g has an eigenvector in the interior of R

3+ by Theorem 6.3.2.
On the other hand, for the map f in Example 6.1.1 the recession map is

given by

f̂ (x) =
⎛
⎝ x1 ∨ (x2 ∧ x3)

x2 ∨ (x1 ∧ x3)

x3 ∨ (x1 ∧ x2)

⎞
⎠ .

Notice that f̂ is independent of the parameters a, b, and c. However, if c ≥
a + b, then f has no eigenvector in the interior of R

3+. So, we can deduce
from Theorem 6.3.2 that 1 is not the only eigenvector f̂ in the interior of R

3+.
Indeed, it is easy to see that f̂ (2, 1, 1) = (2, 1, 1).

We shall see in Section 6.6 that it is often hard to decide if a continu-
ous homogeneous order-preserving map f : R

n+ → R
n+ has an eigenvector

in the interior of R
n+ if the map is constructed from means Mr,σ (·) with

−∞ ≤ r < 0.

6.4 Uniqueness of the eigenvector

If a homogeneous order-preserving map f : int(K ) → int(K ) has an eigen-
vector u ∈ int(K ), it is interesting to understand when u is the unique, up
to positive scalar multiples, eigenvector of f in the interior of K . In this
section several conditions for uniqueness are discussed which involve the semi-
derivative of f at the eigenvector u ∈ int(K ). We start with the following
result.

Theorem 6.4.1 Let K ⊆ V be a solid closed cone, ϕ ∈ int(K ∗), and �◦ =
{x ∈ int(K ) : ϕ(x) = 1}. Suppose that g : �◦ → �◦ is non-expansive under
Hilbert’s metric and g(u) = u for some u ∈ �◦. If g is semi-differentiable on
a neighborhood U ⊆ �◦ of u and

x − g′
u(x) 	= 0 (6.20)

for all x ∈ Vϕ = {x ∈ V : ϕ(x) = 0} with x 	= 0, then u is the only fixed point
of g in �◦.
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Proof It is easy to verify that Su = {x ∈ V : ϕ(x) = 0} in (6.3). For the
sake of contradiction suppose that w ∈ �◦ with w 	= u and g(w) = w. It
follows from Theorem 2.6.3 that γ (t) = (1 − t)u + tw, where 0 ≤ t ≤ 1, is,
after re-parametrization, a geodesic path connecting u and w in (�◦, dH ). Let
δ = dH (u, w); so,

dH (u, γ (t))+ dH (γ (t), w) = δ

for all 0 ≤ t ≤ 1. Moreover, for each 0 < λ < δ there exists 0 < t < 1 with

dH (u, γ (t)) = λ and dH (γ (t), w) = δ − λ. (6.21)

For 0 < λ < δ define �λ ⊆ �◦ by

�λ = {x ∈ �◦ : dH (u, x) ≤ λ and dH (x, w) ≤ δ − λ}.
It follows from (6.21) that �λ is non-empty. By Corollary 2.5.6 and Lemma
2.6.1 we know that closed Hilbert metric balls are closed, bounded, convex sets
in the norm topology on �◦. As g is non-expansive under dH , and g(u) = u
and g(w) = w, we find that g(�λ) ⊆ �λ. Thus, by the Brouwer fixed-point
theorem, g has a fixed point xλ ∈ �λ for 0 < λ < δ.

By using the assumption that g is semi-differentiable at u, we see that

xλ = g(xλ) = g(u)+ g′
u(xλ− u)+ R(xλ− u) = u + g′

u(xλ− u)+ R(xλ− u),
(6.22)

where

lim
λ→0+

R(xλ − u)

‖xλ − u‖ = 0.

Now select a sequence λk → 0+ such that

lim
k→∞

xλk − u

‖xλk − u‖ = ξ ∈ Vϕ

exists. Recall that g′
u is positively homogeneous and note that ξ 	= 0, as ‖ξ‖ =

1. Now take λ = λk in (6.22) and bring u to the other side. Subsequently
divide both sides by ‖xλ− u‖ and let k → ∞ to deduce that ξ = g′

u(ξ), which
contradicts (6.20).

To fully exploit Theorem 6.4.1 the following lemma will be useful.

Lemma 6.4.2 Let K ⊆ V be a solid closed cone. Suppose that f : int(K ) →
int(K ) is a map with f (u) = ru for some u ∈ int(K ) and f is semi-
differentiable at u. If ϕ ∈ int(K ∗) with ϕ(u) = 1, and h : int(K ) → int(K ) is
given by

h(x) = f (x)

ϕ( f (x))
for x ∈ int(K ),
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then h is semi-differentiable at u and

h′
u(v) = 1

r
( f ′

u(v)− ϕ( f ′
u(v))u) for v ∈ V . (6.23)

Proof Let P : int(K ) → int(K ) be given by P(y) = y/ϕ(y) for y ∈ int(K ).
The reader can verify that P is continuously Fréchet differentiable on int(K )
with derivative

D P(y)w = ϕ(y)w − ϕ(w)y

ϕ(y)2
for w ∈ V .

It follows from the chain rule for semi-derivatives (see Lemma 6.1.6) that h is
semi-differentiable at u with semi-derivative

h′
u(v) = D P( f (u))( f ′

u(v)) = 1

r
( f ′

u(v)− ϕ( f ′
u(v))u) for v ∈ V .

By combining Theorem 6.4.1 and Lemma 6.4.2 we now derive a sufficient
condition for uniqueness of the eigenvector in the interior of the cone. The
result will be formulated, and proved, in the more general context of sub-
homogeneous maps, as it requires little extra effort and provides interesting
additional information.

Theorem 6.4.3 Let K ⊆ V be a solid closed cone, ϕ ∈ int(K ∗), and
�◦ = {x ∈ int(K ) : ϕ(x) = 1}. Suppose that f : int(K ) → int(K ) is a
subhomogeneous order-preserving map, with f (u) = ru for some u ∈ �◦. If
f is semi-differentiable at u and

rv − f ′
u(v)+ ϕ( f ′

u(v))u 	= 0 for all v ∈ {v ∈ V \ {0} : ϕ(v) = 0}, (6.24)

then u is the only eigenvector of f in �◦.

Proof Let Vϕ = {v ∈ V : ϕ(v) = 0} and define h : int(K ) → int(K ) by

h(x) = f (x)

ϕ( f (x))
for x ∈ int(K ).

By Lemma 6.4.2 we know that h is semi-differentiable at u ∈ int(K ) and
h′

u(v) = 1
r ( f ′

u(v) − ϕ( f ′
u(v)u) for v ∈ V . Restricting h to �◦ gives a map

g : �◦ → �◦ with semi-derivative g′
u : Vϕ → Vϕ at u, which is the restriction

of h′
u to Vϕ .

A similar argument as in Lemma 2.1.6 shows that g is non-expansive under
Hilbert’s metric. Indeed, if α = m(x/y) and β = M(x/y) for x, y ∈ �◦, then
αy ≤ x and x ≤ βy, as K is closed. Applying ϕ to the inequalities shows that
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α ≤ 1 and 1 ≤ β. As f is subhomogeneous and order-preserving we deduce
that α f (y) ≤ f (αy) ≤ f (x) and f (x) ≤ f (βy) ≤ β f (y). Thus,

α
ϕ( f (y))

ϕ( f (x))
g(y) ≤ g(x) and g(x) ≤ β

ϕ( f (y))

ϕ( f (x))
g(y),

which shows that dH (g(x), g(y)) ≤ logβ/α = dH (x, y).
Thus, we can apply Theorem 6.4.1 to deduce from (6.24) that u is the only

fixed point of g in �◦. This implies that u is the only eigenvector of f in �◦.

In many interesting cases the map f is semi-differentiable at each point
in the interior of the cone. In this regard we mention the following results
concerning super-additive maps. A map f : D → K , with D ⊆ K , is super-
additive with respect to K if

f (x)+ f (y) ≤K f (x + y) for all x, y ∈ D with x + y ∈ D.

Lemma 6.4.4 Let K ⊆ V be a solid closed cone and f : K → K be a
continuous homogeneous map. If f is super-additive and for ξ ∈ K there
exists δ > 0 such that f restricted to Bδ(ξ) = {x ∈ K : ‖x − ξ‖ < δ} is
Lipschitz, then the following assertions hold:

(i) f ′
ξ (v) exists for all v ∈ Sξ .

(ii) f ′
ξ : Sξ → V is Lipschitz and extends as a Lipschitz map to cl(Sξ ).

(iii) If � ⊆ Sξ is compact, then

lim
t→0+

f (ξ + tv)− f (ξ)

t
= f ′

ξ (v)

uniformly for v ∈ �.

(iv) If Sξ is closed, f is semi-differentiable at ξ .

Proof To show that

f ′
ξ (v) = lim

t→0+
f (ξ + tv)− f (ξ)

t

exists for all v ∈ Sξ , let τ > 0 be such that ξ + tv ∈ Bδ(ξ) ∩ K for 0 ≤
t ≤ τ . Now let ϕ ∈ K ∗ \ {0}. As f is homogeneous and super-additive,
( f (x)+ f (y))/2 ≤ f ((x + y)/2) for all x, y ∈ K .

Let ψ : [0, τ ] → R be given by

ψ(t) = ϕ( f (ξ + tv)) for 0 ≤ t ≤ τ.
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Note that ψ((s + t)/2) ≥ (ψ(s) + ψ(t))/2, as ϕ ∈ K ∗, so ψ is concave. It
follows that the quotient (ψ(t)−ψ(0))/t is increasing for t → 0+. Moreover,
the quotient is bounded, since ψ is Lipschitz. Thus,

lim
t→0+

ϕ( f (ξ + tv))− ϕ( f (ξ))

t

exists. Since K ∗ has non-empty interior, each ϑ ∈ V ∗ can be written as ϑ =
ϕ1 − ϕ2 with ϕ1, ϕ2 ∈ K ∗. We conclude that

lim
t→0+

ϑ( f (ξ + tv))− ϑ( f (ξ))

t
(6.25)

exists for all ϑ ∈ V ∗.
Since V is finite-dimensional, there exists a basis e1, e2, . . . , en for V and

a dual basis ϑ1, ϑ2, . . . , ϑn for V ∗ with ϑi (e j ) = δi j , the Kronecker delta. It
follows that f (ξ + tv) =∑i ϑi ( f (ξ + tv))ei , so that, by (6.25),

f ′
ξ (v) = lim

t→0+
f (ξ + tv)− f (ξ)

t

exists for all v ∈ Sξ .
Exactly the same argument as in the proof of Lemma 6.1.6 shows that f ′

ξ is
Lipschitz with constant C if f is Lipschitz in Bδ(ξ)∩K with Lipschitz constant
C . If v ∈ cl(Sξ ) and (vk)k is a sequence in Sξ converging to v, then ( f ′

ξ (vk))k

is Cauchy, as f ′
ξ is Lipschitz on Sξ . Thus, f ′

ξ (vk) → w as k → ∞, and the
limit is independent of the choice of (vk)k . So, we can define f ′

ξ (v) = w. If
u, v ∈ cl(Sξ ), and (uk)k and (vk)k in Sξ are such that uk → u and vk → v as
k → ∞, then

‖ f ′
ξ (u)− f ′

ξ (w)‖ = lim
k→∞ ‖ f ′

ξ (uk)− f ′
ξ (vk)‖ ≤ C lim

k→∞ ‖uk −vk‖ = C‖u−v‖,

which shows that f ′
ξ extends as a Lipschitz map to cl(Sξ ).

If � ⊆ Sξ is compact and ε > 0, we can find points v1, . . . , vm ∈ � such
that ∪i Bε/3C (vi ) is an open cover of �. Here C is the Lipschitz constant of f
on Bδ(ξ). It follows from the first assertion that there exists 0 < η < δ such
that, for all 1 ≤ i ≤ m and 0 < t < η,∥∥∥ f (ξ + tvi )− f (ξ)

t
− f ′

ξ (vi )

∥∥∥ < ε/3.

If v ∈ �, select j with v ∈ Bε/3C (v j ). If 0 < t < η and ξ + tv ∈ K , it follows
that ξ + tv ∈ Bδ(ξ)∩ K . Using the fact that f is Lipschitz on Bδ(ξ)∩ K with
Lipschitz constant C , and f ′

ξ is Lipschitz on Sξ with the same constant as f ,
we see that
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∥∥∥ f (ξ + tvi )− f (ξ)

t
− f (ξ + tv)− f (ξ)

t

∥∥∥ < C‖vi − v‖ < ε/3

and ‖ f ′
ξ (vi )− f ′

ξ (v)‖ ≤ C‖vi − v‖ < ε/3
Combining these inequalities shows that if 0 < t < η, v ∈ �, and ξ + tv ∈

K , then ∥∥∥ f (ξ + tv)− f (ξ)

t
− f ′

ξ (v)

∥∥∥ < ε.

Finally, assume that Sξ is closed. To prove that f is semi-differentiable at
ξ we must show that for each ε > 0 there exists μ > 0 such that if ‖v‖ <
μ and ξ + v ∈ K , then ‖ f (ξ + v) − f (ξ) − f ′

ξ (v)‖ ≤ ε‖v‖. Arguing by
contradiction, we suppose that there exists ε > 0 and a sequence (uk)k in Sξ
such that ‖uk‖ → 0 as k → ∞, ξ+uk ∈ K , and ‖ f (ξ+uk)− f (ξ)− f ′

ξ (uk)‖ >
ε‖uk‖ for all k. Define wk = uk/‖uk‖ and tk = ‖uk‖ > 0, so∥∥∥ f (ξ + tkwk)− f (ξ)

tk
− f ′

ξ (wk)

∥∥∥ > ε (6.26)

for all k. As Sξ is closed, we may assume, after taking a subsequence, that
wk → w ∈ Sξ as k → ∞. Note that � = {wk : k ≥ 1} ∪ {w} is a compact
subset of Sξ . It follows from the third assertion that there exists η > 0 such
that if 0 < t < η, z ∈ �, and ξ + t z ∈ K , then∥∥∥ f (ξ + tk z)− f (ξ)

tk
− f ′

ξ (z)
∥∥∥ < ε. (6.27)

Since tk → 0 as k → ∞, equations (6.26) and (6.27) are contradictory, and
we are done.

We note that if K = R
n+, then Sξ is closed for all ξ ∈ K . Therefore if

f : R
n+ → R

n+ is a continuous homogeneous order-preserving map which is
super-additive and locally Lipschitz, then f is semi-differentiable at every ξ ∈
R

n+. Nussbaum [159, section 3] analyzed a class M− of maps on R
n+ satisfying

these conditions. In fact, each map in M− is C∞ on the interior of R
n+, but in

general only semi-differentiable on ∂Rn+. The class M− concerns maps that
are constructed from means Mrσ (x) = (

∑
i σi xr

i )
1/r , where r < 0. It turns

out that for maps in the class M− it is particularly difficult to decide if there
exists an eigenvector in the interior of R

n+. We shall briefly discuss this issue
in Section 6.6, but for a more detailed account the reader is referred to [159].

If in Theorem 6.4.3 the map f is Fréchet differentiable at u ∈ int(K ),
weaker conditions on the Fréchet derivative D f (u) exist, which ensure unique-
ness of the eigenvector in the interior. In particular, it suffices to assume that
the linear map D f (u) : V → V is irreducible. In fact, the following slightly
weaker assumption works.
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Definition 6.4.5 Let L : V → V be a linear map leaving a closed solid cone
K ⊆ V invariant, and ρ be the spectral radius of L . We say that L satisfies the
Kreı̆n–Rutman condition if either ρ = 0, or ρ > 0 and (1) dim(ker(ρ I − L)) =
1 and (2) there exist w ∈ K \ {0} with Lw = ρw and w∗ ∈ K ∗ \ {0} with
L∗w∗ = ρw∗ such that w∗(w) > 0.

Obviously, every irreducible linear map L : V → V satisfies the Kreı̆n–
Rutman condition by the Perron–Frobenius theorem. However, it may easily
happen that L satisfies the Kreı̆n–Rutman condition even though L is not irre-
ducible. For example, consider R

4+ and the linear map L defined by the matrix

M =

⎡
⎢⎢⎣

0 0 0 α

β 0 0 0
0 γ 0 0
δ 0 0 0

⎤
⎥⎥⎦ ,

where α, β, γ, δ > 0.

Theorem 6.4.6 Suppose that f : int(K ) → int(K ) is a subhomogeneous
order-preserving map and u ∈ int(K ) with f (u) = ru. If f is Fréchet
differentiable at u, then the following holds:

(i) The spectral radius ρ of D f (u) satisfies ρ ≤ r .
(ii) If ρ < r , then for each ϑ ∈ K ∗ with ϑ(u) = 1, u is the only eigenvector

of f in �ϑ = {x ∈ int(K ) : ϑ(x) = 1}.
(iii) If ρ = r and D f (u) satisfies the Kreı̆n–Rutman condition, where w ∈

K \{0} andw∗ ∈ K ∗\{0} are such that D f (u)w = ρw and D f (u)∗w∗ =
ρw∗, then u is the only eigenvector of f in �ϑ for all ϑ ∈ K ∗ with
ϑ(u) = 1 and ϑ(w) > 0.

Proof For simplicity write L = D f (u). To prove the first assertion note that
as f is subhomogeneous

Lu = lim
t→1+

f (tu)− f (u)

t − 1
≤ lim

t→1+
t f (u)− f (u)

t − 1
= f (u) = ru. (6.28)

Since f is order-preserving, L : V → V leaves K invariant. As u ∈ int(K ),
(6.28) and Proposition 5.3.6 imply that ρ ≤ r .

Before continuing the proof we remark that L has an eigenvectorw ∈ K \{0}
with Lw = ρw, and likewise L∗ has an eigenvector w∗ ∈ K ∗ \ {0} with
L∗w∗ = ρw∗. If ρ = r , the Kreı̆n–Rutman condition ensures that w and w∗
are unique up to positive scalar multiples, and w∗(w) > 0. As u ∈ int(K ),
w∗(u) > 0. Thus, if we let ϑ = tw∗ we can choose t > 0 such that ϑ(u) = 1
and ϑ(w) > 0. It follows that if ρ = r , there exists ϑ ∈ K ∗ \ {0} as in the third
assertion. Furthermore, by replacing f by r−1 f , we may assume that r = 1
and f (u) = u.
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To prove the last two assertions it suffices by Theorem 6.4.3 to show that if
ρ < 1 or ρ = 1, then

v − Lv + ϑ(Lv)u 	= 0

for all v ∈ Vϑ \ {0}, where Vϑ = {v ∈ V : ϑ(v) = 1}.
For the sake of contradiction suppose that there exists v ∈ Vϑ \ {0} such that

v − Lv = −ϑ(Lv)u. (6.29)

If ρ < 1, we find that

v = −(I − L)−1(ϑ(Lv)u)) = −ϑ(Lv)
∞∑

k=0

Lku. (6.30)

Since u ∈ int(K ) and v 	= 0, it follows that ϑ(Lv) 	= 0, and v ∈ int(K ) or
−v ∈ int(K ). If v ∈ int(K ), we must have that ϑ(Lv) ≥ 0, as Lv ∈ K , so
that ϑ(Lv) > 0. But then (6.30) implies −v ∈ int(K ), which is impossible,
as v 	= 0. A similar argument gives a contradiction if −v ∈ int(K ). Thus, if
ρ < 1, then Equation (6.29) cannot hold for any non-zero v ∈ Vϑ . Notice
that in this case it is only required that ϑ ∈ K ∗ satisfy ϑ(u) = 1, but not that
ϑ(w) > 0.

To treat the case ρ = 1 we again argue by contradiction. So, suppose there
exists a non-zero v ∈ Vϑ satisfying (6.29). It follows that for each integer
N ≥ 0

N∑
k=0

Lk(v − Lv) = v − L N+1v = −ϑ(Lv)
N∑

k=0

Lku. (6.31)

Note that if ϑ(Lv) = 0, then (6.29) implies that v − Lv = 0. As L satisfies
the Kreı̆n–Rutman condition, we find that v = tw for some t 	= 0. Thus,
ϑ(Lv) = tϑ(w) = 0, which contradicts ϑ(w) > 0. So, ϑ(Lv) 	= 0.

To derive a contradiction we show that (‖v − L N+1v‖)N remains bounded,
while limN→∞ ‖∑N

k=0 Lku‖ = ∞, which violates (6.31). As K is a finite-
dimensional closed cone, K is normal by Lemma 1.2.5. Let κ ≥ 1 be the
normality constant. Note that if x ∈ K and y ∈ V are such that −bx ≤ y ≤ bx ,
then 0 ≤ y + bx ≤ 2bx , and hence

‖y‖ ≤ (2κ + 1)b‖x‖. (6.32)

As u ∈ int(K ) there exists a > 0 such that −au ≤ v ≤ au. Recall that r = 1,
so (6.28) implies −au ≤ −aL N+1u ≤ L N+1v ≤ aL N+1u ≤ au. Thus, for
each N ≥ 0,

− 2au ≤ v − L N+1v ≤ 2au. (6.33)
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We conclude from (6.32) and (6.33) that

‖v − L N+1v‖ ≤ 2a(2κ + 1)‖u‖. (6.34)

As u ∈ int(K ), there exists α > 0 with αw ≤ u. Recall that Lw = w. Thus,

N∑
k=0

Lk(u) ≥ α

N∑
k=0

Lkw = α(N + 1)w.

Using the normality of K , we find that

∥∥∥ϑ(Lv) N∑
k=0

Lku
∥∥∥ ≥ α

κ
(N + 1)|ϑ(Lv)|∥∥w∥∥. (6.35)

As ϑ(Lv) 	= 0, the inequalities (6.34) and (6.35) contradict (6.31) for N large.

If in Theorem 6.4.6 it is assumed that f is homogeneous, the assumptions
simplify considerably and the following sharper results hold.

Corollary 6.4.7 If f : int(K ) → int(K ) is a homogeneous order-preserving
map on a solid closed cone K ⊆ V , and f is Fréchet differentiable at u ∈
int(K ) with f (u) = ru, then the following hold:

(i) The spectral radius of D f (u) is equal to r .

(ii) If, in addition, dim(ker(r I − D f (u))) = 1, then u is the unique, up to
positive scalar multiples, eigenvector of f in int(K ).

Proof Write L = D f (u); so,

Lu = lim
t→1+

f (tu)− f (u)

t − 1
= f (u) = ru.

By the Perron–Frobenius theorem there exists u∗ ∈ K ∗ \{0} with L∗u∗ = ru∗.
As u ∈ int(K ), we know that u∗(u) > 0. Under the assumption that
dim(ker(r I − L)) = 1, we conclude that L satisfies the Kreı̆n–Rutman
condition. Also note that ϑ(u) > 0 for all non-zero ϑ ∈ K ∗. Thus, if
ϑ ∈ K ∗ \ {0} and ϑ(u) = 1, then u is the unique eigenvector of f in
�ϑ = {x ∈ int(K ) : ϑ(x) = 1} by Theorem 6.4.6. But if y is an eigenvec-
tor of f in the interior of K , then t y ∈ �ϑ for some t > 0, and hence t y = u,
which completes the proof.

Another interesting refinement of Theorem 6.4.6 is obtained by assuming
that the Fréchet derivative D f (u) is irreducible.
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Corollary 6.4.8 Suppose f : int(K ) → int(K ) is a subhomogeneous order-
preserving map on a solid closed cone K ⊆ V , and f is Fréchet differentiable
at u ∈ int(K ) with f (u) = ru. If the Fréchet derivative D f (u) is irreducible,
then for each ϑ ∈ K ∗ \ {0} with ϑ(u) = 1, u is the only eigenvector of f in
�ϑ = {x ∈ int(K ) : ϑ(x) = 1}. Moreover, if y ∈ int(K ) is an eigenvector of
f , then y ≤ u or u ≤ y.

Proof As before, denote L = D f (u). To show that u is the only eigenvector
of f in �ϑ for all ϑ ∈ K ∗ \ {0} with ϑ(u) = 1, it suffices, by Theorem
6.4.6, to prove that if the spectral radius ρ of L is equal to r , then Lu = ru.
From the inequality (6.28) we know that Lu ≤ ru. Now if Lu 	= ru, then
z = u − r−1Lu ∈ K \ {0}, and irreducibility of L implies that there exists an
integer N ≥ 0 such that

N∑
k=0

(r−1L)k z = u − (r−1L)N+1u ∈ int(K ).

This implies that there exists s > 0 with (1 − s)u ≥ (r−1L)N+1u, so that
ρ < r , which is a contradiction.

To prove the second assertion we argue by contradiction. Assume that y ∈
int(K ) is an eigenvector of f and z = y − u 	∈ K and −z = u − y 	∈ K .
As K is closed, there exists δ > 0 such that Bδ(z) ∩ K and Bδ(−z) ∩ K
are both empty. Here Bδ(z) = {v ∈ V : ‖z − v‖ < δ}. The Hahn–Banach
separation theorem [186, theorem 11.4] implies that there exist ϕ+ ∈ K ∗ \ {0}
with ϕ+(v) < 0 for all v ∈ Bδ(z), and ϕ− ∈ K ∗ \ {0} with ϕ−(v) < 0 for all
v ∈ Bδ(−z). In particular, we have that ϕ+(z) < 0 and ϕ−(−z) < 0. Rescaling
ϕ+ by a positive scalar we may assume that ϕ+(z) = ϕ−(−z). Putting ψ =
ϕ+ + ϕ− ∈ K ∗ \ {0} we deduce that

ψ(u) = ψ+(u)+ ψ−(u) = −ϕ+(z)+ ϕ−(−z)+ ϕ+(y)+ ϕ−(y) = ψ(y).

As ψ(u) > 0, we can rescale ψ so that ψ(u) = ψ(y) = 1. It follows that u
and y are distinct eigenvectors of f in �ψ , which is impossible.

6.5 Convergence to a unique eigenvector

If f : int(K ) → int(K ) is a homogeneous order-preserving map on a solid
closed cone K ⊆ V and f has a unique eigenvector u ∈ int(K ) with f (u) =
ru, it is interesting to understand when the ray through u is globally attracting.
In particular, it is natural to ask whether
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lim
k→∞

f k(x)

ϕ( f k(x))
= u for all x ∈ int(K ),

where ϕ ∈ K ∗ with ϕ(u) = 1, or whether for each x ∈ int(K ) there exists
λx > 0 such that

lim
k→∞

f k(x)

rk
= λx u.

Surprisingly, a slight strengthening of the conditions that ensure uniqueness of
the eigenvector in the interior of the cone give global convergence results of
this type. The underlying reason for this phenomenon is Proposition 3.2.3,
which says that a locally attracting fixed point of non-expansive maps on
a geodesic metric space is globally attracting. A simple, although often too
restrictive, condition on the eigenvector u ∈ int(K ) which ensures that u is a
locally attracting fixed point of the normalized map,

g(x) = f (x)

ϕ( f (x))
for x ∈ �◦,

where �◦ = {x ∈ int(K ) : ϕ(x) = 1} and ϕ ∈ K ∗ with ϕ(u) = 1, is
the following. If f : int(K ) → int(K ) and u ∈ int(K ), we say that f is
locally strongly order-preserving at u if there exists an open neighborhood
U ⊆ int(K ) of u such that for x, y ∈ U with x < y we have that f (x) � f (y).

Theorem 6.5.1 Let K ⊆ V be a solid closed cone and ϕ ∈ K ∗. If
f : int(K ) → int(K ) is a homogeneous order-preserving map and there exists
u ∈ K , with ϕ(u) = 1, such that f (u) = ru and f is strongly order-preserving
at u, then

lim
k→∞

f k(x)

ϕ( f k(x))
= u for all x ∈ int(K ).

Proof Let U ⊆ int(K ) be an open neighborhood of u such that x, y ∈ U and
x < y implies f (x) � f (y). As the norm topology on int(K ) coincides with
the topology induced by Thompson’s metric, there exists R > 1 such that the
closed Thompson’s metric ball, BT (u) = {x ∈ int(K ) : R−1u ≤ x ≤ Ru},
with radius log R and center u is contained in U . Let h : int(K ) → int(K ) be
given by

h(x) = f (x)

r
for x ∈ int(K ).

Thus, h(u) = u. Suppose that y ∈ BT (u) and y 	= λu for all λ > 0. Write
α = m(y/u) and β = M(y/u). Note that αu < y < βu, as K is closed, and
R−1 ≤ α and β ≤ R. As f is strongly order-preserving at u,

αu = αh(u) � h(y) � βh(u) = βu.
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This implies that there exist μ > α and τ < β such that μu < h(y) < τu, and
hence

dT (h(y), u) ≤ log(max{μ−1, τ }) < log(max{α−1, β}) = dT (y, u). (6.36)

for all y ∈ BT (u) with y 	= λu for all λ > 0.
As h is non-expansive under Thompson’s metric and h(u) = u, we know

that h(BT (u)) ⊆ BT (u). Now let w ∈ BT (u). We can use the compactness of
BT (u) to find an increasing sequence of integers (ki )i and z ∈ BT (u) such that
limi→∞ hki (w) = z. As

dT (z, u) = lim
i→∞ dT (h

ki (w), hki (u))

≤ lim
i→∞ dT (h(h

ki−1(w)), h(hki−1(u)))

≤ dT (h(z), u),

it follows from (6.36) that z = λwu for some λw > 0. Since f is homogeneous
and limi→∞ hki (w) = λwu,

lim
i→∞

f ki (w)

ϕ( f ki (w))
= lim

i→∞
hki (w)

ϕ(hki (w))
= u. (6.37)

Let �◦ = {x ∈ int(K ) : ϕ(x) = 1} and define g : �◦ → �◦ by g(x) =
f (x)/ϕ( f (x)) for x ∈ �◦. Using the non-expansiveness of g under Hilbert’s
metric we see that, for each w ∈ BT (u) ∩�◦,

lim
k→∞ dH (g

k(w), u) = lim
k→∞ dH (g

k(w), gk(u))

≤ lim
i→∞ dH (g

ki (w), gki (u))

= lim
i→∞ dH (g

ki (w), u).

The right-hand side is 0 by (6.37), and hence u is a locally attracting fixed
point of g in the geodesic metric space (�◦, dH ). It follows from Proposition
3.2.3 that limk→∞ gk(x) = u for all x ∈ �◦.

The assumption that f is strongly order-preserving at u can be considerably
weakened. To this end we introduce the following notion.

Definition 6.5.2 Let f : int(K ) → int(K ) where K ⊆ V is a solid closed
cone. We say that f satisfies condition L at x ∈ int(K ) if there exists an
open neighborhood U ⊆ int(K ) of x such that for each y ∈ U with y < x
there exists an integer ky ≥ 1 with f ky (y) � f ky (x). Likewise we say that
f satisfies condition U at x ∈ int(K ) if there exists an open neighborhood
U ⊆ int(K ) of x such that for each y ∈ U with x < y there exists an integer
ky ≥ 1 with f ky (x) � f ky (y).
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Similar conditions have been considered by Brualdi, Parter, and Schneider
[39] and by Kloeden and Rubinov [103]. The following lemma shows that the
neighborhood U in Definition 6.5.2 is irrelevant.

Lemma 6.5.3 Let K ⊆ V be a solid closed cone. If f : int(K ) → int(K )
is an order-preserving map and f satisfies condition L at x ∈ int(K ), then
for each y ∈ int(K ) with y < x there exists an integer ky ≥ 1 such that
f ky (y) � f ky (x). Likewise, if f satisfies condition U at x ∈ int(K ), then
for each y ∈ int(K ) with x < y there exists an integer ky ≥ 1 such that
f ky (x) � f ky (y).

Proof We shall only prove the first assertion and leave the analogous proof
of the second assertion to the reader. If y ∈ int(K ) with y < x , define, for
0 < t < 1, yt = (1 − t)x + t y. Note that x − yt = t (x − y) ∈ K \ {0}
and yt − y = (1 − t)(x − y) ∈ K \ {0} for all 0 < t < 1. Let U be an
open neighborhood of x as in Definition 6.5.2. Let 0 < t < 1 be so small that
yt ∈ U . Then there exists an integer ky ≥ 1 with f ky (yt ) � f ky (x). As f is
order-preserving, f ky (y) ≤ f ky (yt ), so that f ky (y) ≤ f ky (yt ) � f ky (x).

The assumption that f satisfies condition L or condition U at an eigenvector
in the interior of the cone turns out to be sufficient to prove global convergence
results. We shall discuss this idea in the more general setting of subhomo-
geneous maps, rather than homogeneous maps, as it requires very little extra
effort and yields interesting additional information. We begin by proving two
auxiliary lemmas. The first one concerns the ω-limit sets of subhomogeneous
order-preserving maps.

Lemma 6.5.4 If h : int(K ) → int(K ) is a subhomogeneous order-preserving
map on the interior of a solid closed cone K ⊆ V , and h(u) = u for some
u ∈ int(K ), then for each x ∈ int(K ) there exists 0 < α ≤ 1 such that
m(y/u) = α for all y ∈ ω(x), or there exists β ≥ 1 such that M(y/u) = β

for all y ∈ ω(x).
Proof For k ≥ 1 define αk = m(hk(x)/hk(u)) = m(hk(x)/u) and βk =
M(hk(x)/hk(u)) = M(hk(x)/u). Clearly αk ≤ βk for all k ≥ 1. If there
exists m ≥ 1 such that βm ≤ 1 or, equivalently, hm(x) ≤ u, then hk+m(x) ≤ u
for all k ≥ 0. So, in that case, αk ≤ 1 for all k ≥ m. A similar argument shows
that if αm ≥ 1 for some m ≥ 1, then 1 ≤ αk ≤ βk for all k ≥ m.

Thus, there are two cases to consider: (1) βk > 1 for all k ≥ 1, and (2) there
exists m ≥ 1 such that αk ≤ 1 for all k ≥ m. Let us assume that we are in the
first case. As f is subhomogeneous and order-preserving, and hk(x) ≤ βku,

hk+1(x) ≤ h(βku) ≤ βkh(u) = βku,
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which shows that βk+1 ≤ βk for all k ≥ 1. It follows that limk→∞ βk = β ≥ 1
exists. Thus, if hki (x) → y as i → ∞, we find that

M(y/u) = lim
i→∞ M(hki (x)/u) = lim

i→∞βk = β.

In the second case, it follows from αku ≤ hk(x) that αku = αkh(u) ≤
h(αku) ≤ hk+1(x) for all m ≥ k, and hence αk ≤ αk+1 for all k ≥ m. So, in
this case, limk→∞ αk = α ≤ 1 exists. Moreover, if hki (x) → y as i → ∞, we
have that

m(y/u) = lim
i→∞ m(hki (x)/u) = lim

i→∞αk = α.

It is useful to look at the proof of Lemma 6.5.4 again when h is homoge-
neous. In that case αk is increasing and βk is decreasing. As αk ≤ βk for all
k ≥ 1, we see that both limits, limk→∞ αk = α and limk→∞ βk = β, exist
and 0 < α ≤ β. Thus, if h in Lemma 6.5.4 is homogeneous, then for each
x ∈ int(K ) there exist 0 < α ≤ β such that

m(y/u) = α and M(y/u) = β (6.38)

for all y ∈ ω(x).
Of course, if h in Lemma 6.5.4 is homogeneous, then h(tu) = tu for all

t > 0. The next lemma shows that if h is merely subhomogeneous, then {t >
0 : h(tu) = tu} is still an interval.

Lemma 6.5.5 Let h : int(K ) → int(K ) be a subhomogeneous order-
preserving map on the interior of a solid closed cone with h(u) = u for
some u ∈ int(K ). If s0 < t < t0, where s0 = inf{t > 0 : h(tu) = tu}
and t0 = sup{t > 0 : h(tu) = tu}, then h(tu) = tu. Moreover, if s0 > 0,
then h(s0u) = s0u. Likewise, t0 < ∞ implies h(t0u) = t0u. Furthermore,
h(su) > su for all 0 < s < s0, and h(tu) < tu for all t > t0.

Proof First remark that as h(u) = u, s0 ≤ 1 ≤ t0. If t ≥ 1, t−1h(tu) ≤ h(u),
so that h(tu) ≤ tu. Likewise, if 0 < s ≤ 1, then su = sh(u) ≤ h(su). We shall
now show by contradiction that if h(τu) < τu for some τ ≥ 1, then h(tu) <
tu for all t ≥ τ . Suppose h(tu) ≥ tu for some t ≥ τ ≥ 1. By the previous
observations, h(tu) = tu. But this implies that h(τu) ≥ (τ/t)h(tu) = τu,
which is impossible. A similar argument shows that if h(σu) > σu for some
0 < σ ≤ 1, then h(su) > su for all 0 < s ≤ σ .

To complete the proof we remark that the continuity of h implies that
h(s0u) = s0u if s0 > 0, and h(t0u) = t0u if t0 < ∞.
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The next theorem shows that the assumption that f satisfies condition L
or condition U at an eigenvector in the interior of the cone ensures global
convergence to a unique eigenvector in the interior.

Theorem 6.5.6 Let f : int(K ) → int(K ) be an order-preserving map on the
interior of a solid closed cone K ⊆ V and f (u) = ru for some u ∈ int(K ).
Suppose that h : int(K ) → int(K ) is given by h(x) = r−1 f (x) for all x ∈
int(K ). Then the following assertions hold:

(i) If f is subhomogeneous and h satisfies conditions L and U at u, then for
each x ∈ int(K ) there exists λx > 0 such that

lim
k→∞ hk(x) = λx u.

Moreover, {λ > 0 : f (λu) = λru} is an interval.
(ii) If f is homogeneous and f satisfies condition L or U at u, then

lim
k→∞

f k(x)

ϕ( f k(x))
= u

for all x ∈ int(K ) and ϕ ∈ K ∗ with ϕ(u) = 1.

Proof To prove (i) we suppose that f is subhomogeneous and consider
h : int(K ) → int(K ) to be defined by h(x) = r−1 f (x) for x ∈ int(K ).
Clearly h(u) = u and h is subhomogeneous and order-preserving, and hence
non-expansive under Thompson’s metric. It follows from Lemma 3.1.2 that
h(ω(x; h)) = ω(x; h). Furthermore we can apply Lemma 6.5.4 to h and
conclude that there are two cases: either there exists 0 < α ≤ 1 such that
m(y/u) = α for all y ∈ ω(x; h), or there exists β ≥ 1 such that M(y/u) = β

for all y ∈ ω(x; h).
We will now show that, in the first case, ω(x; h) = {αu}. For the sake of

contradiction suppose that there exists z ∈ ω(x; h) with αu 	= z. Then αu < z
and, because h satisfies condition U at u, there exists m ≥ 1 such that

u = hm(u) � hm(α−1z).

As hm is subhomogeneous, αhm(α−1z) ≤ hm(z), so that αu � hm(z). It
follows that m(hm(z)/u) > α, which is impossible, as hm(z) ∈ ω(x; h).

In a similar way it can be shown that, in the second case, ω(x; h) = {βu}.
Indeed, if there exists z ∈ ω(x; h) with z 	= βu, then z < βu and there exists
an integer m ≥ 1 such that

hm(β−1z) � hm(u) = u,

as h satisfies condition L at u. This implies that β−1hm(z) � u, since h is
subhomogeneous, which contradicts M(hm(z)/u) = β.
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Thus, we have shown that there exists λx > 0 such that ω(x; h) = {λx u},
and hence

lim
k→∞ hk(x) = λx u

by Lemma 3.1.3.
If f is homogeneous, then h is homogeneous and hence there exist 0 < α ≤

β such that m(y/u) = α and M(y/u) = β for all y ∈ ω(x; h) by (6.38). As
before we will show that ω(x; h) = {λx u} for some λx > 0. Suppose that f
satisfies condition U at u and there exists z ∈ ω(x; h) with z 	= αu. Note that
as f is homogeneous, h also satisfies condition U at u. Moreover, αu < z and
there exists m ≥ 1 such that αu = hm(αu) � hm(z). As hm(z) ∈ ω(x; h), this
contradicts m(hm(z)/u) = α. In the same way, it can be shown that ω(x; h) =
{βu} if f satisfies condition L at u.

Thus, ω(x; h) = {λx u} for some λx > 0, so that limk→∞ hk(x) = λx u by
Lemma 3.1.3. Now using the homogeneity of f we conclude that

lim
k→∞

f k(x)

ϕ( f k(x))
= lim

k→∞
hk(x)

ϕ(hk(x))
= u

for all x ∈ int(K ) and ϕ ∈ K ∗ with ϕ(u) = 1.

Note that if f in Theorem 6.5.6 is homogeneous, then we do not need to
know the eigenvalue r explicitly to obtain a convergent scheme. We can also
circumvent explicit knowledge of the eigenvector u in the interior of K by
assuming that, at each x ∈ int(K ), f satisfies condition L or U.

Furthermore if f is semi-differentiable at the eigenvector u ∈ int(K ), then
there are simple conditions on the semi-derivative f ′

u that ensure that f satisfies
condition L or U at u.

Lemma 6.5.7 Let K ⊆ V be a solid closed cone and f : int(K ) → int(K ) be
a subhomogeneous order-preserving map. If f (u) = ru for some u ∈ int(K )
and f is semi-differentiable at u with semi-derivative f ′

u : V → V at u, then
the following assertions hold:

(i) If there exists an integer p ≥ 1 such that ( f ′
u)

p(K \ {0}) ⊆ int(K ), then
f satisfies condition U at u.

(ii) If there exists an integer p ≥ 1 such that ( f ′
u)

p(−K \ {0}) ⊆ −int(K ),
then f satisfies condition L at u.

Proof We shall only prove the first assertion and leave the second one as
an exercise for the reader. Assume there exists an integer p ≥ 1 such that
( f ′

u)
p(K \ {0}) ⊆ int(K ) and define h : int(K ) → int(K ) by h(x) = r−1 f (x)

for all x ∈ int(K ). Clearly h(u) = u and h is semi-differentiable at u with
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semi-derivative h′
u = r−1 f ′

u . So, (h′
u)

p(K \ {0}) ⊆ int(K ), and f satisfies
condition U at u if and only if h does.

By the chain rule for semi-derivatives (see Lemma 6.1.6), we know that

h p(u + v) = h p(u)+ (h′
u)

p(v)+ ‖v‖ε1(v),

where lim‖v‖→0 ε1(v) = 0. To show that h satisfies condition U at u, it suffices
to show that there exists δ > 0 such that for v ∈ K with 0 < ‖v‖ ≤ δ we
have that u = h p(u) � h p(u +v). As V is finite-dimensional and K is closed,
S = {v ∈ K : ‖v‖ = 1} is compact. This implies that (h′

u)
p(S) is a compact

subset of int(K ), since h′
u is continuous. Thus, there exists τ > 0 such that the

τ -neighborhood of (h′
u)

p(S), denoted Nτ ((h′
u)

p(S)), lies inside int(K ). For
t > 0 it follows that

Ntτ ((h
′
u)

p(t S)) = t Nτ ((h
′
u)

p(S)) ⊆ int(K ).

There exists δ > 0 such that ‖ε1(v)‖ < τ for all ‖v‖ ≤ δ. This implies, for
0 < ‖v‖ ≤ δ with v ∈ K , that (h′

u)
p(v) + ‖v‖ε1(v) ∈ int(K ), and hence h

satisfies condition U at u.

A combination of Theorem 6.5.6 and Lemma 6.5.7 immediately gives the
following result.

Corollary 6.5.8 Let f : int(K ) → int(K ) be an order-preserving map on the
interior of a solid closed cone K ⊆ V , f (u) = ru for some u ∈ int(K ), and f
be semi-differentiable at u with semi-derivative f ′

u. Suppose that h : int(K ) →
int(K ) is given by h(x) = r−1 f (x) for all x ∈ int(K ). Then the following
assertions hold:

(i) If f is subhomogeneous and there exists an integer p ≥ 1 such that
( f ′

u)
p(K \ {0}) ⊆ int(K ) and ( f ′

u)
p(−K \ {0}) ⊆ −int(K ), then for

each x ∈ int(K ) there exists λx > 0 such that

lim
k→∞ hk(x) = λx u.

(ii) If f is homogeneous and there exists an integer p ≥ 1 such that ( f ′
u)

p(K \
{0}) ⊆ int(K ) or ( f ′

u)
p(−K \ {0}) ⊆ −int(K ), then

lim
k→∞

f k(x)

ϕ( f k(x))
= u

for all x ∈ int(K ) and ϕ ∈ K ∗ with ϕ(u) = 1.

Note that if in Corollary 6.5.8 f is Fréchet differentiable at u and the linear
map D f (u) is primitive, that is to say D f (u)m(K \ {0}) ⊆ int(K ) for some
m ≥ 1, then the hypotheses are satisfied.
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6.6 Means and their eigenvectors

In Section 1.4 we defined the class M of continuous order-preserving homo-
geneous maps f : R

n+ → R
n+, each of whose coordinate function is of the

form

fi (x) =
∑

(r,σ )∈�i

cirσ Mrσ (x) for x ∈ R
n+, (6.39)

where �i is a finite set of pairs (r, σ ) with r ∈ R and σ ∈ R
n+ a probability

vector, cirσ > 0, and Mrσ (x) is the (r, σ )-mean of x . Let M+ denote the
subclass consisting of those maps f ∈ M having each coordinate function fi

of the form (6.39) with each r ≥ 0. Similarly, we say that f ∈ M− if each
coordinate function fi is of the form (6.39), but with each r < 0.

We denote by M the smallest class of maps f : R
n+ → R

n+ containing M
that is closed under addition and composition. Using, respectively, M+ and
M−, we similarly define M+ and M− to be the smallest collections of maps
f : R

n+ → R
n+ containing, respectively, M+ and M− that are closed under

addition and composition.
In this section we shall see that the question of whether a map f ∈ M+ has

an eigenvector in int(Rn+) is quite easy to answer. However, our main objective
is to show that the same question for maps in M− is often subtle and difficult,
and represents a central analytic difficulty in applying the results from this
chapter.

Following [156] we say that a nonnegative n × n matrix A = (ai j ) is an
incidence matrix of an order-preserving homogeneous map f : R

n+ → R
n+ if

for each pair (i, j) with ai j > 0 there exist c > 0 and a probability vector
τ ∈ R

n+ such that τ j > 0 and

fi (x) ≥ cxτ = c
( ∏

k∈supp(τ )

xτk
k

)
for all x ∈ R

n+.

Note that if A = (ai j ) is an incidence matrix for f , and B = (bi j ) is a
nonnegative matrix with the same zero pattern, i.e.,

ai j > 0 if and only if bi j > 0,

then B is also an incidence matrix for f . For simplicity we shall write A ∼ B
if the nonnegative n × n matrices A and B have the same zero pattern. Also
remark that if f has an incidence matrix A and each row of A has a non-zero
entry, then f (int(Rn+)) ⊆ int(Rn+).
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Clearly if A is an incidence matrix for an order-preserving homogeneous
map f : R

n+ → R
n+ and ai j > 0, then

lim
u→∞ fi (u

{ j}) = ∞.

Here u{ j} ∈ R
n+ with u{ j}

k = 1 for k 	= j and u{ j}
j = u. More-

over, if A is irreducible, then the directed graph G f associated with f (see
Section 6.2) is strongly connected. This observation yields the following
immediate consequence of Theorem 6.2.3.

Proposition 6.6.1 If f : R
n+ → R

n+ is a continuous order-preserving homo-
geneous map and f has an irreducible incidence matrix, then f has an
eigenvector in int(Rn+).

The following lemma will be useful in the sequel.

Lemma 6.6.2 Suppose that f : R
n+ → R

n+ and g : R
n+ → R

n+ are continuous
order-preserving homogeneous maps, where f has incidence matrix A and g
has incidence matrix B. If each row of A and each row of B has a non-zero
entry, then C = B A is an incidence matrix for g◦ f and each row of C contains
a non-zero entry. Furthermore, D = A + B is an incidence matrix for f + g.

Proof It is a straightforward exercise to show that A+ B is an incidence matrix
for f + g.

For 1 ≤ i ≤ n select j such that bi j > 0. Subsequently select k such that
a jk > 0. It follows that cik ≥ bi j a jk > 0, which shows that each row of C has
a non-zero entry. In general, if cik > 0, there exists j such that bi j > 0 and
a jk > 0. Since bi j > 0 there exist d > 0 and a probability vector τ ∈ R

n+ with
τ j > 0 such that

gi (y) ≥ dyτ for all y ∈ R
n+.

Because each row of A has a positive entry, we know that for each 1 ≤ m ≤
n, there exist cm > 0 and a probability vector σm ∈ R

n+ with

fm(x) ≥ cm xσ
m

for all x ∈ R
n+.

As a jk > 0, the k-th coordinate of σ j can be chosen to be non-zero. It follows
that

gi ( f (x)) ≥ κxγ for all x ∈ R
n+,

where κ > 0 and γ = ∑n
m=1 τmσ

m is a probability vector in R
n+. Note that

the k-th coordinate of γ satisfies

γk =
n∑

m=1

τmσ
m
k ≥ τ jσ

j
k > 0,

which shows that C = B A is an incidence matrix for g ◦ f .
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As usual, if f : R
n+ → R

n+ is C1 on int(Rn+), we write

f ′(x) =
( ∂ fi

∂x j
(x)
)

to denote the Jacobian matrix of f at x . Since f is order-preserving, it is easy
to verify that ∂ fi

∂x j
(x) ≥ 0 for all x ∈ int(Rn+) and 1 ≤ i, j ≤ n.

Lemma 6.6.3 If f : R
n+ → R

n+ is an order-preserving homogeneous map in
M, then the following assertions hold:

(i) f is C1 on int(Rn+).
(ii) For each x, y ∈ int(Rn+) we have that f ′(x) ∼ f ′(y).

(iii) For each x ∈ int(Rn+) each row of f ′(x) contains a non-zero entry.
(iv) If f ∈ M+ and x ∈ int(Rn+), then f ′(x) is an incidence matrix for f .

Proof Suppose that f ∈ M and and fi : R
n+ → [0,∞) is of the form (6.39).

Clearly, f is C1 on int(Rn+) and

∂ fi

∂x j
(x) =

∑
(r,σ )∈�i

cirσ
∂Mrσ

∂x j
(x).

If (r, σ ) ∈ �i and j 	∈ supp(σ ), then

∂Mrσ

∂x j
(x) = 0.

Furthermore, if supp(σ ) = { j}, then

∂Mrσ

∂x j
(x) = 1.

On the other hand, if |supp(σ )| > 1 and j ∈ supp(σ ), then

∂Mrσ

∂x j
(x) =

⎡
⎣ σ j xr−1

j

(∑n
k=1 σk xr

k

)1/r−1
if r 	= 0

σ j x
σ j −1
j

(∏
k 	= j xσk

k

)
if r = 0.

It follows that ∂ fi
∂x j
(x) > 0 if and only if there exists (r, σ ) ∈ �i such that

j ∈ supp(σ ). This implies that f ′(x) ∼ f ′(y) for all x, y ∈ int(Rn+).
To show the third assertion for f ∈ M , remark that for each i there exists j

such that ∂ fi
∂x j
(x) > 0, as �i is non-empty.

Now let N be the collection of continuous order-preserving homogeneous
maps f : R

n+ → R
n+ in M that satisfy the first three assertions of the lemma.

To prove that the first three assertions hold for all f ∈ M it suffices to show
that N is closed under addition and composition, as M ⊆ N . So, let f, g ∈ N
and write ϑ = f ◦ g and ψ = f + g. Obviously ϑ and ψ are C1 on int(Rn+).



6.6 Means and their eigenvectors 157

Remark that ψ ′(x) = f ′(x) + g′(x) ∼ f ′(y) + g′(y) = ψ ′(y) for all x, y ∈
int(Rn+). It is also clear that each row of ψ ′(x) contains a non-zero entry.

Let x, y ∈ int(Rn+) and write A1 = f ′(g(x)), B1 = g′(x), A2 = f ′(g(y)),
and B2 = g′(y). As each row of B1 has a non-zero entry, we know that g maps
int(Rn+) into itself, and hence

A1 ∼ A2 and B1 ∼ B2.

It is a straightforward matrix exercise to show that this implies that A1 B1 ∼
A2 B2, and each row of A1 B1 contains a non-zero entry.

To prove the final assertion we first assume that f ∈ M+. Suppose that
∂ fi
∂x j
(x) > 0 for x ∈ int(Rn+). The previous remarks show that there exists

(s, τ ) ∈ �i such that j ∈ supp(τ ). Since s ≥ 0, Equation (6.39) gives

fi (x) ≥ cisτ Msτ (x) ≥ cisτ M0τ (x) = cisτ xτ ,

which shows that f ′(x) is an incidence matrix for f . Using Lemma 6.6.2 we
deduce that f ′(x) is an incidence matrix for f ∈ M+ and x ∈ int(Rn+).

A combination of Proposition 6.6.1 and Lemma 6.6.3 yields the following
result, which shows that the question of whether a given map f ∈ M+ has an
eigenvector is usually quite easy to answer.

Corollary 6.6.4 If f : R
n+ → R

n+ is an order-preserving homogeneous map in
M+ and there exists x ∈ int(Rn+) such that f ′(x) is irreducible, then f has a
unique normalized eigenvector u ∈ int(Rn+).

Proof It follows from Lemma 6.6.3 that f ′(x) is an incidence matrix for f . As
f ′(x) is irreducible we deduce from Proposition 6.6.1 that f has an eigenvector
u in int(Rn+). The uniqueness, up to positive scalar multiples, of the eigenvector
u follows from Corollary 6.4.8, since f ′(x) ∼ f ′(u) by Lemma 6.6.3.

Furthermore, remark that if f ∈ M+ and there exists x ∈ int(Rn+) such
that f ′(x) is primitive, then it follows from Corollary 6.5.8 that not only is the
normalized eigenvector u ∈ int(Rn+) unique, but also

lim
k→∞

f k(y)

〈ϕ, f k(y)〉 = u for all y ∈ int(Rn+)

and ϕ ∈ R
n+ with 〈ϕ, u〉 = 1.

The following observation can sometimes be used in conjunction with
Corollary 6.6.4 to prove that a general continuous order-preserving homoge-
neous map g : R

n+ → R
n+ has an eigenvector in int(Rn+).
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Lemma 6.6.5 Suppose that f : R
n+ → R

n+ is a map in M+ and g : R
n+ → R

n+
is a continuous order-preserving homogeneous map such that g(y) ≥ f (y) for
all y ∈ R

n+. If there exists x ∈ int(Rn+) such that f ′(x) is irreducible, then g
has an eigenvector in int(Rn+).

Proof It follows from Lemma 6.6.3 that f ′(x) is an incidence matrix for f . As
g(y) ≥ f (y) for all y ∈ R

n+ it follows that f ′(x) is also an incidence matrix
for g. So, we can apply Proposition 6.6.1 to conclude that g has an eigenvector
in int(Rn+).

For maps f ∈ M+ Corollary 6.6.4 provides an effective way to analyze the
problem of the existence of an eigenvector in the interior of R

n+. As mentioned
before the same problem is often much harder for maps f ∈ M−. This is
basically because Theorem 6.2.3 is rarely applicable to maps f ∈ M−, as the
associated digraph G f = (V, A) is usually totally disconnected, meaning that
the set of arcs A ⊆ {(i, i) : i ∈ V }.
Lemma 6.6.6 If f : R

n+ → R
n+ is in M− and for each 1 ≤ i ≤ n and (r, σ ) ∈

�i either σ = {i} or |supp(σ )| ≥ 2, then G f is totally disconnected.

Proof Suppose that i 	= j and for u > 0 let u{ j} ∈ R
n+ be given by u{ j}

k = 1

if k 	= j , and u{ j}
j = u. If (r, σ ) ∈ �i and σ = {i}, then clearly Mrσ (u{ j}) =

1. Also, if |supp(σ )| ≥ 2 and j 	∈ supp(σ ), then Mrσ (u{ j}) = 1. Now if
|supp(σ )| ≥ 2 and j ∈ supp(σ ), then

lim
u→∞ Mrσ (u

{ j}) =
( ∑

k∈supp(σ ),k 	= j

σk

)1/r
< ∞,

as r < 0.
It follows that

lim
u→∞ fi (u

{ j}) < ∞,

if i 	= j , and hence G f is totally disconnected.

The property of having a totally disconnected associated digraph is pre-
served under addition and composition, as the following proposition shows.

Proposition 6.6.7 If f : R
n+ → R

n+ and g : R
n+ → R

n+ are continuous order-
preserving homogeneous maps such that the associated digraphs G f and Gg

are totally disconnected, then G f +g and Gg◦ f are also totally disconnected.

Proof We leave it to the reader as an exercise to show that G f +g is totally
disconnected. To prove that Gg◦ f is totally disconnected we first remark that,
as Gg is totally disconnected and g is order-preserving,
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lim
u→∞ gi (u

{ j}) < ∞ for i 	= j. (6.40)

Here gi is the i-th component of g, and u{ j}
k = 1 if k 	= j and u{ j}

j = u.

Suppose that (ym)m is a sequence in R
n+ with ym ≤ ym+1 for all m. Fur-

thermore assume that λk = sup{ym
k : m ≥ 1} < ∞ for all k 	= j , and put

λ = maxk 	= j λk+1 < ∞. Let um be a sequence of positive reals with um → ∞
such that

um > ym
j /λ for all m ≥ 1.

As g is order-preserving, it follows that

gi (y
m/λ) ≤ gi (u

{ j}
m ) for all m sufficiently large.

Now using the homogeneity of g, we deduce from (6.40) that

lim
m→∞ gi (y

m) < ∞ for all i 	= j. (6.41)

Now fix i and j with i 	= j . Because G f is totally disconnected, the set of

vectors { f (u{ j}) : u > 1} satisfies f (u{ j}
1 ) ≤ f (u{ j}

2 ) for 1 < u1 ≤ u2 and

sup{ fk(u
{ j}) : u > 1} < ∞ for all k 	= j.

It follows from (6.41) that

lim
u→∞ gi ( f (u{ j})) < ∞,

which shows that Gg◦ f is totally disconnected.

Lemma 6.6.6 and Proposition 6.6.7 show for f ∈ M− that G f is usually
totally disconnected and rarely of use in proving that f has an eigenvector in
int(Rn+).

In the next chapter we shall discuss applications of nonlinear Perron–
Frobenius theory to matrix scaling problems. A crucial question in the analysis
of matrix scaling problems is to decide whether an order-preserving homoge-
neous map has an eigenvector in int(Rn+). Among other questions, it will be
of interest to determine when, for a given nonnegative n × n matrix A with
no row or column identically zero, the order-preserving homogeneous map
T : int(Rn+) → int(Rn+) given by

T (x) = (AT ◦ R ◦ A ◦ R)(x) for x ∈ int(Rn+),

where AT denotes the transpose of A and R : (x1, . . . , xn) �→ (x−1
1 , . . . , x−1

n ),
has an eigenvector in int(Rn+). One can verify that the continuous extension
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of T to R
n+ belongs to M−. Moreover, the associated digraph GT is totally

disconnected. Indeed, a simple calculation gives

Ti (x) =
n∑

k=1

aki

( n∑
j=1

akj x−1
j

)−1 =
∑

k : aki 	=0

aki

( n∑
j=1

akj x−1
j

)−1
.

Taking m 	= i , we see that

Ti (u
{m}) =

∑
k : aki 	=0

aki

(∑
j 	=m

akj + akmu−1
)−1 ≤

∑
k : aki 	=0

aki (aki )
−1 ≤ n,

and hence GT is totally disconnected.
Even for relatively innocent looking maps f ∈ M− it can be difficult to

determine whether f has an eigenvector in the interior of R
n+. The following

simple example has been discussed in detail in [159, chapter 3]. For s > 0 and
t > 0, define

ϑ(s, t) = 1

2

(1

2
s−1 + 1

2
t−1)−1

.

Let a j , b j , c j , d j ≥ 0 for 1 ≤ j ≤ 4, and define f : R
4+ → R

4+ by

f

⎛
⎜⎜⎝

x1

x2

x3

x4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

a1x1 + b1ϑ(x1, x2)+ c1ϑ(x1, x4)+ d1ϑ(x2, x3)

a2x2 + b2ϑ(x1, x2)+ c2ϑ(x1, x4)+ d2ϑ(x2, x3)

a3x3 + b3ϑ(x3, x4)+ c3ϑ(x1, x4)+ d3ϑ(x2, x3)

a4x3 + b4ϑ(x3, x4)+ c4ϑ(x1, x4)+ d4ϑ(x2, x3)

⎞
⎟⎟⎠

for x ∈ R
4+. In [159] complicated conditions on the coefficients in f were

given that exactly determine when f has an eigenvector in the interior of R
4+.

The argument, which involves a study of the behavior of f near eigenvectors
in ∂R4+ and a tedious case-by-case analysis, will be omitted here. The reader
should verify that neither the method of recession maps (Section 6.3) nor the
consideration of the digraph G f of f (Section 6.2) provide any information
here.
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Applications to matrix scaling problems

The classic matrix scaling problem as introduced by Sinkhorn [205] asks for
which square nonnegative matrices A there exist positive diagonal matrices
D and E such that D AE is doubly stochastic. A complete solution to this
problem was obtained independently by Sinkhorn and Knopp [206] and by
Brualdi, Parter, and Schneider [39]. There exist many natural generalizations
of the classic matrix scaling problem, some of which we will discuss in this
chapter.

To analyze the matrix scaling problems we will follow a fixed-point
approach pioneered by Menon [143]. Given an m × n nonnegative matrix A
and positive vectors α ∈ R

n and β ∈ R
m , Menon constructed a nonlinear

homogeneous order-preserving map T = T (A, α, β) on R
n+ with the property

that T has an eigenvector in int(Rn+) if and only if there exist positive diago-
nal matrices D and E such that the m × n matrix D AE has row sums βi for
1 ≤ i ≤ m and column sums α j for 1 ≤ j ≤ n. The map T allows one to
use ideas and methods from nonlinear Perron–Frobenius theory in the analy-
sis of matrix scaling problems. This approach, which was further developed
by Menon and Schneider [145] and by Nussbaum [163], will be discussed in
detail here.

7.1 Matrix scaling: a fixed-point approach

Recall that a matrix A = (ai j ) is positive if ai j > 0 for all i and j , and a vector
x ∈ R

n is positive if xi > 0 for all i . Furthermore we say that A = (ai j ) has
a positive diagonal if aii > 0 for all i . Consider the following matrix scaling
problem. Given a nonnegative m ×n matrix A and positive vectors α ∈ R

n and
β ∈ R

m , we ask whether there exist diagonal matrices D and E with positive
diagonals such that the matrix B = D AE has row sums βi for 1 ≤ i ≤ m
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and column sums α j for 1 ≤ j ≤ n. By writing D = diag (d1, . . . , dm) and
E = diag (e1, . . . , en) we see that B has row sums βi for 1 ≤ i ≤ m if and
only if

n∑
j=1

di ai j e j = βi for 1 ≤ i ≤ m. (7.1)

Similarly, B has column sums α j for 1 ≤ j ≤ n if and only if

m∑
i=1

di ai j e j = α j for 1 ≤ j ≤ n. (7.2)

Clearly, if there exist d1, . . . , dm > 0 and e1, . . . , en > 0 such that (7.1) and
(7.2) hold, then no row or column of A can be identically zero. Furthermore,
we must have that

m∑
i=1

βi =
m∑

i=1

n∑
j=1

di ai j e j =
n∑

j=1

α j . (7.3)

In view of these observations we make the following definition.

Definition 7.1.1 A triple (A, α, β) where A is a nonnegative m × n matrix
with no row or column identically zero, and α ∈ int(Rn+) and β ∈ int(Rm+)
satisfy

m∑
i=1

βi =
n∑

j=1

α j ,

is called a D AD problem.

Of particular interest are D AD problems (A, α, β) where A is square and
α = β, which includes the classic D AD problems where αi = βi = 1 for all
1 ≤ i ≤ n

To set up the fixed-point approach to D AD problems it is convenient to think
of R

n as the space of continuous functions from {1, . . . , n} to R. In this way
we can view R

n as a commutative algebra. So, for x, y ∈ R
n , z = xy ∈ R

n

is given by zi = xi yi for all i . Clearly 1 ∈ R
n is the unit in the algebra. For

x ∈ R
n with xi 	= 0 for all i , we shall write x−1 to denote the vector with

components x−1
i for all i , so x−1x = 1.

By thinking in terms of spaces of continuous functions, we now describe
a more general D AD problem. For 1 ≤ i ≤ p + 1 and p ≥ 1 let Qi be com-
pact Hausdorff spaces with Q1 = Q p+1. Write Xi = C(Qi ), 1 ≤ i ≤ p + 1,
to denote the space of continuous functions from Qi to R; so, X p+1 = X1.
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Furthermore, for 1 ≤ i ≤ p + 1, let Ki denote the cone of nonnegative func-
tions in Xi , and for f ∈ Xi let M f : Xi → Xi denote the multiplication
operator given by

M f (g)(t) = f (t)g(t) for all g ∈ Xi and t ∈ Qi .

If no confusion should arise, we shall simply write f g instead of M f (g).
A generalized D AD problem is a tuple (L1, . . . , L p, α1, . . . , αp), where

each Li : Xi → Xi+1 is a bounded linear map with Li (int(Ki )) ⊆ int(Ki+1),
and αi ∈ int(Ki ). A generalized D AD problem is said to have a solution if
there exist λ > 0 and functions fi ∈ int(Ki ) for 1 ≤ i ≤ p such that

fi+1Li ( fi ) = αi+1 for 1 ≤ i < p, and

f1L p( f p) = λα1.
(7.4)

In contrast to our usual convention, we are allowing infinite-dimensional
Banach spaces C(Qi ) in this section. For the sequel, however, this general-
ity is not required, and for comfort the reader may wish to assume that each set
Qi is a finite set.

In terms of matrices we see for p = 2 that if L1 = A is an m×n nonnegative
matrix and L2 = B is an n × m nonnegative matrix, both with no row or
column identically zero, then the generalized D AD problem (A, B, α, β) has
a solution if and only if there exist λ > 0 and diagonal matrices D and E , with
positive diagonals, such that D AE has row sums β j for 1 ≤ j ≤ m, and E B D
has row sums λαi for 1 ≤ i ≤ n. Moreover, if B = AT and

∑
i βi = ∑

j α j ,
then λ = 1. Thus, the D AD problem (A, α, β) as defined in Definition 7.1.1
corresponds to the case where p = 2, L1 = A, L2 = AT , α1 = α, α2 = β,
and the parameter λ is equal to 1.

The following theorem shows how solutions of the generalized D AD prob-
lem (L1, . . . , L p, α1, . . . , αp) correspond to eigenvectors in the interior of
the cone K1 of a nonlinear map T : int(K1) → int(K1). For notational
convenience define for 1 ≤ i ≤ p the map Ri : int(Ki ) → int(Ki ) by

Ri (x)(t) = x−1(t) for all t ∈ Qi ,

and let �i : Xi → Xi+1 be given by

�i (g) = Li (αi g) for g ∈ Xi .

Recall that X p+1 = X1.

Theorem 7.1.2 The generalized D AD problem (L1, . . . , L p, α1, . . . , αp) has
a solution if and only if the map T : int(K1) → int(K1) given by

T = �p Rp�p−1 Rp−1 · · ·�1 R1,
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has an eigenvector x1 ∈ int(K1) with eigenvalue λ > 0. Moreover, the eigen-
value λ corresponds to the parameter λ in (7.4). Furthermore, if p is odd and
T (x1) = λx1 with λ > 0, then there exists t > 0 such that T (t x1) = t x1.

Proof First assume that T (x1) = λx1 for some x1 ∈ int(K1) and λ > 0. Define
f1 = α1 R1(x1), xi+1 = �i Ri (xi ), and fi+1 = αi+1 Ri+1(xi+1) for 1 ≤ i < p.
Note that

fi+1Li ( fi ) = αi+1x−1
i+1Li (αi x−1

i ) = αi+1(Li (αi x−1
i ))−1(Li (αi x−1

i )) = αi+1

for 1 ≤ i < p. For i = p, we have that

λx1 = (�p Rp�p−1 Rp−1 · · ·�1 R1)(x1) = L p(αpx−1
p ),

so that f1L p( f p) = α1x−1
1 L p(αpx−1

p ) = λα1.
Conversely, if the generalized D AD problem has a solution, we can define

x1 = α1 f −1
1 and xi+1 = αi+1 f −1

i+1 for 1 ≤ i < p. Now (7.4) implies that

xi+1 = αi+1 f −1
i+1 = Li ( fi ) = Li (αi x−1

i ) = �i Ri (xi )

for 1 ≤ i < p, and λx1 = λα1 f −1
1 = L p( f p) = L p(αpx−1

p ) = �p Rp(x p). It
follows that λx1 = (�p Rp�p−1 Rp−1 · · ·�1 R1)(x1) = T (x1).

Note that if p is odd, T is homogeneous of degree −1. So, if T (x1) = λx1

for some x1 ∈ int(K1) and λ > 0, then for t = √
λ we have that T (t x1) =

t−1T (x1) = t−1λx1 = t x1.

Remark that the maps �i are order-preserving and homogeneous of
degree 1, and the maps Ri are order-reversing and homogeneous of degree
−1. So, if p is even, T is order-preserving with respect to K1 and homoge-
neous of degree 1. On the other hand, if p is odd, T is order-reversing with
respect to K1 and homogeneous of degree −1. In both cases we deduce from
Corollaries 2.1.4 and 2.1.5 that T is non-expansive under Hilbert’s metric.

As we are primarily concerned with ordinary D AD problems (A, α, β), we
state the following consequence of Theorem 7.1.2.

Corollary 7.1.3 Let R1(x) = x−1 for x ∈ int(Rn+), and R2(y) = y−1 for
y ∈ int(Rm+). A D AD problem (A, α, β) has a solution if and only if the
homogeneous order-preserving map T : int(Rn+) → int(Rn+) given by

T (x) = (AT Mβ R2 AMαR1)(x) for x ∈ int(Rn+) (7.5)

has a fixed point in int(Rn+).

Proof Recall that the D AD problem (A, α, β) corresponds to the generalized
D AD problem (A, AT , α, β). Moreover, as

∑
i βi = ∑

j α j , the parameter λ
has to equal 1.
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There is an important special case in which the map T in Theorem 7.1.2 has
a unique, up to positive scalar multiples, eigenvector in int(K1).

Theorem 7.1.4 If (L1, . . . , L p, α1, . . . , αp) is a generalized D AD problem
and there exists 1 ≤ j ≤ p such that

�(L j ) = sup{dH (L j x, L j y) : x, y ∈ int(K j )} < ∞,

then T has a unique, up to positive scalar multiples, eigenvector in int(K1).

Proof For x, y ∈ int(Ki ) it is easy to verify that dH (Ri x, Ri y) = dH (x, y)
and dH (αi x, αi y) = dH (x, y). As the linear map Li maps int(Ki ) into
int(Ki+1), we also know that dH (Li x, Li y) ≤ dH (x, y) for all x, y ∈ int(Ki ).
Moreover, it follows from the Birkhoff–Hopf Theorem A.4.1 that

dH (L j x, L j y) ≤ κ(L j )dH (x, y)

for all x, y ∈ int(K j ), where

κ(L j ) = tanh
(1

4
�(L j )

)
< 1.

Consequently, dH (T x, T y) ≤ κ(L j )dH (x, y) for all x, y ∈ int(K1).
Let S = {x ∈ int(K1) : ‖x‖ = 1}. We proved in Proposition 2.5.4 that

(S, dH ) is a complete metric space if K1 is a finite-dimensional solid closed
cone. This result, however, holds more generally for normal cones in a Banach
space, and, in particular, for the cone K1 in (C(Qi ), ‖ · ‖∞). The reader can
find a proof in [158].

Let g : S → S be given by

g(x) = T (x)

‖T (x)‖ for x ∈ int(K1).

So, for each x, y ∈ S,

dH (g(x), g(y)) = dH (T (x), T (y)) ≤ κ(L j )dH (x, y).

As κ(L j ) < 1, it follows from Banach’s contraction Theorem 3.2.1 that g has
a unique fixed point u ∈ S; so, T (u) = λu for some λ > 0.

If v ∈ int(K1) is an eigenvector of T , then w = v/‖v‖ is a fixed point of g,
and hence w = u, which implies that v = ‖v‖u.

The basic approach to solving the original D AD problem (A, α, β) is to
apply the perturbation method discussed in Section 6.2 to prove the existence
of eigenvectors in the interior of R

n+ of the homogeneous order-preserving map
T : int(Rn+) → int(Rn+) given in Corollary 7.1.3. Let U denote the n×m matrix
with all entries equal to 1. For ε > 0, consider AT +εU , and note that AT +εU
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defines a linear map Bε : R
m → R

n which maps R
m+ into int(Rn+). As all the

entries of AT +εU are positive, we know by Theorem A.6.2 that�(Bε) < ∞,
and hence Theorem 7.1.4 implies that the homogeneous order-preserving map
Tε : int(Rn+) → int(Rn+) with

Tε(x) = (BεMβ R2 AMαR1)(x) for x ∈ int(Rn+) (7.6)

has a unique, up to positive scalar multiples, eigenvector uε ∈ int(Rn+). To
summarize, we have the following lemma.

Lemma 7.1.5 If (A, α, β) is a D AD problem, then for each ε > 0 the
map Tε : int(Rn+) → int(Rn+) defined by (7.6) has a unique eigenvector
uε ∈ int(Rn+) with ‖uε‖∞ = 1.

In the next section we shall discuss a compatibility condition, which is nec-
essary in order for the D AD problem (A, α, β) to have a solution, and which
ensures that there exists a sequence εk → 0+ such that uεk → u ∈ int(Rn+)
and T (u) = u, where T is given by (7.5).

Of course the maps Tε and T can be continuously extended to R
n+ by

Theorem 5.1.5, but we shall not need that here. In the analysis of infinite-
dimensional D AD problems, however, the corresponding map may fail to have
a continuous extension to the boundary of the cone (see [163, p. 60]), which
causes serious complications.

7.2 The compatibility condition

If I is a finite set, |I | will denote the cardinality of I . Given an m × n matrix
A = (ai j ) and I ⊆ {1, . . . ,m} and J ⊆ {1, . . . , n}, we shall write AI J = 0
if ai j = 0 for all (i, j) ∈ I × J , and we shall write AI J 	= 0 if there exists
(i, j) ∈ I × J with ai j 	= 0. We shall also use the notation I c = {1, . . . ,m} \ I
and J c = {1, . . . , n} \ J to denote the complements of I and J .

Let (A, α, β) be a D AD problem with solution D = diag(d1, . . . , dm) and
E = diag(e1, . . . , en). Thus, d1, . . . , dm > 0 and e1, . . . , en > 0 satisfy equa-
tions (7.1) and (7.2). Assume that I ⊆ {1, . . . ,m} and J ⊆ {1, . . . , n} are such
that AI c J c = 0. Writing âi j = di ai j e j we see that∑

j∈J

α j =
∑
j∈J

∑
i∈I

âi j +
∑
j∈J

∑
i∈I c

âi j

and ∑
i∈I c

βi =
∑
i∈I c

∑
j∈J

âi j +
∑
i∈I c

∑
j∈J c

âi j =
∑
j∈J

∑
i∈I c

âi j ,
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so that ∑
i∈I c

βi ≤
∑
j∈J

α j . (7.7)

Moreover, the inequality is strict if and only if AI J 	= 0. A similar argument
shows that ∑

j∈J c

α j ≤
∑
i∈I

βi , (7.8)

with equality if and only if AI J = 0. It should be noted, however, that (7.8)
also follows from (7.7) and the fact that

∑
i βi =∑ j α j .

By using the convention that
∑

k∈∅ γk = 0 and AI c J c = 0 if I c or J c is
empty, we can check that the inequalities (7.7) and (7.8) hold. Moreover, if
I c is empty, there is equality in (7.7) if and only if J is empty. Similarly, if
J c is empty there is equality in (7.8) if and only if I is empty. It follows that
if |I c| = 1, |J c| = n, and AI c J c = 0, then (7.7) cannot hold, which shows
that (7.7) implies that A has no row identically zero. In a similar way it can be
shown that (7.8) implies that A has no zero columns.

In view of these observations we make the following definition.

Definition 7.2.1 A D AD problem (A, α, β) is said to satisfy the compatibility
condition if for every I ⊆ {1, . . . ,m} and J ⊆ {1, . . . , n} with AI c J c = 0 the
inequality ∑

i∈I c

βi ≤
∑
j∈J

α j (7.9)

holds, and the inequality is strict if and only if AI J 	= 0.

By the previous observations we know that D AD problems with a solution
have to satisfy the compatibility condition.

Corollary 7.2.2 If a D AD problem (A, α, β) has a solution, then it satisfies
the compatibility condition.

As we shall see later in this section the compatibility condition is also a
sufficient condition for the D AD problem to have a solution. For the moment,
however, it will be convenient to impose an additional condition.

Lemma 7.2.3 If (A, α, β) is a D AD problem satisfying the compatibility con-
dition and for all proper non-empty subsets I of {1, . . . ,m} and J of {1, . . . , n}
we have that AI c J c = 0 implies AI J 	= 0, then (A, α, β) has a solution.
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Proof Using the notation of Lemma 7.1.5 and Equation (7.6) we know that for
each ε > 0 there exists uε ∈ R

n+, with ‖uε‖∞ = maxi (uε)i = 1, such that
Tε(uε) = λεuε for some λε > 0. As

(AMαR1(uε))i =
n∑

j=1

ai jα j (uε)
−1
j ≥

n∑
j=1

ai jα j > 0,

for all 1 ≤ i ≤ m, there exists a constant 0 < C < ∞ such that

(R2 AMαR1(uε))i ≤
( n∑

j=1

ai jα j

)−1
< C,

for all ε > 0 and 1 ≤ i ≤ m.
Letting zε = R2 AMαR1(uε) we find that ‖zε‖∞ < C for all ε > 0. Thus,

we can find a sequence εk → 0+ such that zεk → z ∈ R
m+ and uεk → u ∈ R

n+
with ‖u‖∞ = 1. Note that if for fixed k ≥ 1 we choose j such that (uεk ) j = 1,
then

λεk = ((AT + εkU )Mβ zεk

)
j ,

where U is the m × n matrix with all entries equal to 1. Thus, there exists a
constant C ′ > 0 such that 0 < λεk < C ′ for all k ≥ 1. By taking a further
subsequence we may assume that λεk → λ.

By applying Theorem 7.1.2 with p = 2, L1 = A, L2 = AT + εkU , α1 = α,
and α2 = β, we find that there exist dk

1 , . . . , dk
m > 0, and ek

1, . . . , ek
n > 0 such

that
n∑

j=1

dk
i ai j e

k
j = βi for 1 ≤ i ≤ m

and
m∑

i=1

dk
i (ai j + εk)e

k
j = λεkα j for 1 ≤ j ≤ n.

It follows that
m∑

i=1

n∑
j=1

dk
i ai j e

k
j =

m∑
i=1

βi

and
n∑

j=1

m∑
i=1

dk
i (ai j + εk)e

k
j = λεk

n∑
j=1

α j .

As
∑

i βi =∑ j α j , we conclude that λεk ≥ 1 for all k ≥ 1, and hence λ ≥ 1.
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Given z and u as above, define J = { j : u j > 0}. Clearly if J = {1, . . . , n},
we can directly take limits for k → ∞ in the equation Tεk (uεk ) = λεk uεk

and obtain T (u) = λu, where T is given by (7.5). In that case it follows from
Theorem 7.1.2 and Corollary 7.1.3 that λ = 1 and the D AD problem (A, α, β)
has a solution.

Now suppose that J is a proper subset of {1, . . . , n}. We will show that this
leads to a contradiction. Let I = {i : zi = 0}, and note that if I is empty then
λu = AT Mβ(z) is positive and hence J = {1, . . . , n}, which is impossible.
On the other hand, if I = {1, . . . ,m}, so z = 0, then u = 0, which contradicts
the fact that ‖u‖∞ = 1. Thus, I is a proper non-empty subset of {1, . . . ,m}.

Taking limits in the equation Tεk (uεk ) = λεk uεk we see that

λu j =
m∑

i=1

ai jβi zi =
∑
i∈I c

ai jβi zi . (7.10)

As βi zi > 0 for all i ∈ I c, we conclude that AI c J c = 0. By assumption
AI J 	= 0, so that the compatibility condition implies that∑

i∈I c

βi <
∑
j∈J

α j . (7.11)

For j ∈ J it follows from (7.10) that

λα j = α j u
−1
j

∑
i∈I c

ai jβi zi ,

which gives

λ
∑
j∈J

α j =
∑
j∈J

∑
i∈I c

α j u
−1
j ai jβi zi . (7.12)

For i ∈ I c, however, we know that as AI c J c = 0,

zi = lim
k→∞

( n∑
j=1

ai jα j (uεk )
−1
j

)−1

= lim
k→∞

(∑
j∈J

ai jα j (uεk )
−1
j

)−1

=
(∑

j∈J

ai jα j u
−1
j

)−1
.

It follows that ∑
i∈I c

βi zi

(∑
j∈J

ai jα j u
−1
j

)
=
∑
i∈I c

βi . (7.13)



170 Applications to matrix scaling problems

Combining (7.12) and (7.13) gives λ
∑

j∈J α j = ∑
i∈I c βi , which contradicts

(7.11), as λ ≥ 1.

The additional assumption on A in Lemma 7.2.3 is redundant. To prove this
we need the following auxiliary lemma.

Lemma 7.2.4 If B = (bi j ) is an m × n nonnegative matrix with no row or
column identically zero, then there exist partitions ∪r

p=1Sp = {1, . . . ,m} and
∪r

p=1Tp = {1, . . . , n} such that

(i) for each 1 ≤ p ≤ r and all proper non-empty subsets S of Sp and T of Tp

we have that B(Sp\S)(Tp\T ) = 0 implies BST 	= 0, and
(ii) bi j = 0 for all (i, j) 	∈ ∪r

p=1Sp × Tp.

Proof We argue by induction on k = max{m, n}. If k = 1, then B = (b11)

with b11 > 0, and we can take r = 1 and S1 = T1 = {1}. Now assume that
this assertion is true for all m × n nonnegative matrices B with no zero row
or column and k = max{m, n}. Let B be a nonnegative matrix with k + 1 =
max{m, n} and no row or column identically zero. If B has the property that
for all proper non-empty subsets I ⊆ {1, . . . ,m} and J ⊆ {1, . . . , n} we have
that BI c J c = 0 implies BI J 	= 0, we can take r = 1, S1 = {1, . . . ,m}, and
T1 = {1, . . . , n}, and we are done.

So, suppose that there exist proper non-empty subsets I ⊆ {1, . . . ,m} and
J ⊆ {1, . . . , n} such that BI c J c = 0 and BI J = 0. Clearly I ∪ I c is a partition
of {1, . . . ,m} and J ∪ J c is a partition of {1, . . . , n}. Moreover, bi j = 0 for all
pairs (i, j) 	∈ (I × J c)∪ (I c × J ). As B has no row or column identically zero,
BI J c and BI c J have no zero row or column. Thus we can apply the induction
hypothesis to BI J c and BI c J to obtain the result.

Using this lemma we now prove the following theorem.

Theorem 7.2.5 A D AD problem (A, α, β) has a solution if and only if it
satisfies the compatibility condition.

Proof By Corollary 7.2.2 it suffices to show that if (A, α, β) satisfies the com-
patibility condition, then it has a solution. Let Sp and Tp, 1 ≤ p ≤ r , be as in
Lemma 7.2.4. Since ASc

p Tp = 0 and ASp T c
p

= 0, no row or column of ASp Tp is
identically zero, and by using the compatibility condition we find that∑

i∈Sp

βi =
∑
j∈Tp

α j . (7.14)

The main idea is to apply Lemma 7.2.3 to (ASp Tp , αTp , βSp ) for 1 ≤ p ≤ r
and combine the solutions to create a solution to the original problem. Here
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αTp denotes the restriction of α to the components j ∈ Tp, and βSp is the
restriction of β to Sp.

Recall that Sp and Tp, 1 ≤ p ≤ r , satisfy the assertions in Lemma 7.2.4. So,
to apply Lemma 7.2.3 to (ASp Tp , αTp , βSp ), it remains to show that if Ip ⊆ Sp,
Jp ⊆ Tp, and A(Sp\Ip)(Tp\Jp) = 0, then

∑
i∈Sp\Ip

βi ≤
∑
j∈Jp

α j , (7.15)

and the inequality is strict if and only if AIp Jp 	= 0.
First note that if Ip = Sp, then the inequality (7.15) holds, and the equality

holds if and only if Jp is empty. As ASp Tp has no zero row or column, we
know that ASp Jp = 0 if and only if Jp is empty. Likewise, if Jp = Tp, then
(7.15) holds with equality if and only if Ip is empty, which is equivalent to
AIp Tp = 0. Also remark that, as ASp Tp has no zero row or column, Ip = Sp, if
Jp is empty. Similarly, if Ip is empty, then Jp = Tp.

Thus, it remains to consider the case where Ip ⊆ Sp and Jp ⊆ Tp are
proper non-empty subsets. In that case we write I = Ip ⊆ {1, . . . ,m} and
J = Jp ∪ T c

p ⊆ {1, . . . , n}. Clearly I c × J c = I c
p × (Tp \ Jp), AI c J c = 0,

and AI J 	= 0, as A(Sp\Ip)(Tp\Jp) = 0 and AIp Jp 	= 0. It follows from the
compatibility condition for (A, α, β) that

∑
j∈J

α j =
∑
j∈Jp

α j +
∑
j∈T c

p

α j >
∑
i∈I c

βi =
∑

i∈Sp\Ip

βi +
∑
i∈Sc

p

βi .

As
∑

i βi =∑ j α j , it follows from (7.14) that

∑
i∈Sc

p

βi =
∑
j∈T c

p

α j ,

and hence
∑

j∈Jp
α j >

∑
i∈Sp\Ip

βi .
Thus, we can apply Lemma 7.2.3 to (ASp Tp , αTp , βSp ) for 1 ≤ p ≤ r and

find di > 0, i ∈ Sp, and e j > 0, j ∈ Tp, such that

∑
i∈Sp

di ai j e j = α j for all j ∈ Tp

and ∑
j∈Tp

di ai j e j = βi for all i ∈ Sp.
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Since ai j = 0 for all (i, j) ∈ (Sp ×T c
p )∪(Sc

p ×Tp), the above two equalities
give, for 1 ≤ p ≤ r ,

m∑
i=1

di ai j e j =
∑
i∈Sp

di ai j e j = α j for all j ∈ Tp

and
n∑

j=1

di ai j e j =
∑
j∈Tp

di ai j e j = βi for all i ∈ Sp.

As ∪r
p=1Sp = {1, . . . ,m} and ∪r

p=1Tp = {1, . . . , n}, we have obtained a
solution to the original D AD problem (A, α, β).

The compatibility condition does not depend on the exact values of the
entries of A, but only its zero pattern. Recall that two m × n matrices A and B
have the same zero pattern if for each i and j we have that ai j = 0 if and only
if bi j = 0. So, we have the following simple consequence of Theorem 7.2.5.

Corollary 7.2.6 If (A, α, β) and (B, α, β) are two D AD problems and A and
B have the same zero pattern, i.e., ai j = 0 if and only if bi j = 0, then (A, α, β)
has a solution if and only if (B, α, β) has a solution.

Clearly, if D AE is a solution to the D AD problem (A, α, β), then for
each λ > 0, (λD)A(λ−1 E) is also a solution. It is interesting to understand
when the solution is unique, up to positive scalar multiples, or, equivalently,
to know when T in Corollary 7.1.3 has a unique normalized fixed point in
int(Rn+). We already saw in Theorem 7.1.4 that if�(A) < ∞ or�(AT ) < ∞,
then T has a unique normalized fixed point in int(Rn+). In fact, in that case,
it follows from the proof that T is a Lipschitz contraction under Hilbert’s
metric, which ensures that the fixed point of T in int(Rn+) is unique, if it
exists. An appropriate condition on A that makes T contractive is the so-called
scrambling condition, which is discussed in Section B.7 of Appendix B. An
m × n nonnegative matrix A = (ai j ), with no row identically zero, is called
scrambling if for each 1 ≤ i1 < i2 ≤ m there exists 1 ≤ j ≤ n such that

ai1 j ai2 j > 0.

Theorem 7.2.7 If (A, α, β) is a D AD problem such that A or AT is scram-
bling, then either (A, α, β) has a unique, up to positive scalar multiples,
solution, or it has no solution.

Proof Recall that T (x) = (AT Mβ R2 AMαR1)(x) for x ∈ int(Rn+). We already
saw that R1 and Mα are isometries under dH on int(Rn+), and R2 and Mβ are
isometries under dH on int(Rm+).
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If A is scrambling, it follows from Corollary A.7.3 that dH (Ax, Ay) <
dH (x, y) for all x, y ∈ int(Rn+) with dH (x, y) > 0. Likewise AT is contrac-
tive under dH , if it is scrambling. So, in either case the map T is a contraction
under Hilbert’s metric on int(Rn+). It follows that if T (x) = x and T (y) = y
for some x, y ∈ int(Rn+), then y is a positive multiple of x . It could, of course,
also happen that T has no fixed point in int(Rn+).

7.3 Special DAD theorems

To determine whether a D AD problem (A, α, β) satisfies the compatibility
condition can be computationally hard when the dimensions of A are large. In
this section we discuss some alternative conditions that are easy to verify, but
still ensure a solution for the D AD problem (A, α, β) in case A is square and
α = β. We begin with the following condition.

Definition 7.3.1 An n × n nonnegative matrix A is said to satisfy the com-
plements condition if for each proper non-empty subset I of {1, . . . , n} with
AI I c = 0 we have that AI c I = 0.

Lemma 7.3.2 If (A, α, α) satisfies the compatibility condition, then A satisfies
the complements condition. Conversely, if (A, α, α) is a D AD problem where
A satisfies the complements condition and aii > 0 for each 1 ≤ i ≤ n, then
(A, α, α) satisfies the compatibility condition.

Proof If I is a proper non-empty subset of {1, . . . , n} such that AI I c = 0, the
compatibility condition for (A, α, α) implies that∑

i∈I

αi ≥
∑
i∈I

αi ,

with strict inequality if AI c I 	= 0. So, in that case we must have that A satisfies
the complements condition.

Now suppose that A in the D AD problem (A, α, α) satisfies the comple-
ments condition and A has a positive diagonal. Let I, J ⊆ {1, . . . , n} be such
that AI c J c = 0. We have to show that

∑
j∈J α j ≥∑i∈I c αi and the inequality

is strict if and only if AI J 	= 0.
Clearly I c ∩ J c = ∅; otherwise, i ∈ I c ∩ J c and aii > 0, which is absurd.

It follows that J c ⊆ I and J ⊇ I c. Note that if J 	= I c, then I ∩ J 	= ∅, and
hence AI J 	= 0. Also if J 	= I c, then

∑
j∈J α j >

∑
i∈I c αi , and we are done.

Now assume that J = I c, so
∑

j∈J α j = ∑
i∈I c αi . We must show that

AI J = 0 in that case. If I is a proper non-empty subset of {1, . . . , n}, then the
complements condition implies that
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0 = AI c J c = AI c I = AI I c = AI J .

Finally note that if I is empty or I = {1, . . . , n}, then AI J = 0, which
completes the proof.

Combining Lemma 7.3.2 with Theorem 7.2.5 directly gives the following
result.

Theorem 7.3.3 If (A, α, α) is a D AD problem and A has a positive diago-
nal, then (A, α, α) has a solution if and only if A satisfies the complements
condition.

Theorem 7.3.3 can be reformulated using the following notion. Given a
proper non-empty subset J = {k1, . . . , km} of {1, . . . , n} with k1< k2< . . . <

km and a nonnegative matrix A, we say that AJ J is irreducible if the matrix
(aki k j ) is irreducible. Furthermore we say that AJ J has a positive diagonal if
aki ki > 0 for all 1 ≤ i ≤ m.

Theorem 7.3.4 If (A, α, α) is a D AD problem and A is an n × n matrix with
a positive diagonal, then (A, α, α) has a solution if and only if there exists a
partition ∪p

m=1 Jm of {1 . . . , n} such that

(i) AJm Jm is irreducible for all 1 ≤ m ≤ p, and
(ii) ai j = 0 for all (i, j) 	∈ ∪p

m=1 Jm × Jm.

Proof First suppose that there exists a partition ∪p
m=1 Jm of {1, . . . , n} satis-

fying (i) and (ii). As AJm Jm is irreducible, there does not exist a non-empty
subset L of Jm such that AL(Jm\L) = 0, so AJm Jm satisfies the complements
condition. Furthermore, AJm Jm has a positive diagonal. It thus follows from
Theorem 7.3.3 that there exist positive numbers di and e j for i, j ∈ Jm such
that ∑

j∈Jm

di ai j e j = αi for all i ∈ Jm,

and ∑
i∈Jm

di ai j e j = α j for all j ∈ Jm .

Since ∪p
m=1 Jm is a partition of {1, . . . , n}, the sets Jm are pairwise disjoint,

and we have obtained positive numbers di and e j for all i, j ∈ {1, . . . , n}.
Moreover, as ai j = 0 for all (i, j) 	∈ ∪p

m=1 Jm × Jm , we see that

n∑
j=1

di ai j e j =
∑
j∈Jm

di ai j e j = αi for all i ∈ Jm,
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and
n∑

i=1

di ai j e j =
∑
i∈Jm

di ai j e j = α j for all j ∈ Jm,

which shows that the D AD problem (A, α, α) has a solution.
Conversely, suppose that the D AD problem (A, α, α) has a solution and the

n × n matrix A has a positive diagonal. To show that there exists a partition
of {1, . . . , n} satisfying (i) and (ii), we use induction on n. Obviously if A is a
1 × 1 matrix, the assertions hold.

Now suppose the assertions hold for all k × k nonnegative matrices B with
a positive diagonal and k< n and n> 1. As A has a positive diagonal and
(A, α, α) has a solution, it follows from Theorem 7.3.3 that A satisfies the
complements condition. If there does not exist a proper non-empty subset
J of {1, . . . , n} such that AJ J c = 0, A is irreducible, and we can take p = 1
and J1 = {1, . . . , n}. If there exists a proper non-empty subset J of {1, . . . , n}
such that AJ J c = 0, then AJ c J = 0. Let k = |J | and note that 1 ≤ k< n. It fol-
lows that AJ J is a k × k nonnegative matrix with a positive diagonal, and
AJ J satisfies the complements condition. Likewise, AJ c J c is a (n − k) ×
(n − k) nonnegative matrix, with a positive diagonal, satisfying the comple-
ments condition. Remark that, as AJ J c = 0 and AJ c J = 0, (AJ J , αJ , αJ ) and
(AJ c J c , αJ c , αJ c ) are D AD problems. So, by Theorem 7.3.3 we can apply the
induction hypothesis to AJ J and AJ c J c to obtain partitions ∪r

m=1 Jm of J and
∪p

m=r+1 Jm of J c such that AJm Jm is irreducible for all 1 ≤ m ≤ p, and ai j = 0
for all

(i, j) ∈
(
(J × J ) \ (∪r

m=1 Jm × Jm)
)

∪
(
(J c × J c) \ (∪p

m=r+1 Jm × Jm)
)
.

From AJ J c = 0 and AJ c J = 0 it now follows that ai j = 0 for all (i, j) 	∈
∪p

m=1 Jm × Jm .

It may happen that the D AD problem (A, α, α) has a solution even if A does
not have a positive diagonal. To illustrate this point we mention the following
result.

Theorem 7.3.5 If (A, α, α) is a D AD problem and there exist proper non-
empty subsets S and T of {1, . . . , n} such that AST = 0, ai j > 0 for all
(i, j) 	∈ S × T , and ∑

j∈T c

α j >
∑
i∈S

αi ,

then (A, α, α) has a unique, up to positive scalar multiples, solution.
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Proof We shall first prove that (A, α, α) satisfies the compatibility condition.
Suppose that I, J ⊆ {1, . . . , n} and AI J = 0. Our hypotheses imply that
I × J ⊆ S × T , and since I c × J c ⊇ Sc × T c and AScT c 	= 0, we must have
that AI c J c 	= 0. So, we need to show that∑

j∈J c

α j >
∑
i∈I

αi .

As J ⊆ T and I ⊆ S, J c ⊇ T c and∑
j∈J c

α j ≥
∑
j∈T c

α j >
∑
i∈S

αi ≥
∑
i∈I

αi .

Thus, (A, α, α) satisfies the compatibility condition and hence it has a solu-
tion by Theorem 7.2.5. The uniqueness follows from Theorem 7.2.7, as the
hypotheses imply that A is scrambling.

7.4 Doubly stochastic matrices: the classic case

Let us now return to the classic D AD problem (A, α, β) where A is an n × n
nonnegative matrix with no row or column identically zero, and α = β = 1. In
that case, elegant necessary and sufficient conditions were obtained indepen-
dently by Sinkhorn and Knopp [206] and Brualdi, Parter, and Schneider [39].
We shall discuss these conditions here.

Given a permutation τ on {1, . . . , n} denote the associated n×n permutation
matrix by Pτ ; so, Pτ x = y where y = (xτ(1), . . . , xτ(n)) for all x ∈ R

n . Note
that Pτ is orthogonal, so that P−1

τ = PT
τ , and if A is an n × n matrix, then

C = PT
τ APτ has entries

ci j = aτ(i)τ ( j) for all 1 ≤ i, j ≤ n.

More generally, one can verify that if σ and τ are two permutations on
{1, . . . , n}, then B = Pσ APτ has entries

bi j = aσ−1(i)τ ( j) for all 1 ≤ i, j ≤ n.

So, if A is doubly stochastic, then Pσ APτ is also doubly stochastic.
The following basic observation will be useful.

Lemma 7.4.1 If (A,1,1) is a classic D AD problem and P and Q are n × n
permutation matrices, then (A,1,1) has a solution if and only if (Q AP,1,1)
has a solution.
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Proof Suppose that (A,1,1) has a solution. Then there exist diagonal matri-
ces D and E with positive diagonals such that B = D AE is doubly stochastic.
Let D1 = Q DQT and E1 = PT E P , and note that D1 and E1 are diagonal
matrices with positive diagonals. Moreover,

D1 Q AP E1 = Q B P.

Letting σ and τ be permutations on {1, . . . , n} so that Q = Qσ and P = Pτ ,
we see that Q B P has entries

bσ−1(i)τ ( j) for all 1 ≤ i, j ≤ n.

It follows that Q B P is doubly stochastic, as B is doubly stochastic
Conversely, if the classic D AD problem (Q AP,1,1) has a solution, then

(QT (Q AP)PT ,1,1) has a solution by the previous argument. As Q−1 =
QT and P−1 = PT , we conclude that (A,1,1) has a solution, and we are
done.

To proceed further in the analysis we shall need a combinatorial result con-
cerning the permanent of nonnegative matrices known as the Frobenius–König
theorem. Recall that the permanent of an m × n matrix A = (ai j ) with m ≤ n
is defined by

Per(A) =
∑

σ∈S(m,n)

( m∏
i=1

aiσ(i)

)
, (7.16)

where S(m, n) is the set of one-to-one maps σ : {1, . . . ,m} → {1, . . . , n}.
Note that if A is nonnegative, then Per(A) 	= 0 if and only if there exists
one-to-one map σ ∈ S(m, n) with

m∏
i=1

aiσ(i) 	= 0.

Theorem 7.4.2 (Frobenius–König) If A is an m × n nonnegative matrix
with m ≤ n, then Per(A) = 0 if and only if there exist non-empty sets
S ⊆ {1, . . . ,m} and T ⊆ {1, . . . , n} such that AST = 0 and |S|+ |T | = n +1.

The reader is referred to [148, section 4.2] for a proof.

Lemma 7.4.3 If (A,1,1) is a classic D AD problem satisfying the compati-
bility condition, then the following assertions hold:

(i) If S, T ⊆ {1, . . . , n} are such that AST = 0, then |S| + |T | ≤ n.

(ii) There exists a permutation τ on {1, . . . , n} such that
∏n

i=1 aiτ(i) > 0.
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Proof The compatibility condition implies that∑
i∈S

1 = |S| ≤
∑
j∈T c

1 = |T c| = n − |T |,

so that |S| + |T | ≤ n. Combining (i) and the Frobenius–König Theorem 7.4.2
we see that Per(A) 	= 0, and hence there exists a permutation τ on {1, . . . , n}
such that

∏n
i=1 aiτ(i) > 0.

Before we can state the necessary and sufficient conditions for the classic
D AD problem to have a solution we need to introduce one more notion. If
B = (bi j ) is an n × n matrix, we say that B is a direct sum of square matrices
Bk , 1 ≤ k ≤ p, if B is of the form

B =

⎡
⎢⎢⎢⎣

B1 0 . . . 0
0 B2 0
...

. . .
...

0 0 . . . Bp

⎤
⎥⎥⎥⎦ .

In other words, there exist 1 ≤ m1 < m2 < . . . < m p = n such that if we
let J1 = {i : 1 ≤ i ≤ m1} and Jk = {i : ∑k−1

r=1 mr < i ≤ ∑k
r=1 mr } for

2 ≤ k ≤ p, then bi j = 0 for all (i, j) 	∈ ∪p
k=1 Jk × Jk , and Bk = BJk Jk for

1 ≤ k ≤ p.

Theorem 7.4.4 A classic D AD problem (A,1,1) has a solution if and only if
there exist n×n permutation matrices P and Q such that the matrix B = Q AP
has a positive diagonal and B is the direct sum of irreducible matrices Bk

where 1 ≤ k ≤ p.

Proof First note that if there exist permutation matrices P and Q such that the
matrix B satisfies the assertions of the theorem, it follows from Theorem 7.3.4
that the D AD problem (Q AP,1,1) has a solution. Using Lemma 7.4.1 we
see that (A,1,1) has a solution.

To prove the converse, assume that (A,1,1) has a solution. By Theorem
7.2.5 (A,1,1) satisfies the compatibility condition. Now using Lemma 7.4.3
we know there exists a permutation τ on {1, . . . , n} such that APτ has a pos-
itive diagonal. Let C = APτ and note that it follows from Lemma 7.4.1 that
(C,1,1) has a solution, as (A,1,1) has one. Thus, we can apply Theorem
7.3.4 to (C,1,1) and find a partition ∪p

k=1 Jk of {1, . . . , n} such that CJk Jk is
irreducible for all 1 ≤ k ≤ p, and ci j = 0 for all (i, j) 	∈ ∪p

k=1 Jk × Jk .
To complete the proof define, for 1 ≤ k ≤ p, mk = |Jk |, and let

r1 = m1, r2 = m1 + m2, . . . , rp =
p∑

k=1

mk .
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Furthermore let J ′
1 = {1, . . . , r1} and J ′

k = {rk−1 + 1, . . . , rk} for 2 ≤ k ≤ p.
Let σ be a permutation on {1, . . . , n} such that σ(J ′

k) = Jk for 1 ≤ k ≤ p and
σ preserves the ordering on each J ′

k . Define B = PT
σ C Pσ . Clearly B has a

positive diagonal, as C has one, and B is the direct sum of irreducible matrices
Bk = BJ ′

k J ′
k

where 1 ≤ k ≤ p.

Theorem 7.4.4 is due to Sinkhorn and Knopp [206] and to Brualdi, Parter,
and Schneider [39]. Usually it is stated in a slightly different, though equiva-
lent, form. Recall (see [148]) that two n × n matrices are called permutation
equivalent if there exist n × n permutation matrices P and Q such that
B = Q AP . An n × n matrix, with n ≥ 2, is called partly decomposable if
there exist non-empty subsets I and J of {1, . . . , n} such that |I | + |J | = n
and AI J = 0. Equivalently, A is partly decomposable if and only if A is
permutation equivalent to a matrix B of the form

B =
[

X Y
0 Z

]
, (7.17)

where X is r × r and Z is (n − r) × (n − r) for some 0 < r < n. A 1 × 1
matrix A = (a11) is called a partly decomposable matrix if a11 = 0. A matrix
A is called fully indecomposable if it is not partly decomposable.

Obviously, if A and B are permutation equivalent, then A is fully indecom-
posable if and only if B is fully indecomposable. Moreover, if A is nonnegative
and fully indecomposable, then A is irreducible, as there does not exist a per-
mutation matrix P such that the matrix B = PT AP satisfies (7.17). The
following result also appears in [148, theorem 4.4].

Lemma 7.4.5 If A is a nonnegative n × n matrix, then A is fully indecompos-
able if and only if A is permutation equivalent to an irreducible matrix with a
positive diagonal.

Proof If A is fully indecomposable, it follows from the Frobenius–König
Theorem 7.4.2 that there exists a permutation τ on {1, . . . , n} such that∏n

i=1 aiτ(i) > 0. Thus, APτ has a positive diagonal. Moreover, since APτ
is fully indecomposable and nonnegative, APτ is irreducible.

Conversely, suppose there exist permutation matrices P and Q such that
B = Q AP is irreducible and B has a positive diagonal. Note that if B
is fully indecomposable, then A is fully indecomposable. Assume for the
sake of contradiction that B is partly decomposable. Then there exist I, J ⊆
{1, . . . , n} non-empty such that |I | + |J | = n and BI J = 0. Remark that
as B has a positive diagonal, I ∩ J is empty, and hence J ⊆ I c. Using
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|I | + |J | = n, we deduce that J = I c. Thus, BI I c = 0, which is impossible,
as B is irreducible.

Using Lemma 7.4.5, Theorem 7.4.4 can now be rephrased as follows.

Theorem 7.4.6 A classic D AD problem (A,1,1) has a solution if and only
if A is permutation equivalent to a matrix B with a positive diagonal and B is
the direct sum of fully indecomposable matrices Bk where 1 ≤ k ≤ p.

7.5 Scaling to row stochastic matrices

In this section we will discuss the following problem.

Problem 7.5.1 Given a nonnegative n × n matrix A, when does there exist a
positive diagonal matrix E such that each row of E AE sums to 1?

Obviously Problem 7.5.1 has a solution if and only if there exists x in
int(Rn+) such that

n∑
j=1

xi ai j x j = 1 for all 1 ≤ i ≤ n. (7.18)

This equation corresponds to Equation (7.4) where p = 1. As before the fixed-
point approach can be applied, but in this case we only find a partial solution
to Problem 7.5.1.

Lemma 7.5.2 Let Trow : int(Rn+) → int(Rn+) be defined by

Trow(x) = R(Ax) for x ∈ int(Rn+),

where R : y �→ y−1. Then Problem 7.5.1 has a solution if and only if Trow has
an eigenvector in int(Rn+).

Proof If Trow has an eigenvector u ∈ int(Rn+) with Trow(u) = λu for some
λ > 0, then v = √

λu satisfies

Trow(v) = R(
√
λAu) =

√
λ−1 R(Au) = √

λu = v.

So, Av = v−1 and hence
n∑

j=1

vi ai jv j = 1 for all 1 ≤ i ≤ n,

which shows that E = diag(v) is a solution of Problem 7.5.1 for A.
Conversely, if E = diag(x) with x ∈ int(Rn+) is a solution of Problem 7.5.1,

then Ax = x−1, so that Trow(x) = R(Ax) = x .
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Using Lemma 7.5.2 the following partial result for Problem 7.5.1 can be
proved.

Theorem 7.5.3 If A = (ai j ) is a nonnegative n × n matrix with aii > 0 for
1 ≤ i ≤ n, then there exists a positive diagonal matrix E such that each row
of E AE sums to 1.

Proof Let ε > 0 and define Aε = (aεi j ) by

aεi j =
[

ai j if ai j > 0
ε otherwise.

It follows from the Birkhoff–Hopf Theorem A.4.1 and Theorem A.6.2 that
Aε : int(Rn+) → int(Rn+) is a Lipschitz contraction under Hilbert’s metric. As
R is an isometry under Hilbert’s metric on int(Rn+), we find that the normalized
map τ : �◦

n−1 → �◦
n−1 given by

τ(x) = R(Aεx)∑n
i=1(R(A

εx))i
for x ∈ �◦

n−1

is a Lipschitz contraction on the open simplex �◦
n−1. By Banach’s contraction

Theorem 3.2.1, τ has a unique fixed point in �◦
n−1. Thus, R ◦ Aε has a unique

eigenvector xε ∈ int(Rn+) with

R(Aεxε) = xε (7.19)

by Lemma 7.5.2.
It follows from (7.19) that

xεi =
( n∑

j=1

aεi j xεj

)−1 ≤ (aεi i xεi )
−1,

so that

xεi ≤
√

a−1
i i for all 1 ≤ i ≤ n. (7.20)

It follows from (7.20), and the fact that aii > 0 for all i , that

‖xε‖∞ ≤ M1 < ∞, (7.21)

where M1 = max1≤i≤n

√
a−1

i i .
Now assume that 0 < ε ≤ 1. Then

1 =
n∑

j=1

xεi aεi j xεj ≤ xεi M1

(
max

1≤i≤n

n∑
j=1

a1
i j

)
= xεi M2 (7.22)
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for some constant M2 > 0, and hence

xεi ≥ M−1
2 for all 1 ≤ i ≤ n. (7.23)

It follows from (7.21) and (7.23) that there exist a sequence (εk)k of positive
reals and x ∈ int(Rn+) such that εk → 0 and

lim
k→∞ xεk = x .

By taking limits in (7.22) we see that

1 =
n∑

j=1

xi ai j x j for 1 ≤ j ≤ n,

which shows that E = diag(x) is a solution of the scaling problem for A.

Theorem 7.5.3 was proved by Brualdi, Parter, and Schneider [39, corol-
lary 7.7] by a different method. It was also noted in [39, remark 8.3] that
Problem 7.5.1 may have a solution even if aii = 0 for some indices i . Consider,
for example, the 2 × 2 matrix [

0 b
c d

]
,

where b > 0, c > 0, and d > 0. It is easy to show that there exists a positive
diagonal matrix E = diag(x1, x2) such that each row of E AE sums to 1 if and
only if b > c. In fact, if b > c, an explicit solution is given by

x1 = 1√
b

√
d

b − c
and x2 = 1√

b

√
b − c

d
.

It is curious that apparently no complete solution to Problem 7.5.1 is known
for general square nonnegative matrices. We state without proof a result which
indicates that such a solution is likely to be complicated.

Theorem 7.5.4 If A is an n × n nonnegative scrambling matrix such that
a11 = 0, aii > 0 for 2 ≤ i ≤ n, and ai1 > 0 for 2 ≤ i ≤ n, then there exists a
positive diagonal matrix E such that each row of E AE sums to 1 if and only if

n∑
i=2

a1i

ai1
> 1. (7.24)

Moreover, if (7.24) holds, the solution E is unique.

Note that if in Theorem 7.5.4 one also has that a1i > 0 for 2 ≤ i ≤ n,
then the matrix A is automatically scrambling. However, if n > 2, A may be
scrambling even if a1i = 0 for some indices i .
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Dynamics of subhomogeneous maps

In this chapter we discuss the long-term behavior of the iterates of con-
tinuous order-preserving subhomogeneous maps on cones. By using results
from Chapter 4, it will be shown that if the cone is polyhedral, then each
norm-bounded orbit of a continuous order-preserving subhomogeneous maps
converges to a periodic orbit. Moreover, there exists an a-priori upper bound
for the periods of periodic points in terms of the number of facets of the poly-
hedral cone. In the case of the standard positive cone, a complete description
of the set of possible periods of periodic points will be given. We will also
discuss Denjoy–Wolff-type theorems for order-preserving homogeneous maps
on general cones, which provide information about the behavior of orbits in
the absence of an eigenvector in the interior of the cone.

8.1 Iterations on polyhedral cones

In this section we start the analysis of the iterative behavior of order-preserving
subhomogeneous maps on polyhedral cones. Among other things it will be
shown that each norm-bounded orbit converges to a periodic orbit.

Recall from Lemma 2.1.7 that every order-preserving subhomogeneous map
f : K → K on a closed cone K ⊆ V is non-expansive under Thompson’s
metric on each part of K , so

dT ( f (x), f (y)) ≤ dT (x, y) for all x ∼K y.

Moreover, if P is a part of a polyhedral cone, then (P, dT ) can be isometri-
cally embedded into (Rm, ‖ · ‖∞) by Lemma 2.2.2, where m = |I (P)| and
I (P) = {i : ψi (x) > 0 for some x ∈ P}. (Here ψ1, . . . , ψN are facet-defining
functionals of K .) Thus we can use the results from Chapter 4 to analyze the
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dynamics of order-preserving subhomogeneous maps on polyhedral cones. In
particular, we have the following result.

Theorem 8.1.1 Let P be a part of a polyhedral cone K ⊆ V and let m =
|I (P)|. If f : P → P is non-expansive under dT and there exists z ∈ P such
that O(z) has a compact closure in P, then

|ω(x)| ≤ max
1≤k≤m

2k
(

m

k

)

for all x ∈ P.

Proof Let � : (P, dT ) → (int(Rm+), dT ) be the isometry from Lemma 2.2.2.
Further let L : (int(Rm+), dT ) → (Rm, ‖ · ‖∞) be the coordinatewise log
function, and recall that L is an isometry by Proposition 2.2.1. Put X =
L(�(P)) ⊆ R

m and let g : X → X be such that L ◦ � ◦ f = g ◦ L ◦ �.
The map g is sup-norm non-expansive. Moreover, the orbit of L(�(z)) ∈ X
under g has a compact closure in X . It therefore follows from Theorem 4.1.5
that

|ω(x; f )| = |ω(L(�(x)); g)| ≤ max
1≤k≤m

2k
(

m

k

)

for all x ∈ P

In Theorem 8.1.1 a difficulty arises when O(z) is not contained in a single
part, or if O(z) is contained in a part but its closure is not. In that case we
cannot rely on non-expansiveness only. To proceed we need to make essential
use of the order-preserving property of the map.

Recall that � is a partial ordering on the set of parts P(K ) given by P � Q
if there exists x ∈ P and y ∈ Q such that y dominates x .

Lemma 8.1.2 If K ⊆ V is a closed cone and f : K → K is non-expansive
map under dT on each part of K , then the following assertions hold:

(i) f maps parts into parts, i.e., f ([x]) ⊆ [ f (x)] for all x ∈ K .
(ii) The quotient map F : P(K ) → P(K ) given by

F(P) = [ f (x)] for x ∈ P (8.1)

is well defined.
(iii) If, in addition, f is order-preserving, then F preserves the partial

ordering � on P(K ).
Proof To prove the first assertion we note that if y ∈ f ([x]), then there exists
z ∈ [x] such that f (z) = y. Since z ∼K x , we get that dT ( f (x), y) =
dT ( f (x), f (z)) ≤ dT (x, z) < ∞. This implies that f (x) ∼K y and therefore
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f ([x]) ⊆ [ f (x)]. We also see that the quotient map F : P(K ) → P(K ) given
by (8.1) is well defined.

Now suppose, in addition, that f is order-preserving. Assume that P, Q ∈
P(K ) and P � Q. There exist x ∈ P , y ∈ Q, and β ≥ 1 such that x ≤ βy.
Since f is order-preserving and non-expansive under dT , we know that f is
subhomogeneous by Lemma 2.1.7. This implies that β−1 f (x) ≤ f (β−1x) ≤
f (y). Thus, f (y) dominates f (x), so that [ f (x)] � [ f (y)]. From this we
conclude that F(P)� F(Q).

By using the quotient map F and the fact that each polyhedral cone has only
finitely many parts, we now prove the following lemma.

Lemma 8.1.3 If K ⊆ V is a polyhedral cone and f : K → K is non-
expansive under dT on each part of K , then there exists m ∈ N such that
f 2m(x) ∼K f m(x) for all x ∈ K .

Proof Let F : P(K ) → P(K ) be the quotient map defined in (8.1). As
K is polyhedral, |P(K )| ≤ 2N , where N is the number of facets of K by
Lemma 1.2.3. This implies that each P ∈P(K ) is eventually periodic under F ,
i.e., there exist integers r ≥ 0 and p ≥ 1 such that Fr (P) = Fr+kp(P)
for all k ∈ N. By the pigeonhole principle, we can take r + p ≤ 2N . Put
m = lcm(1, . . . , 2N ), so that r ≤ m and p divides m. Then Fm(P) = F2m(P)
for all P ∈ P(K ). By taking P = [x] we get that [ f m(x)] = Fm(P) =
F2m(P) = [ f 2m(x)], so that f m(x) ∼K f 2m(x).

The following lemma shows that if the orbit O(x) of a continuous order-
preserving subhomogeneous map is norm-bounded and contained in a part P
of the polyhedral cone K , then there exists a part Q � P such that ω(x) ⊆ Q.

Lemma 8.1.4 If f : K → K is a continuous order-preserving subhomoge-
neous map on a polyhedral cone K and O(x) is a norm bounded orbit in a
part P of K , then there exists Q � P such that ω(x) ⊆ Q.

Proof Suppose that P ∈ P(K ) is such that O(x) ⊆ P . If P = {0}, then
O(x) = {0}, and we are done. On the other hand, if P 	= {0}, then I (P) is non-
empty. We claim that there exists c ≥ 1 such that y ≤ cx for all y ∈ O(x).
Indeed, as O(x) ⊆ P , we get that Iy = Ix = I (P) for all y ∈ O(x). This
implies that ψi (y) > 0, if and only if i ∈ I (P), where ψ1, . . . , ψN denote the
facet-defining functionals of K . Put c ≥ 0 equal to

c = sup{ψi (y)/ψi (x) : y ∈ O(x) and i ∈ I (P)}.
Remark that c < ∞, as ψi (x) > 0 for all i ∈ I (P) and O(x) is bounded.
Moreover, c ≥ 1, since x ∈ O(x) and I (P) 	= ∅. Now consider y ∈ O(x). By
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definition of c we know that ψi (y − cx) ≤ 0 for all i ∈ I (P). From this we
deduce that y ≤ cx , as ψi (y) = ψi (x) = 0 for all i 	∈ I (P).

Using the claim, the proof is completed in the following manner. First note
that {y ∈ K : y ≤ cx} is a closed set containing O(x), and hence it also
contains ω(x). As f is order-preserving and subhomogeneous, we get that
f k(y) ≤ f k(cx) ≤ c f k(x) for all y ∈ ω(x) and k ≥ 1. As f is continuous
and O(x) is bounded, f maps ω(x) onto itself by Lemma 3.1.2. Therefore
y ≤ c f k(x) for all y ∈ ω(x) and k ≥ 1. As {z ∈ K : c−1 y ≤ z} is closed,
we deduce that y ≤ cz for all y, z ∈ ω(x). This implies that y ∼K z for all
y, z ∈ ω(x). Moreover, if we take y ∈ ω(x) and put Q = [y], then Q satisfies
Q � P = [x], as y ≤ cx .

To show that every norm-bounded orbit of a continuous order-preserving
subhomogeneous map on a polyhedral cone converges to a periodic orbit, two
more lemmas are needed.

Lemma 8.1.5 Let P be a part of a polyhedral cone K ⊆ V and C ⊆ P be
compact. If f : C → C is surjective and non-expansive under dT , then each
x ∈ C is a periodic point of f .

Proof We first note that as C is a compact subset of a part P of K , (C, dT ) is
a compact metric space. Since f is non-expansive under dT and maps C onto
itself, it follows from Lemma 3.1.4 that f is an isometry. Let x ∈ C and recall
that ω(x) is finite by Theorem 8.1.1. As O(x) ⊆ C , it has a compact closure,
so that it follows from Lemma 3.1.3 that there exists a periodic point ξ ∈ C
with period p = |ω(x)| such that limk→∞ f kp(x) = ξ and ω(x) = O(ξ).
Since f is an isometry,

dT ( f p(x), x) = dT ( f (k+1)p(x), f kp(x))

for all k ≥ 1. Now remark that the right-hand side converges to 0 as k → ∞,
and hence f p(x) = x .

The following lemma is of a technical nature, but useful for our purposes.

Lemma 8.1.6 If f : K → K is an order-preserving subhomogeneous map
on a polyhedral cone K ⊆ V and x ∈ K , then for each y, ξ ∈ ω(x) with
ξ a periodic point of f , there exists an integer τ ≥ 1 such that f τ (ξ) ≤ y.
Moreover, if there exists a periodic point ξ ∈ ω(x), then O(ξ) is the only
periodic orbit in ω(x).

Proof Suppose that ξ ∈ ω(x) is a periodic point of f with period p. Then
there exists a subsequence (ki )i such that f ki (x) → ξ as i → ∞. By taking
a further subsequence we may assume that there exists 0 ≤ σ < p such that
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ki ≡ σ mod p for all i ≥ 1. Let 0 < λ < 1. As K is polyhedral, it satisfies
condition G at ξ by Lemma 5.1.4. Therefore λξ ≤ f ki (x) for all i sufficiently
large. Now suppose that y ∈ ω(x) and let (mi )i be such that f mi (x) → y as
i → ∞. Again we may assume that there exists 0 ≤ τ < p such that mi ≥ ki

and mi −ki ≡ τ mod p for all i ≥ 1. Thus, for sufficiently large i we have that

f mi (x) = f mi −ki ( f ki (x)) ≥ f mi −ki (λξ) ≥ λ f mi −ki (ξ) = λ f τ (ξ).

By letting i → ∞, we deduce that λ f τ (ξ) ≤ y. Now let λ → 1−, to conclude
that f τ (ξ) ≤ y, which shows the first statement.

To prove the second statement we let ξ, η ∈ ω(x) be two periodic points
of f with periods p and q , respectively. By the first assertion there exist 0 ≤
τ1 < p and 0 ≤ τ2 < q such that f τ1(ξ) ≤ η and f τ2(η) ≤ ξ . Since f is
order-preserving, we get that f τ1+τ2(ξ) ≤ f τ2(η) ≤ ξ . But O(ξ) is an anti-
chain in (K ,≤), and hence f τ1+τ2(ξ) = f τ2(η) = ξ . As ξ and η are periodic
points of f , we conclude that O(ξ) = O(η).

Equipped with these two lemmas, we now prove the following theorem.

Theorem 8.1.7 If f : K → K is a continuous order-preserving subhomoge-
neous map on a polyhedral cone K ⊆ V and x ∈ K has a norm-bounded
orbit, then there exists a periodic point ξ ∈ K of f with period p such that
limk→∞ f kp(x) = ξ .

Proof We know that f is non-expansive under dT on each part of K . Thus,
it follows from Lemma 8.1.3 that there exists m ∈ N such that f m(x) ∼K

f 2m(x) for all x ∈ K . Put g : K → K equal to f m , so g(Q) ⊆ g2(Q) for each
Q ∈ P(K ) and O(g(x); g) ⊆ P for some P ∈ P(K ). Note that O(g(x); g) is
bounded in norm, as it is a subset of O(x). Moreover, it is easy to verify that

ω(x; f ) = ω(g(x); f ) =
m−1⋃
j=0

f j (ω(g(x); g)),

as f is continuous on K . Thus, by Lemma 3.1.3, it suffices to show that
ω(g(x); g) is finite.

It follows from Lemma 8.1.2 that there exists a part Q � P such that
ω(g(x); g) ⊆ Q. Since ω(g(x); g) is a bounded closed subset of Q, it is com-
pact with respect to dT , and g(ω(g(x); g)) = ω(g(x); g) by Lemma 3.1.2.
Therefore it follows from Lemma 8.1.5 that every y ∈ ω(g(x); g) is a periodic
point of g. We can now apply Lemma 8.1.6 to conclude that ω(g(x); g) is a
periodic orbit, and hence it is finite.

Thus every norm-bounded orbit of a continuous order-preserving subhomo-
geneous map on a polyhedral cone converges to a periodic orbit. In the next
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section the results from Chapter 4 will be used to derive an a-priori upper
bound for the periods of periodic points in terms of the number of facets of the
polyhedral cone.

8.2 Periodic orbits in polyhedral cones

The following result, which is a consequence of Theorem 4.3.10, provides an
upper bound for the periods of periodic points in the interior of the standard
positive cone.

Theorem 8.2.1 If f : R
n+ → R

n+ is an order-preserving subhomogeneous map
and x ∈ int(Rn+) is a periodic point of f with period p, then

p ≤
(

n

�n/2�
)
.

Proof Let x ∈ int(Rn+) be a periodic point of f : R
n+ → R

n+ with period p.
As f is order-preserving and subhomogeneous, f maps parts into parts by
Lemma 8.1.2. Thus, [x] = int(Rn+) is a periodic point of the quotient map
F : P(Rn+) → P(Rn+) given by (8.1). Recall that F preserves the partial order-
ing � and hence O([x];F) is an anti-chain in (P(Rn+),�). As int(Rn+) is a
maximal element in (P(Rn+),�), we find that int(Rn+) is a fixed point of F
and hence f (int(Rn+)) ⊆ int(Rn+).

Let g : (Rn, ‖ · ‖∞) → (Rn, ‖ · ‖∞) be the log-exp transform of f , so
g = L ◦ f ◦ E . Remark that g : R

n → R
n is a sub-topical map. Moreover L(x)

is a periodic point of g with period p. It now follows from Theorem 4.3.10 that
p does not exceed

( n
�n/2�

)
.

By using the log-exp transform, we can turn any sub-topical map g : R
n →

R
n into an order-preserving subhomogeneous map on int(Rn+). We also know

from Theorem 4.3.10 that for each n there exists a sub-topical map on R
n that

has a periodic point with period
( n
�n/2�

)
. So, we see that the upper bound in

Theorem 8.2.1 is sharp.
It turns out that Theorem 8.2.1 can be generalized to polyhedral cones. To

do this we need the following lemma.

Lemma 8.2.2 Let K ⊆ V be a closed cone and let P be a part of K . If
A is an anti-chain in the partially ordered set (P,≤) and f : P → P is
order-preserving and subhomogeneous, then M( f (y)/ f (x)) ≤ M(y/x) for
all x, y ∈ A. Moreover, if f (A) ⊆ A and each x ∈ A is a periodic point of f ,
then M( f (y)/ f (x)) = M(y/x) for all x, y ∈ A.
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Proof Clearly the assertions are true if x = y. So suppose that x, y ∈ A
and x 	= y. Let λ = M(y/x) and note that λ < ∞, as x, y ∈ P . Further-
more, y ≤ λx and λ > 1, since A is an anti-chain. From this it follows that
λ−1 f (y) ≤ f (λ−1 y) ≤ f (x), and hence M( f (y)/ f (x)) ≤ λ = M(y/x).

To prove the second assertion, we remark that if x, y ∈ A are periodic points
of f with periods p and q , respectively, then for r = lcm(p, q) we have that

M(y/x) = M( f r (y)/ f r (x)) ≤ M( f (y)/ f (x)) ≤ M(y/x).

This completes the proof.

Proposition 8.2.3 Let K ⊆ V be a polyhedral cone and P be a part of K .
If f : K → K is an order-preserving subhomogeneous map with f (P) ⊆ P,
then the period of each periodic point x ∈ P does not exceed

( m
�m/2�

)
, where

m = |I (P)|.
Proof Letψ1, . . . , ψN be the facet-defining functionals of K . By Lemma 1.2.3
there exist ψi1 , . . . , ψim such that

P = {x ∈ K : ψi j (x) > 0 for all 1 ≤ j ≤ m and ψi (x) = 0 otherwise},
as m = |I (P)|. Define � : (P, dT ) → (int(Rm+), dT ) by � j (x) = ψi j (x)
for all x ∈ P and 1 ≤ j ≤ m. Then M(�(x)/�(y)) = M(x/y) for all
x, y ∈ P . Moreover,� is injective. Indeed,�(x) = �(y) implies�(x − y) =
�(y − x) = 0. But we also know that ψi (x − y) = ψi (y − x) = 0 for all
i 	∈ I (P). Thus, x − y ∈ K and y − x ∈ K , which shows that x = y.

Let O(ξ) be a periodic orbit of f in P with period p. It follows from
Lemma 8.2.2 that

M( f k(x)/ f k(y)) = M(x/y) for all x, y ∈ O(ξ) and 0 ≤ k < p. (8.2)

Now consider the coordinatewise log function L : int(Rm+) → R
m and recall

that

t(L(�(x))− L(�(y)) = log M(�(x)/�(y)) = log M(x/y) (8.3)

for all x, y ∈ P . Put A = L(�(O(ξ))) and note that, as O(ξ) is an anti-chain
in (K ,≤K ), A is an anti-chain in R

m with respect to R
m+. For each u, v ∈ O(ξ)

there exists an integer k ≥ 0 such that f k(u) = v. It therefore follows from
(8.2) and (8.3) that A has a transitive cyclic group of top isometries. Using the
fact that L and � are injective, we conclude from Theorem 4.3.7 that

p = |O(ξ)| = |A| ≤
(

m

�m/2�
)
.

We know that the estimate in Proposition 8.2.3 is sharp for P = int(Rn+).
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Problem 8.2.4 Does there exist for each solid polyhedral cone K , with N
facets, an order-preserving subhomogeneous map f : int(K ) → int(K ) that
has a periodic point with period

( N
�N/2�

)
?

In general, periodic orbits of order-preserving subhomogeneous maps need
not lie inside a single part of the cone. For instance, the map f : R

3+ → R
3+

given by

f

⎛
⎝ x1

x2

x3

⎞
⎠ =

⎛
⎝ (3x1 ∧ x2) ∨ (3x2 ∧ x3)

(3x1 ∧ x3) ∨ (3x3 ∧ x2)

(3x2 ∧ x1) ∨ (3x3 ∧ x1)

⎞
⎠ for x ∈ R

3+

has x = (1, 2, 0) as a period 6 point, whose orbit visits each facet of R
3+ twice.

In fact, the reader can verify that if x = (a, b, 0) ∈ R
3+, where a > 0 and

b > 0 are such that 3a ≥ b, 3b ≥ a, and a 	= b, then x is a periodic point of
f with period 6. Furthermore, 1 is the unique normalized eigenvector of f in
the interior of R

3+, and the map g given by

g(x) = f (x)

(1/3)
∑

i fi (x)
for x ∈ int(R3+)

satisfies limk→∞ gk(x) = 1 for all x ∈ int(R3+).
For general periodic orbits, slightly more sophisticated arguments are

needed to obtain a suitable upper bound for their periods. Recall that if
f : K → K is order-preserving and subhomogeneous, then it maps parts into
parts by Lemma 8.1.2. This places severe constraints on the periodic orbits. For
instance, in Figure 8.1 two period 6 orbits in the boundary of R

3+ are depicted,
but only the right-hand one may occur as a periodic orbit of an order-preserving
subhomogeneous map.

In particular, we see that if O(ξ) is a periodic orbit with period p of an order-
preserving subhomogeneous map f : K → K , then [ξ ] is a periodic point of
the quotient map F : P(K ) → P(K ) given in (8.1), with period say q1 ≥ 1.
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Figure 8.1 Periodic orbits with period 6 in ∂R3+.
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Moreover, O(ξ) visits each part in O([ξ ];F) exactly q2 times for some integer
q2 ≥ 1. Thus, the period p can be written as p = q1q2. This observation leads
to the following result.

Theorem 8.2.5 Let K ⊆ V be a polyhedral cone with N facets. If f : K → K
is an order-preserving and subhomogeneous map and x ∈ K is a periodic
point of f with period p, then there exist integers q1, q2 ≥ 1 such that
p = q1q2,

1 ≤ q1 ≤
(

N

max{m, �N/2�}
)
, and 1 ≤ q2 ≤

(
m

�m/2�
)
,

where m = min{|I f k (x)| : 0 ≤ k < p}.

Proof Let F : P(K ) → P(K ) be the quotient map defined in Lemma 8.1.2.
Then F preserves the partial ordering � on P(K ). The map π : (P(K ),�) →
(2{1,...,N },⊆) given by π(P) = I (P) is order-preserving and injective.
Moreover, π−1 is also order-preserving on π(P(K )). Let G : π(P(K )) →
π(P(K )) be defined by G = π ◦ F ◦ π−1. Then G preserves the partial
ordering ⊆ on π(P(K )).

Suppose that x ∈ K is a periodic point of f with period p, and write m =
min{|I f k (x)| : 0 ≤ k < p}. Take z ∈ O(x) such that |Iz | = m and put Q = [z].
We remark that Fk(Q) = [ f k(z)] for all k ≥ 1, so that F p(Q) = Q. Let q1

denote the period of Q under F . Obviously q1 divides p and π(Q) is a periodic
point of G with period q1. Let A = O(π(Q); G). As G is order-preserving,
A is an anti-chain in (2{1,...,N },⊆).

We now use a LYM inequality to derive an upper bound for the cardinality
of A. As before, a maximal chain C in (2{1,...,N },⊆) is a sequence of N + 1
subsets A0 ⊆ A1 ⊆ . . . ⊆ AN of {1, . . . , N } such that |Ai | = i for all i . There
are exactly N ! maximal chains in (2{1,...,N },⊆). If A ⊆ {1, . . . , N } and |A| = s,
then there are exactly s!(N − s)! maximal chains C that contain A. As A is
an anti-chain, each maximal chain contains at most one element of A. Since
m = min{|I f k (x)| : 0 ≤ k < p}, we know that |A| ≥ m for all A ∈A. Indeed,
Gk(π(Q))=π(Fk(Q))=π([ f k(z)]) = I f k(z) for all k ≥ 1. We also see that
A = {I f k (z) : 0 ≤ k < q1}.

Now for m ≤ s ≤ N let νs be the number of elements of A with cardi-
nality s. As each maximal chain contains at most one element of A and each
A ∈ A with |A| = s is contained in s!(N − s)! maximal chains, we find that

N∑
s=m

νss!(N − s)! ≤ N !,
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so that
N∑

s=m

νs

(
N

s

)−1

≤ 1.

Put M(m) = maxm≤s≤N
(N

s

)
and note that M(m) = ( N

�N/2�
)

if 0 ≤ m ≤
�N/2�, and M(m) = (N

m

)
otherwise. From this we deduce that

q1 = |A| =
N∑

s=m

νs ≤ M(m) =
(

N

max{m, �N/2�}
)
.

For q1, z, and Q as above, we have that f q1(Q) ⊆ [ f q1(z)] = Q. Now
let q2 = p/q1 and remark that z is a periodic point of f q1 with period q2.
Moreover, O(z; f q1) ⊆ Q and hence it follows from Proposition 8.2.3 that
1 ≤ q2 ≤ ( m

�m/2�
)
, where m = |I (Q)|.

As a corollary of Theorem 8.2.5 we obtain the following upper bound for
the periods of periodic points.

Corollary 8.2.6 If f : K → K is an order-preserving subhomogeneous map
on a polyhedral cone K ⊆ V with N facets, then the period of each periodic
point of f does not exceed

βN = max
1≤m≤N

(
N

max{m, �N/2�}
)(

m

�m/2�
)

= N !
� N

3 �!� N+1
3 �!� N+2

3 �! .

Proof By Theorem 8.2.5 it remains to be shown that the second equality holds.
First we remark that for each N ∈ N we have that

max
1≤m≤N

(
N

max{m, �N/2�}
)(

m

�m/2�
)

= max�N/2�≤m≤N

(
N

m

)(
m

�m/2�
)
. (8.4)

Furthermore, (
N

m

)(
m

�m/2�
)

= N !
q!r !s! , (8.5)

where q = N − m, r = �m/2�, and s = m − �m/2�. This implies that

max�N/2�≤m≤N

(
N

m

)(
m

�m/2�
)

≤ max
q+r+s=N

N !
q!r !s! . (8.6)

Let us consider the right-hand side of (8.6). Suppose that 0 ≤ q∗ ≤ r∗ ≤
s∗ ≤ N are such that the maximum is attained. In that case s∗ ≤ q∗ + 1.
Otherwise q∗!s∗! = q∗!(s∗ − 1)!s∗ > (q∗ + 1)!(s∗ − 1)!, so that

N !
q∗!r∗!s∗! <

N !
(q∗ + 1)!r∗!(s∗ − 1)! ,
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which is a contradiction. As q∗ + r∗ + s∗ = N and q∗ ≤ s∗ ≤ r∗ ≤ q∗ + 1,
we have that 3q∗ ≤ N ≤ 3q∗ + 2. This implies that q∗ = �N/3�. We also
have that r∗ + s∗ + q∗ + 1 = N + 1 and r∗ ≤ s∗ ≤ q∗ + 1 ≤ r∗ + 1, so that
3r∗ ≤ N + 1 ≤ 3r∗ + 2 and therefore r∗ = �(N + 1)/3�. In the same way one
can show that s∗ = �(N + 2)/3�. Thus, we find that

max
q+r+s=N

N !
q!r !s! = N !

� N
3 �!� N+1

3 �!� N+2
3 �! . (8.7)

Now put m = �(N +1)/3�+�(N +2)/3� in (8.5). This gives q = N −m =
�N/3�, r = �m/2� = �(N +1)/3�, as 2�(N +1)/3� ≤ m ≤ 2�(N +1)/3�+1,
and s = m − �m/2� = �(N + 2)/3�. Thus, we find that

max
1≤m≤N

(
N

max{m, �N/2�}
)(

m

�m/2�
)

≥ N !
� N

3 �!� N+1
3 �!� N+2

3 �! .

Combining this inequality with (8.4), (8.6), and (8.7) gives the desired equality.

Using Stirling’s formula it is easy to verify that

βN ∼ 3N+1
√

3

2πN
.

For a polyhedral cone K we denote by �(K ) the finite set consisting of
those integers p ≥ 1 for which there exists a continuous order-preserving
subhomogeneous map f : K → K that has a periodic point with period p. If
K has N facets, then by Theorem 8.2.5 we have the following inclusion:

�(K ) ⊆ B(N ), (8.8)

where B(N ) consists of those integers p ≥ 1 such that p = q1q2, where
the integers q1, q2 ≥ 1 satisfy 1 ≤ q1 ≤ (N

m

)
and 1 ≤ q2 ≤ ( m

�m/2�
)

for

some integer 1 ≤ m ≤ N . In particular, we see that �(R3+) ⊆ {1, 2, 3, 4, 6};
so, 5 is not in �(R3+). In view of the inclusion (8.8), it is natural to ask if we
can completely determine �(K ) for a given polyhedral cone K . Particularly
interesting is, of course, R

n+, for which there exists the following result.

Theorem 8.2.7 For each n ∈ N, �(Rn+) = B(n).

Proof By (8.8) it suffices to show that B(n) ⊆ �(Rn+). So let p ∈ B(n). Then
there exist integers q1, q2 ≥ 1 with p = q1q2 such that 1 ≤ q1 ≤ (n

m

)
and

1 ≤ q2 ≤ ( m
�m/2�

)
for some integer 1 ≤ m ≤ N . We first construct a continuous

order-preserving homogeneous map g : R
m+ → R

m+ that has a periodic orbit in
int(Rm+) with period q2.
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Let w1, . . . , wq2 be distinct vectors in {1, 2}m with exactly �m/2� coordi-
nates equal to 2, and put wq2+1 = w1. (Note that there are

( m
�m/2�

)
such vectors

in {1, 2}m and hence we can do this for all values of q2.) It is straightforward to
verify that {w1, . . . , wq2} is a periodic orbit of the continuous order-preserving
homogeneous map g : R

m+ → R
m+ given by

g(z)i =
∨

k : wk+1
i =2

( ∧
j : wk

j =2

z j

)

for 1 ≤ i ≤ m and z ∈ R
m+. (In fact, the map g is nothing but the

log-exp transform of the topical map defined in Proposition 4.3.1, where
X = {L(w1), . . . , L(wq2)} ⊆ R

m and h is a cyclic permutation of the elements
of X .)

Subsequently we copy the q2 points into q1 distinct parts of the cone
R

n+ by inserting zeros at appropriate coordinates, and construct a continuous
order-preserving homogeneous map f : R

n+ → R
n+ that cycles through the

q1q2 points. Select q1 distinct subsets Ia ⊆ {1, . . . , n}, each of size m. We
know from Lemma 1.2.3 that each Ia corresponds to a part Pa ∈ P(Rn+) by
Pa = {x ∈ R

n+ : xi > 0 if and only if i ∈ Ia}. To formally insert the zeros it is
convenient to introduce the following function. For 1 ≤ a ≤ q1 and 1 ≤ k ≤ m
let η(a, k) be the index of the k-th non-zero coordinate of the elements of Pa .
For each 1 ≤ a ≤ q1 define a copying function ηa : R

m+ → R
n+ by

ηa(z)i =
[

zk if η(a, k) = i,
0 otherwise.

Note that by applying the functions ηa for all a, we obtain p = q1q2 distinct
points in R

n+. We also use the following notation. For 1 ≤ a ≤ q1 and 1 ≤ b ≤
q2 let ya,b ∈ {0, 1, 2}n be given by ya,b = ηa(w

b). Thus, ya,b is the copy of
wb in part Pa .

To complete the proof we construct a continuous order-preserving homoge-
neous map f : R

n+ → R
n+ such that

f (ya,b) =
[

ya+1,b if 1 ≤ a < q1,

y1,b+1 if a = q1,

for 1 ≤ a ≤ q1 and 1 ≤ b ≤ q2. (Here the indices a and b are counted
modulo q1 and modulo q2, respectively.) Clearly ya,b is a periodic point of f
with period p = q1q2 in that case. To give a formula for the map f we need
one more piece of notation. For x ∈ R

n+ we write x|Ia to denote the vector in
R

m+ with coordinates (x|Ia ) j = xη(a, j). Now let f : R
n+ → R

n+ be given by
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Table 8.1 The elements of �(Rn+) for 1 ≤ n ≤ 7.

n Elements of �(Rn+)
1 1
2 1, 2
3 1, 2, 3, 4, 6
4 1, 2, 3, 4, 5, 6, 8, 9, 10, 12
5 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 24, 25, 27, 30
6 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22,

24, 25, 26, 27, 28, 30, 32, 33, 34, 35, 36, 38, 39, 40, 42, 44, 45, 48,
50, 51, 52, 54, 55, 56, 57, 60, 65, 66, 70, 72, 75, 78, 84, 90

7 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22
23, 24, 25, 26,27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 38, 39, 40, 42, 44,
45, 46, 48, 49, 50, 51, 52, 54, 55, 56, 57, 58, 60, 62, 63, 64, 65, 66, 68,
69, 70, 72, 75, 76, 77, 78, 80, 81, 84, 85, 87, 88, 90, 91, 92, 93, 95, 96,
98, 99, 100, 102, 104, 105, 108, 110, 112, 114, 115, 116, 117, 119, 120,
124, 125, 126, 128, 130, 132, 133,135, 136, 138, 140, 144, 145, 147,
150, 152, 153, 155, 156, 160, 162, 165, 168, 170, 171, 174, 175, 180,
186, 189,190, 192, 198, 200, 204, 210

f (x)i =
[ ∨

1≤k<q1

( ∧
j∈Ik

2x j

)
∧ ηk+1(x|Ik )i

]
∨
[( ∧

j∈Iq1

2x j

)
∧ η1(g(x|Iq1

))i

]

for 1 ≤ i ≤ n and x ∈ R
n+. Clearly f is a continuous order-preserving homoge-

neous map. We also remark that
∧

j∈Ik
2ya,b

j = 0 if k 	= a, and
∧

j∈Ik
2ya,b = 2

if k = a. Since ya,b
|Ia

=wb, we find for 1 ≤ a < q1 that

f (ya,b)i =
( ∧

j∈Ia

2ya,b
j

)
∧ ηa+1(w

b)i = 2 ∧ ya+1,b
i = ya+1,b

i .

If a = q1, we get that

f (yq−1,b)i =
( ∧

j∈Iq1

2yq1,b
j

)
∧ η1(g(w

b))i = 2 ∧ η1(w
b+1)i = y1,b+1

i ,

which completes the proof.

Knowing the equality �(Rn+) = B(n), it is now easy to compute �(Rn+);
see Table 8.1. Furthermore, the proof of Theorem 8.2.7 provides for each p ∈
�(Rn+) an explicit construction of a continuous homogeneous order-preserving
map f : R

n+ → R
n+, which has a periodic point with period p. For n = 3 and

p = 6 we have already seen such an example on page 190. If n = 3 and p = 4
the construction the proof of Theorem 8.2.7 yields the map f : R

3+ → R
3+

given by
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f

⎛
⎝ x1

x2

x3

⎞
⎠ =

⎛
⎝ (2x2 ∧ x1) ∨ (2x1 ∧ x3)

2x3 ∧ x1

2x1 ∧ x2

⎞
⎠ for x ∈ R

3+,

which has x = (1, 2, 0) as a period 4 point in ∂R3+. For n = 4 and p = 12
there are two possible choices: (1) q1 = 4 and q2 = 3 and (2) q1 = 6 and
q2 = 2. In case (1) we obtain the map f : R

4+ → R
4+ given by

f

⎛
⎜⎜⎝

x1

x2

x3

x4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝
(2x2 ∧ 2x3 ∧ x1) ∨ (2x2 ∧ 2x4 ∧ x1) ∨ (2x2 ∧ 2x4 ∧ x3)

(2x1 ∧ 2x3 ∧ x2) ∨ (2x3 ∧ 2x4 ∧ x1) ∨ (2x2 ∧ 2x3 ∧ x4)

(2x1 ∧ 2x4 ∧ x2) ∨ (2x1 ∧ 2x4 ∧ x3) ∨ (2x3 ∧ 2x4 ∧ x2)

(2x1 ∧ 2x2 ∧ x3) ∨ (2x1 ∧ 2x2 ∧ x4) ∨ (2x1 ∧ 2x3 ∧ x4)

⎞
⎟⎟⎠

for x ∈ R
4+, which has x = (1, 1, 2, 0) as a period 12 point. Here we took

w1 = (1, 1, 2), w2 = (1, 2, 1), w3 = (2, 1, 1), and the map g : (z1, z2, z3) �→
(z2, z3, z1).

By using the fact that the standard positive cone is order isomorphic to any
simplicial cone, we also know following.

Corollary 8.2.8 If K ⊆ V is a simplicial cone, then �(K ) = B(n).

8.3 Denjoy–Wolff theorems for cone maps

In Section 3.4 a Denjoy–Wolff type theorem for fixed-point free non-expansive
maps on proper metric spaces whose geometry resembles that of a hyperbolic
space was discussed. The goal of the remaining two sections is to use the ideas
from Section 3.4 to analyze the dynamics of homogeneous order-preserving
maps on solid closed cones that have no eigenvector in the interior of the cone.
We emphasize that throughout the remainder of this chapter we will use the
following slightly different, but convenient, definition of ω-limit sets. Given a
continuous map f : X → X , with X ⊆ V and x ∈ X , the ω-limit set of x is
given by

ω(x) =
⋂
m≥0

cl({ f k(x) : k ≥ m}),

where the closure is with respect to the norm topology on V .
Suppose that K ⊆ V is a solid closed cone and f : int(K ) → int(K ) is a

continuous homogeneous order-preserving map which has no eigenvector in
int(K ). In that case we can take ϕ ∈ int(K ∗) and consider the scaled map
g : �◦ → �◦ given by
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g(x) = f (x)

ϕ( f (x))
for all x ∈ �◦, (8.9)

where �◦ = {x ∈ int(K ) : ϕ(x) = 1}. So, g has no fixed point in �◦, as f
has no eigenvector in int(K ), and g is non-expansive under Hilbert’s metric
by Lemma 2.1.6. It thus follows from Corollary 3.2.5 that � f ∩ �◦ = ∅, and
hence the ω-limit set of each x ∈ �◦ under g is contained in the boundary
of � = {x ∈ K : ϕ(x) = 1}. Recall that if the proper metric space (�◦, dH )

satisfies Axioms I and II, then Theorem 3.4.6 implies that there exists a unique
ray in ∂K that attracts all orbits of f .

As Hilbert’s metric coincides with the cross-ratio metric κ on �◦ (see
Theorem 2.1.2), we know from the results in Section 3.3 that (�◦, dH ) sat-
isfies Axiom I. But we also know from Example 3.4.3 that (�◦, dH ) does not
necessarily satisfy Axiom II. It was, however, shown by Beardon [18, 19] that
if K is strictly convex, then (�◦, dH ) also satisfies Axiom II. To prove this we
follow Karlsson and Noskov [101].

Lemma 8.3.1 Let A ⊆ V be an open bounded convex set. If (xk)k and (yk)k

are two convergent sequences in A with limits x and y in ∂A, respectively, and
the straight-line segment [x, y] 	⊆ ∂A, then the end-points x ′

k and y′
k of the

chord through xk and yk converge to x and y, respectively.

Proof The situation is depicted in Figure 8.2 below. As x 	= y and xk → x
and yk → y as k → ∞, each limit point of (x ′

k)k and (y′
k)k must belong to

the straight line �x,y through x and y. More to the point, each limit point of
(x ′

k)k belongs to the half-line �+x of �x,z emanating from x but not containing y.
Similarly each limit point of (y′

k)k belongs to the half-line �+y emanating from
y and not containing x . Remark that [x, y] ∩ ∂A = {x, y}, as [x, y] 	⊆ ∂A and
A is convex. Hence �+x ∩ ∂A = {x} and �+y ∩ ∂A = {y}, which completes the
proof.
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Figure 8.2 Proof of Proposition 8.3.2.
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A key ingredient in our subsequent analysis will be the following proposi-
tion, which uses the so-called Gromov product. Given a metric space (X, d)
and x, y ∈ X , recall that the Gromov product with respect to a reference point
z ∈ X is defined by

(x | y)z = 1

2

(
d(x, z)+ d(y, z)− d(x, y)

)
.

Proposition 8.3.2 Let A ⊆ V be an open bounded convex set equipped with
the cross-ratio metric κ . If (xk)k and (yk)k are convergent sequences in A with
limits x and y in ∂A, respectively, and the straight-line segment [x, y] 	⊆ ∂A,
then for each z ∈ A there exists C ≥ 0 such that

lim sup
k→∞

(xk | yk)z ≤ C.

Proof As [x, y] 	⊆ ∂A there exists a closed Euclidean ball Bε(w) with radius
ε around the (Euclidean) mid-point w of the chord through x and y such that
Bε(w) ⊆ A. Recall that the norm topology coincides with the metric topology
of κ on A by Corollary 2.5.6 and Theorem 2.1.2. Therefore Bε(w) is a compact
subset of (A, κ). This implies that for each z ∈ A there exists C ≥ 0 such that

sup
u∈Bε(w)

κ(u, z) ≤ C.

Now let wk denote the mid-point of the chord through xk and yk . Denote, as in
Figure 8.2, the end-points of the chord through xk and yk by x ′

k and y′
k .

By Lemma 8.3.1 we know that x ′
k → x and y′

k → y as k → ∞, since
[x, y] 	⊆ ∂A. Thus, wk ∈ Bε(w) for all k sufficiently large. From Theo-
rem 2.6.3 we know that each straight line is a geodesic in (A, κ); so,

κ(xk, yk) = κ(xk, wk)+ κ(wk, yk)

for all k sufficiently large. This implies that

2(xk | yk)z = κ(xk, z)+ κ(yk, z)− κ(xk, yk)

= κ(xk, z)+ κ(yk, z)− κ(xk, wk)− κ(wk, yk)

≤ 2κ(wk, z).

Thus, (xk | yk)z ≤ κ(wk, z) ≤ C for all sufficiently large k.

Proposition 8.3.3 Let A ⊆ V be an open bounded convex set. If (xk)k and
(yk)k are convergent sequences in A with limits x and y in ∂A, respectively,
and the straight-line segment [x, y] 	⊆ ∂A, then for each z ∈ A we have that

lim inf
k→∞ κ(xk, yk)− max{κ(xk, z), κ(yk, z)} = ∞.

In particular, (A, κ) satisfies Axiom II, if the closure of A is strictly convex.
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Proof It follows from Proposition 8.3.2 that lim supk→∞ (xk | yk)z ≤ C . Let
ε > 0 and note that there exists N ≥ 1 such that

2(xk | yk)z ≤ 2C + ε

for all k ≥ N . This implies that

max{κ(xk, z), κ(yk, z)} = κ(xk, z)+ κ(yk, z)− min{κ(xk, z), κ(yk, z)}
≤ κ(xk, yk)+ 2C + ε − min{κ(xk, z), κ(yk, z)}

for all k ≥ N . Hence

κ(xk, yk)−max{κ(xk, z), κ(yk, z)} ≥ min{κ(xk, z), κ(yk, z)}−2C −ε → ∞,

as k → ∞, which completes the proof.

Now that we know that (A, κ) is a proper metric space satisfying Axioms
I and II, if A is strictly convex, we can combine Corollary 3.2.5, Theorem 3.4.6,
and Proposition 8.3.3 to directly obtain the following result by Beardon [19]
and Karlsson [99].

Theorem 8.3.4 Let A ⊆ V be an open bounded strictly convex set. If
f : (A, κ) → (A, κ) is a fixed-point free non-expansive map, then there exists
ζ ∈ ∂A such that

lim
k→∞ f k(x) = ζ for all x ∈ A,

and the convergence is uniform on compact subsets of A.

Theorem 8.3.4 has the following consequence for the dynamics of homoge-
neous order-preserving maps on strictly convex cones, which can be viewed as
a Denjoy–Wolff type theorem in nonlinear Perron–Frobenius theory.

Theorem 8.3.5 Let K ⊆ V be a solid strictly convex closed cone and let
ϕ ∈ int(K ∗). If f : int(K ) → int(K ) is a homogeneous order-preserving map
and f has no eigenvector in int(K ), then there exists ζ ∈ ∂K such that

lim
k→∞

f k(x)

ϕ( f k(x))
= ζ for all x ∈ int(K ).

Moreover, if f has a continuous extension to K such that f (x) 	= 0 for all
x 	= 0 in K , then ζ ∈ ∂K is an eigenvector of f with eigenvalue ϕ( f (ζ )) > 0.

Proof Let ϕ ∈ int(K ∗) and define �◦ = {x ∈ int(K ) : ϕ(x) = 1}. Also write
� to denote the norm closure of �◦. As K ⊆ V is strictly convex, �◦ is a
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bounded strictly convex domain in an affine hyperplane in V . Equip �◦ with
Hilbert’s metric dH and consider the scaled map g : �◦ → �◦ given by

g(x) = f (x)

ϕ( f (x))
for x ∈ �◦.

So, g is a fixed-point free non-expansive map on (�◦, dH ), as f has no
eigenvector in int(K ). By Theorem 2.1.2, the metric dH coincides with the
cross-ratio metric on �◦, and hence it follows from Theorem 8.3.4 that there
exists ζ ∈ ∂�◦ such that

lim
k→∞

f k(x)

ϕ( f k(x))
= lim

k→∞ gk(x) = ζ for all x ∈ �◦.

If f has a continuous extension to K such that f (x) 	= 0 for all x 	= 0 in
K , then g has a continuous extension to �. In that case, g(ζ ) = ζ , so that
f (ζ ) = ϕ( f (ζ ))ζ . Thus, ζ is an eigenvector of f in ∂K with eigenvalue
ϕ( f (ζ )) > 0.

With regard to the previous theorem we mention the following open
problem.

Problem 8.3.6 If in Theorem 8.3.5 f has a continuous extension to K and
ϕ( f (ζ )) > 0, is ϕ( f (ζ )) = rK ( f )?

We shall see in the next section that, in general, the iterates of a fixed-point
free non-expansive map f : (A, κ) → (A, κ) need not converge to a unique
point in ∂A, if (A, κ) does not satisfy Axiom II. Karlsson and Nussbaum (see
[168]), however, independently made the following conjecture.

Conjecture 8.3.7 (Karlsson and Nussbaum) If A ⊆ V is an open bounded
convex set and f : (A, κ) → (A, κ) is a fixed-point free non-expansive map,
then there exists a convex set � ⊆ ∂A such that ω(x) ⊆ � for all x ∈ A.

To prove this conjecture it suffices to show that there exists a point z ∈ A
such that the convex hull of its ω-limit set, denoted co(ω(z)), is contained in
∂A. Indeed, we have the following lemma.

Lemma 8.3.8 Let A ⊆ V be an open bounded convex set. If f : (A, κ) →
(A, κ) is a fixed-point free non-expansive map such that co(ω(z)) ⊆ ∂A for
some z ∈ A, then there exists � ⊆ ∂A convex such that ω(x) ⊆ � for all
x ∈ A.

Proof Let A− denote the norm closure of A and let A′ = {(1, a) ∈ R×V : a ∈
A−}. Define a cone K ⊆ R × V by

K = {λ, u ∈ R × V : u ∈ A′ and λ ≥ 0}.
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Clearly K is a solid closed cone in R × V , and ϕ ∈ K ∗, given by ϕ(x) = x1

for x = (x1, v) ∈ R × V , is in the interior of K ∗. Let B = {u ∈ K : ϕ(u) = 1}
and consider r : A− → B given by r(a) = (1, a) for a ∈ A−. The restriction
of r to A is an isometry from (A, κ) onto (B ∩ int(K ), dH ) by Theorem 2.1.2.

To prove the lemma we first show the following claim: if (uk)k and (vk)k

are (norm) convergent sequences in B ∩ int(K ) with limits u and v in ∂K ,
respectively, and there exists C ≥ 0 such that dH (uk, vk) ≤ C for all k ≥ 1,
then u ∼K v.

Indeed, as uk, vk ∈ B∩int(K ) and dH (uk, vk) ≤ C , there exist 0 < αk ≤ βk

such that αkuk ≤K vk ≤K βkuk and βk/αk ≤ eC . By applying ϕ to the
inequalities we get that αk ≤ 1 ≤ βk , so that αk ≥ e−C and βk ≤ eC . By
taking a subsequence we may assume that αk → α ≥ e−C and βk → β ≤ eC ,
as k → ∞. Since K is closed, this implies that αu ≤K v ≤K βu, so that
dH (u, v) ≤ log(β/α) ≤ 2C < ∞. From this it follows that u ∼K v.

Recall that, by Całka’s Theorem 3.1.7, ω(x) ⊆ ∂A− for all x ∈ A, as
ω(z) ⊆ ∂A−. The proof of the lemma is now completed as follows. Suppose,
for the sake of contradiction, that there exists ζ ∈ co(� f ) such that ζ ∈ A.
Then there exist z1, . . . , zm ∈ A, ζ 1, . . . , ζm ∈ ∂A, and 0 < λ1, . . . , λm < 1
with

∑
i λi = 1 such that ζ = ∑

i λiζ
i and ζ i ∈ ω(zi ) for 1 ≤ i ≤ m. Let

(ki
j ) j be such that f ki

j (zi ) → ζ i , as j → ∞. By taking a further subsequence

we may assume that f ki
j (z) → ξ i . As

dH (r( f ki
j (zi )), r( f ki

j (z))) = κ( f ki
j (zi ), f ki

j (z)) ≤ κ(zi , z),

it follows from the claim that r(ζ i ) ∼K r(ξ i ) for 1 ≤ i ≤ m. This implies that

r(ζ ) = r(
∑

i

λiζ
i ) ∼K r(

∑
i

λiξ
i ).

But
∑

i λiξ
i ∈ ∂A, as co(ω(z)) ⊆ ∂A, and ζ = ∑

i λiζ
i ∈ A, which is a

contradiction.

By using the convexity of the horoballs in (A, κ) and Theorem 3.3.5 the
following partial result from [99] for Conjecture 8.3.7 can be proved.

Corollary 8.3.9 Let A ⊆ V be an open bounded convex set. If f : (A, κ) →
(A, κ) is a fixed-point free non-expansive map such that

lim
k→∞ κ( f k(x), x)/k > 0,

then there exists � ⊆ ∂A convex such that ω(x) ⊆ � for all x ∈ A.

Proof Let x ∈ A and remark that by Theorem 3.3.5 there exists a horofunction
bx : A → R such that



202 Dynamics of subhomogeneous maps

lim
k→∞ bx ( f k(x)) = −∞.

Let H(−r) be the horoball with radius −r of bx . Clearly ω(x) is contained in
∩r≥0cl(H(−r)). Recall from Lemma 3.3.3 that H(−r) is convex for each r ≥
0; so, ∩r≥0cl(H(−r)) is a convex subset of ∂A. Now let y ∈ A and remark that

bx ( f k(y)) = lim
j→∞ κ( f k(y), f k j (x))− κ( f k j (x), x)

≤ lim
j→∞ κ( f k(x), f k j (x))− κ( f k j (x), x)+ κ( f k(x), f k(y))

≤ bx ( f k(x))+ κ(x, y).

Therefore bx ( f k(y)) → −∞ as k → ∞, and hence ω(y) ⊆ ∩r≥0cl(H(−r)).
The corollary now follows from Lemma 8.3.8.

There are, however, many examples of fixed-point free non-expansive maps
on (A, κ) for which limk→∞ κ( f k(x), x)/k = 0. Consider for instance the
map f : �◦

2 → �◦
2 given by

f (x1, x2) = (
x1 + x2

x1 + 2x2
,

x2

x1 + 2x2
).

Other results concerning Conjecture 8.3.7 can be obtained by using Propo-
sition 8.3.2. In particular, there exists the following result by Karlsson and
Noskov [101, theorem 5.5].

Theorem 8.3.10 Let A ⊆ V be an open bounded convex set. If f : (A, κ) →
(A, κ) is a fixed-point free non-expansive map, then there exists ζ ∈ ∂A such
that for each x ∈ A and y ∈ ω(x) we have that [y, ζ ] ⊆ ∂A.

Proof Let z ∈ A and ak = κ( f k(z), z) for all k ≥ 1. Note that ak → ∞
as k → ∞ by Corollary 3.1.8. It follows from Lemma 3.3.4 that there exists
a subsequence (aki )i such that ak < aki for all k < ki . By taking a further
subsequence we may assume that f ki (z) → ζ ∈ ∂A as i → ∞.

Suppose that y ∈ ω(x). By definition there exists a subsequence (mi )i such
that mi < ki for all i and f mi (x) → y as i → ∞. Let us now consider the
Gromov product ( f ki (z) | f mi (x))z . Remark that

2( f ki (z) | f mi (x))z = aki + κ( f mi (x), z)− κ( f ki (z), f mi (x))

≥ aki + κ( f mi (x), x)− κ(x, z)

− κ( f ki (z), f mi (z))− κ( f mi (z), f mi (x))

≥ aki − aki −mi + κ( f mi (x), x)− 2κ(x, z)

≥ κ( f mi (x), x)− 2κ(x, z),

as f is non-expansive. The right-hand side goes to infinity as i → ∞, and
hence it follows from Proposition 8.3.2 that [y, ζ ] ⊆ ∂A.
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Further evidence supporting Conjecture 8.3.7 is the following result by
Nussbaum [168], which complements Corollary 8.3.9.

Theorem 8.3.11 Let A ⊆ V be an open bounded convex set. If f : (A, κ) →
(A, κ) is a fixed-point free non-expansive map such that

lim
k→∞ κ( f k+1(z), f k(z)) = 0

for some z ∈ A, then there exists � ⊆ ∂A convex such that ω(x) ⊆ � for all
x ∈ A.

Proof By Lemma 8.3.8 it suffices to show that co(ω(z))⊆ ∂A. Suppose by
way of contradiction that there exist ζ 1, . . . , ζm ∈ω(z) and 0<λ1, . . . , λm < 1
with

∑
i λi = 1 such that

∑
i λiζ

i ∈ A. As ω(z) ⊆ ∂A, we may assume that

m ≥ 2 and is minimal. Let (ki
j ) j be such that f ki

j (z) → ζ i , as j → ∞.

Put ζ = ζ 1 and η = ∑m
i=2 μiζ

i , where μi = λi/(1 − λ1) for 2 ≤ i ≤ m.

Let η j = ∑m
i=2 μi f ki

j (z) for all j ≥ 1. Since m is minimal, we know that
ζ, η ∈ ∂A and λ1ζ + (1 − λ1)η ∈ A. This implies that λζ + (1 − λ)η ∈ A for
all 0 < λ < 1, as A is convex.

Consider the function

bz( f k1
j (z))(x) = κ(x, f k1

j (z))− κ( f k1
j (z), z).

By taking a further subsequence we may assume that the horofunction

bz(x) = lim
j→∞ κ(x, f k1

j (z))− κ( f k1
j (z), z)

exists for all x ∈ A (see Proposition 3.3.2). Note that

bz( f k(z)) = lim
j→∞ κ( f k(z), f k1

j (z))− κ( f k1
j (z), z)

≤ lim inf
j→∞ κ( f k(z), f k1

j +1
(z))+ κ( f k1

j +1
(z), f k1

j (z))− κ( f k1
j (z), z)

≤ lim inf
j→∞ κ( f k−1(z), f k1

j (z))− κ( f k1
j (z), z)+ κ( f k1

j +1
(z), f k1

j (z))

≤ bz( f k−1(z)),

as limk→∞ κ( f k+1(z), f k(z)) = 0. From this it follows that bz( f k(z)) ≤ 0
for all k ≥ 0, since bz(z) = 0.

Recall that the horoball of bz with radius 0 is convex by Lemma 3.3.3, so
that bz(η

j ) ≤ 0 for all j ≥ 0. Thus, there exists k1
j ≥ 1 such that

κ(η j , f k1
n (z))− κ( f k1

n (z), z) ≤ 1 (8.10)
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for all k1
n ≥ k1

j . By construction η j → η ∈ ∂A and f k1
j (z) → ζ ∈ ∂A as

j → ∞. Moreover, [ζ, η] 	⊆ ∂A, so that

lim inf
j→∞ κ(η j , f k1

j (z))− max{κ( f k1
j (z), z), κ(η j , z)} = ∞

by Proposition 8.3.3. This, however, contradicts (8.10), and we are done.

8.4 A Denjoy–Wolff theorem for polyhedral cones

If A ⊆ V is a bounded open convex set and A is not strictly convex, then
(A, κ) does not satisfy Axiom II in general. In such metric spaces horoballs can
meet the boundary in more than one point. For example, if A is the open two-
dimensional simplex, then the horoballs can be as in Figure 8.3 (see [100]).

Therefore we cannot expect a result like Theorem 8.3.5 to hold for general
solid closed cones in V . In fact, there exist simple examples that confirm this
point. To see this, recall from Section 8.1 that every norm-bounded orbit of
a continuous homogeneous order-preserving map f : K → K on a polyhe-
dral cone K converges to a periodic orbit. Such periodic orbits may lie in the
boundary, and may attract orbits from the interior of K . For example, the linear
map f : R

3+ → R
3+ given by

f

⎛
⎝ x1

x2

x3

⎞
⎠ =

⎛
⎝ 0 1 0

1 0 0
0 0 1/2

⎞
⎠
⎛
⎝ x1

x2

x3

⎞
⎠

for x = (x1, x2, x3) ∈ R
3+. The ω-limit set of each x ∈ int(R3+), with x1 	= x2,

is a periodic orbit of f in ∂R3+. The scaled map g : �2 → �2 given by

g(x) = f (x)∑
i fi (x)

,

�
�
�
�
�
�
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Figure 8.3 A horoball in �◦
2.
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for x ∈ �2, has the property that every orbit of x in�◦
2 converges to a periodic

orbit in ∂�2 if x1 	= x2. Obviously Theorem 8.3.5 fails in that case.
In this section we will discuss extensions of Theorem 8.3.5 to polyhedral

cones. We begin with the following result.

Theorem 8.4.1 Let K ⊆ R
n be a solid polyhedral cone, ϕ ∈ int(K ∗), and

�◦ = {x ∈ int(K ) : ϕ(x) = 1}. Suppose that f : K → K is a continuous
order-preserving homogeneous map with f (int(K )) ⊆ int(K ) and rK ( f ) = 1,
and let g : �◦ → �◦ be given by

g(x) = f (x)

ϕ( f (x))
for x ∈ �◦.

If f has no eigenvector in int(K ) and there exists z ∈ int(K ) such that
O(z; f ) is bounded in norm, then there exists a part P ⊆ ∂K of K such
that ω(x; g)⊆ P for all x ∈ int(K ), and ω(x; g) is a finite set of size at most( N
�N/2�

)
, where N = |I (P)|.

Proof Let x ∈ �◦ and note that there exists μx > 0 such that x ≤ μx z. As
f is order-preserving and homogeneous, we get that f k(x) ≤ μx f k(z) for
all k ≥ 0. This implies that the orbit of x under f is bounded in norm, since
O(z; f ) is bounded in norm and K is a normal cone.

By Lemma 8.1.4 there exists a part Px � int(K ) such that ω(x; f ) ⊆ Px .
By Theorem 8.1.7 and Proposition 8.2.3 it follows that ω(x; f ) is a periodic
orbit in Px with period at most

( N
�N/2�

)
, where N = |I (Px )|. We claim that

there exists a part P of K such that P = Py for all y ∈ int(K ). Indeed,
if for some v,w ∈ int(K ) we have that Pv 	= Pw, then there exists a sub-
sequence (ki )i such that f ki (v) → v∗ and f ki (w) → w∗ as i → ∞, and
dT (v

∗, w∗) = ∞. This, however, contradicts the inequality dT (v
∗, w∗) =

limi→∞ dT ( f ki (v), f ki (w)) ≤ dT (v,w) < ∞.
As rK ( f ) = 1, there exists an eigenvector u ∈ ∂K of f with u 	= 0 and

f (u) = u. For each x ∈ int(K ) there exists δ > 0 such that δu ≤ x . This
implies that ϕ( f k(x)) ≥ δϕ(u) > 0 for all k ≥ 0. Therefore ω(x; g) is a finite
set of size at most

( N
�N/2�

)
, where N = |I (Px )|.

One might conjecture that the assertion in Theorem 8.4.1 also holds for
unbounded orbits. The following example by Lins [131], however, shows that
the ω-limit sets can be more complicated.

Example 8.4.2 To present the example we need a few preliminary remarks.
Let V = {x ∈ R

n+1 : x1 = 0} and let (xk)k be a sequence in V such that

xk−1 ≤ xk and xk+1 − xk ≤ xk − xk−1 for all k ≥ 1, (8.11)
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where the partial ordering ≤ is induced by R
n+1+ . We claim that there exists

an order-preserving additively homogeneous map g : R
n+1 → R

n+1 such that
g(xk) = xk+1 for all k ≥ 1. Indeed, for each 1 ≤ i ≤ n + 1 there exists an
increasing Lipschitz function γi : R → R, with Lipschitz constant at most 1,
such that γi (xk

i ) = xk+1
i for all k ≥ 1. In fact, we can take γi to be piecewise

linear. Now let G : V → V be defined by

Gi (x) = γi (xi ) for 1 ≤ i ≤ n + 1 and x ∈ V .

Furthermore let g : R
n+1 → R

n+1 be given by

g(x) = G(x − x11)+ x11 for all x ∈ R
n+1.

It is straightforward to verify that g is additively homogeneous. To see that g
is order-preserving with respect to R

n+1+ , let x ≤ y in R
n+1. It is convenient to

distinguish two cases: xi − x1 ≤ yi − y1 and xi − x1 > yi − y1. In the first
case we have that gi (x) = γi (xi − x1)+ x1 ≤ γi (yi − y1)+ y1 = gi (y), since
γi is increasing. On the other hand, if xi − x1 > yi − y1, then

0 ≤ γi (xi − x1)− γi (yi − y1) ≤ xi − x1 − yi + y1 ≤ y1 − x1,

as γi is Lipschitz with constant at most 1. This implies that

gi (x) = γi (xi − x1)+ x1 ≤ γi (yi − y1)+ y1 = gi (y).

Therefore g is order-preserving. Taking the log-exp transform of g yields a
homogeneous order-preserving map f : int(Rn+1+ ) → int(Rn+1+ ); so, f =
E ◦ g ◦ L .

The example will be a scaling of f , where (xk)k is chosen appropriately. Let
h : �◦

n → �◦
n be given by

h(x) = f (x)∑
i fi (x)

for x ∈ �◦
n .

Let y = 1/n ∈ �◦
n and note that

hk(y) = f k(y)∑
i f k

i (y)
= f k(1)∑

i f k
i (1)

= E(gk(0))∑
i Ei (gk(0))

for all k ≥ 1, as f is homogeneous. Put x0 = 0 and write ak = xk − xk−1 to get

hk(y) = E(gk(0))∑
i Ei (gk(0))

= E(xk)∑
i Ei (xk)

= E(
∑k

j=1 a j )∑
i Ei (

∑k
j=1 a j )

=
∏k

j=1 E(a j )∑
i
∏k

j=1 Ei (a j )
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for all k ≥ 1, where the product is taken coordinatewise. For simplicity we
write b j = E(a j ), so that

hk(y) =
∏k

j=1 b j∑
i
∏k

j=1 b j
i

for all k ≥ 1. (8.12)

The properties of the sequence (xk)k in (8.11) translate into the following
properties for the sequence (b j ) j :

b j
1 = 1, b j ≥ 1, and b j+1 ≤ b j for all j ≥ 1.

The properties of the sequence (b j ) j allow us to construct maps h : �◦
n → �◦

n
satisfying the following theorem due to Lins [131].

Theorem 8.4.3 For each convex set S ⊆ ∂�◦
n there exist a map h : �◦

n → �◦
n,

which is non-expansive under Hilbert’s metric, and a point y ∈ �◦
n such that

S ⊆ ω(y; h).

Proof Let S ⊆ ∂�◦
n be convex. Then there exist 1 ≤ i ≤ n + 1 such that

xi = 0 for all x ∈ S. By relabeling the coordinates we may assume that i = 1.
We wish to chose a sequence (b j ) j , with b j

1 = 1, b j
i > 1 for 2 ≤ i ≤ n + 1,

and b j+1 ≤ b j for all j ≥ 1, such that (hk(y))k in (8.12) accumulates at a
countable dense subset S′ of S. Here h : �◦

n → �◦
n and y = 1/n are as in

Example 8.4.2.
Suppose that we have chosen vectors b1, . . . , bN . Remark that if ξ and η are

two points in int(Rn+1+ ) such that ξ1 = η1 and ξ < η for 2 ≤ i ≤ n − 1, then

there exist m ≥ 1 and vectors bN+1, . . . , bN+m , with bN+ j
1 = 1, bN+ j

i > 1 for
2 ≤ i ≤ n + 1, and bN+ j ≤ bN+ j−1 for 1 ≤ j ≤ N , such that the entrywise
product of ξ with

∏m
j=1 bN+ j is equal to η. Indeed, for sufficiently large m,

(ηi/ξi )
1/m ≤ bN

i for all i , so we can take

bN+ j
i = (ηi/ξi )

1/m for all 1 ≤ j ≤ m and 1 ≤ i ≤ n + 1.

Now suppose that

ξ = hN (y) =
∏N

j=1 b j∑
i
∏N

j=1 b j
i

∈ �◦
n

and s′ ∈ S′. Then there exists η ≥ ξ , with η1 = ξ1 and ηi > ξi for 2 ≤ i ≤
n − 1, such that η/

∑
i ηi is arbitrarily close to s′. By taking bN+1, . . . , bN+m

as in the previous paragraph we find that

hN+m(y) =
∏N+m

j=1 b j∑
i
∏N+m

j=1 b j
i

= η∑
i ηi

,
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which is close to s′. By repeating this process we can secure that (hk(y))k
accumulates at a countable dense subset S′ = {s1, s2, . . .} of S. Indeed, we
can first get to within distance 1 of s1, then to within distance 1/2 of s2, then
to within distance 1/2 of s1, subsequently to within distance 1/3 of s3, etc. As
ω(y; h) is closed, S = cl(S′) ⊆ ω(y; h), and we are done.

Lins [131, lemma 3.2] has proved that the ω-limit sets of the maps con-
structed in Theorem 8.4.3 are connected sets. We have also seen examples
where each ω-limit set is finite. In this regard we mention the following open
problem posed by Lins in [131].

Problem 8.4.4 If f : (�◦
n, κ) → (�◦

n, κ) is a fixed-point free non-expansive
map, is it true that each ω(x; f ) ⊆ ∂�◦

n is either finite or connected?

Of course Theorem 8.4.3 does not contradict Conjecture 8.3.7. In fact, there
exists the following result for polyhedral Hilbert’s metric spaces by Lins [131].

Theorem 8.4.5 If A ⊆ R
n is an open bounded polyhedron and f : (A, κ) →

(A, κ) is a fixed-point free non-expansive map, then there exists a convex set
� ⊆ ∂A such that ω(x; f ) ⊆ � for all x ∈ A.

To prove this theorem we follow Lins [131] and make a digression into
the analysis of horofunctions and unbounded orbits of fixed-point free non-
expansive maps on finite-dimensional normed spaces. Subsequently we shall
apply the isometric embedding of (A, κ) into (Rm, ‖ · ‖∞) for polyhedral
domains A given in Proposition 2.2.3. We begin with a useful inequality.

Lemma 8.4.6 Let (X, ‖ · ‖) be a Banach space and y ∈ X be such that ‖y‖ =
1. If z ∈ X and there exist 0 < r < R such that ‖z‖ ≤ R and ‖z − r y‖ >
R − (3/4)r , then ‖z − Ry‖ > R/4.

Proof Let BX denote the unit ball of X and let BX∗ denote the unit ball of
the dual space of X∗, so BX∗ = {ϕ ∈ X∗ : ϕ(x) ≤ 1 for all x ∈ BX }. By the
Hahn–Banach theorem there exists ϕ ∈ BX∗ such that ϕ(z −r y) = ‖z −r y‖ >
R − (3/4)r . This implies that rϕ(y) < ϕ(z)− R + (3/4)r . As ϕ(z) ≤ ‖z‖ ≤
R, we get that ϕ(r y) < (3/4)r and hence ϕ(y) < 3/4. This implies that
ϕ(z − Ry) = ϕ(z − r y)− ϕ(Ry − r y) > R − 3/4r − (R − r)3/4 = R/4.

This inequality is a key ingredient in the proof of the following result.

Theorem 8.4.7 Let Y be a subset of a finite-dimensional normed space
(V, ‖ · ‖). If f : Y → Y is a non-expansive map and x ∈ Y is such
that limk→∞ ‖ f k(x)‖ = ∞, then there exists a subsequence ( f k j (x)) j that
converges at infinity such that the horofunction
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b0(z) = lim
j→∞ ‖z − f k j (x)‖ − ‖ f k j (x)‖

satisfies limk→∞ b0( f k(x)) = −∞.

Proof As ‖ f k(x)‖ → ∞ as k → ∞, we can find a subsequence (k j ) j such
that ‖ f k j (x)‖ > ‖ f m(x)‖ for all m < k j by Lemma 3.3.4. Moreover, it
follows from Proposition 3.3.2 that we may assume, after taking a further
subsequence, that the horofunction

b0(z) = lim
j→∞ ‖z − f k j (x)‖ − ‖ f k j (x)‖

exists for all z ∈ (V, ‖ · ‖). Since the unit ball in (V, ‖ · ‖) is compact, there
exists y0 ∈ V such that ‖y0‖ = 1 and y0 is an limit point of the sequence
( f k j (x)/‖ f k j (x)‖) j . By taking a further subsequence we may assume that∥∥∥ f k j (x)/‖ f k j (x)‖ − y0

∥∥∥ ≤ 2− j for all j ≥ 1.

Write y j = ‖ f k j (x)‖y0 for each j ≥ 1. So, we have that

‖ f k j (x)− y j‖ ≤ 2− j‖ f k j (x)‖ for all j ≥ 1. (8.13)

Now fix m ∈ N and remark that

‖ f k j −m(x)− y j‖ ≤ ‖ f k j −m(x)− f k j (x)‖ + ‖ f k j (x)− y j‖

≤
m∑

l=1

‖ f k j −l(x)− f k j −l+1(x)‖ + 2− j‖ f k j (x)‖

≤ m‖x − f (x)‖ + 2− j‖ f k j (x)‖,
as f is non-expansive. For j sufficiently large we get that

‖ f k j −m(x)− y j‖ ≤ ‖ f k j (x)‖/4.
Take i ∈ N fixed and remark that, as ‖ f k j −m(x)‖ < ‖ f k j (x)‖, we can apply
Lemma 8.4.6, where we interpret R = ‖ f k j (x)‖, r = ‖ f ki (x)‖, and y = y0,
to obtain

‖ f k j −m(x)− yi‖ ≤ ‖ f k j (x)‖ − (3/4)‖ f ki (x)‖ (8.14)

for all j > i sufficiently large.
Let us now estimate b0( f ki +m(x)). By definition

b0( f ki +m(x)) = lim
j→∞ ‖ f ki +m(x)− f k j (x)‖ − ‖ f k j (x)‖

≤ lim inf
j→∞ ‖ f ki (x)− f k j −m(x)‖ − ‖ f k j (x)‖,
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as f is non-expansive. It follows from (8.13) and (8.14) that

‖ f ki (x)− f k j −m(x)‖ ≤ 2−i‖ f ki (x)‖ + ‖ f k j (x)‖ − (3/4)‖ f ki (x)‖.
Thus, we find that

b0( f ki +m(x)) ≤ −3/4‖ f ki (x)‖ + 2−i‖ f ki (x)‖ → −∞
as i → ∞. This implies that limk→∞ b0( f k(x)) = −∞.

By applying the isometric embedding of (A, κ) into (Rm, ‖ · ‖∞) for poly-
hedral domains A and the previous theorem, Theorem 8.4.5 can be proved in
the following manner.

Proof of Theorem 8.4.5 Let A ⊆ R
n be an open bounded polyhedron. We can

view A as a subset of R
n+1 by putting

A′ = {(1, a) ∈ R
n+1 : a ∈ A}.

Let K = {λx : λ ≥ 0 and x ∈ cl(K )} be the closed cone generated by cl(A′)
in R

n+1. As A is an open polyhedron, K is a solid closed polyhedral cone.
Remark that ϕ ∈ K ∗, with ϕ(x) = x1, is in int(K ∗). Moreover,

A′ = {x ∈ int(K ) : ϕ(x) = 1}
and hence (A′, dH ) can be isometrically embedded into (Rm, ‖ · ‖∞) by
Proposition 2.2.3. Since (A, κ) is isometric to (A′, dH ), there exists an isom-
etry � : (A, κ) → (Rm, ‖ · ‖∞). The map g : �(A) → �(A) given by
g = � ◦ f ◦ �−1 is sup-norm non-expansive. As f has no fixed point in
A, we know that κ( f k(x), x) → ∞ as k → ∞ for each x ∈ A by Corollaries
3.1.8 and 3.2.5, so that limk→∞ ‖gk(z) − z‖∞ = ∞ for each z ∈ �(A). By
Theorem 8.4.7 there exists a horofunction

b0(u) = lim
j→∞ ‖u − gk j (z)‖∞ − ‖gk j (z)‖∞

such that b0(gk(z)) → −∞ as k → ∞. Now pick y ∈ A. By using the
isometry � and Lemma 3.3.1(iii) it follows that the horofunction by : A → R

given by

by(x) = lim
k→∞ κ(x, f k j (x))− κ( f k j (x), y)

exists and satisfies

by(x) = b�(y)(�(x)) = b0(�(x))− b0(�(y)).

This implies that by( f k(x)) = b0(gk(�(x))) − b0(�(y)) for all k ≥ 1, and
hence limk→∞ by( f k(x)) = −∞.
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Recall that the horoball H(−r) = {u ∈ A : by(u) ≤ −r} is convex by
Lemma 3.3.3. Let cl(H(−r)) be the norm closure of H(−r) and note that
∩r≥0cl(H(−r)) is a convex subset of ∂A. As ω(x; f ) ⊆ H(−r) for all r ≥ 0,
we get that co(ω(x; f )) ⊆ ∩r≥0cl(H(−r)). From Lemma 8.3.8 we conclude
that there exists a convex set� ⊆ ∂A such that ω(z; f ) ⊆ � for all z ∈ A.

A careful look at the proof of Theorem 8.4.5 shows that if f : A → A is
a fixed-point free non-expansive map on a polyhedral Hilbert’s metric space,
then there exists a horofunction b : A → R such that limk→∞ b( f k(x)) = −∞
for all x ∈ A. For general Hilbert’s metric spaces such a horofunction need not
exist. In his thesis [130], Lins has given an example of a fixed-point free non-
expansive map on (A, κ), where A is the open unit disc in R

2, that illustrates
this point.
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Dynamics of integral-preserving maps

In a pioneering paper, Akcoglu and Krengel [2] studied the long-term behavior
of discrete time diffusion processes on finite states. These processes are non-
linear analogues of Markov chains and can be modeled by order-preserving
integral-preserving maps on R

n+. Their work was further developed by Lem-
mens, Nussbaum, Scheutzow, and Verduyn Lunel [121,122,161,169–171,197,
198]. These studies provide detailed results on the iterative behavior of order-
preserving integral-preserving maps and their periodic orbits. In this chapter
we will discuss these results.

Recall (see Proposition 2.8.1) that order-preserving integral-preserving
maps f : R

n+ → R
n+ are non-expansive under the �1-norm and f (0) = 0. So,

each orbit of f converges to a periodic orbit by Corollary 4.2.5 and Lemma
4.2.6. Moreover, there exists an a-priori upper bound for the largest possible
period of a periodic point in terms of the dimension of the underlying space.
Among other results we shall see that the periods of periodic points of order-
preserving integral-preserving maps, f : R

n+ → R
n+, are precisely the periods

of so-called admissible arrays on n symbols. An admissible array is a combina-
torial object involving n symbols, whose period is bounded by a number γ (n)
that only depends on the number of symbols. The important point is that if we
fix the number of symbols, the set of possible periods of admissible arrays can
be computed in finite time, and an explicit upper bound for γ (n) can be given.

9.1 Lattice homomorphisms

Before we start we would like to emphasize that throughout this chapter the
partial ordering will always be induced by R

n+ and the lattice operations x ∨ y
and x∧y on R

n correspond to (x∨y)i = max{xi , yi } and (x∧y)i = min{xi , yi }
for 1 ≤ i ≤ n. Periodic orbits of order-preserving and integral-preserving
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maps on R
n+ are closely related to periodic orbits of lattice homomorphisms

g : V → V , where V is a finite lattice in R
n , i.e., V is closed under the oper-

ations ∧ and ∨. Before we explain this relation in detail it is convenient to
introduce the following notation.

Definition 9.1.1 For a map f : R
n+ → R

n+ we define the following conditions:

(C1) f is order-preserving and integral-preserving.
(C2) f is non-expansive under the �1-norm and f (0) = 0.
(C3) f (λ1) = λ1 for all λ > 0.

Using these conditions we subsequently define collections of maps Fi (n) for
i = 1, 2, and 3 by

F1(n) = { f : R
n+ → R

n+ : f satisfies C1 and C3},
F2(n) = { f : R

n+ → R
n+ : f satisfies C1},

and

F3(n) = { f : R
n+ → R

n+ : f satisfies C2}.
Recall that if f ∈ F1(n), then f is also sup-norm decreasing by Lemma

1.2.3. As each order-preserving integral-preserving map f : R
n+ → R

n+ is non-
expansive under the �1-norm by Proposition 2.8.1, we find for each n ∈ N

that

F1(n) ⊆ F2(n) ⊆ F3(n). (9.1)

It follows from Lemma 4.2.6 that there exists an a-priori upper bound for the
periods of periodic points of maps in F3(n). Therefore it is natural to define
finite sets Pi (n) for i = 1, 2, 3 as follows:

Pi (n) = {p ∈ N : there exists f ∈ Fi (n) with a periodic point of period p}.
(9.2)

Thus, by (9.1) we get that

P1(n) ⊆ P2(n) ⊆ P3(n) for each n ∈ N. (9.3)

The main goal of this chapter is to analyze the finite sets Pi (n). To do
this we first need to establish a connection with periodic points of lattice
homomorphisms.

For x, y, z ∈ R
n define

[x, y]1 = {z ∈ R
n : ‖x − y‖1 = ‖x − z‖1 + ‖z − y‖1}.

Given a, b, c ∈ R, the median of a, b, and c, denoted med(a, b, c) ∈ R, is
defined as follows: if a, b, and c are all distinct, then exactly one of the numbers
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lies between the other two. This number is called med(a, b, c) in this case. If
the numbers are nondistinct, then at least two are equal, and med(a, b, c) is
defined to be that number in that case. For example, med(0,−1, 1) = 0 and
med(1, 0, 1) = 1. For x, y, z ∈ R

n , we define med(x, y, z) ∈ R
n to be a

vector whose i-th coordinate is equal to med(xi , yi , zi ), e.g., if x = (2, 1, 3),
y = (−1, 1, 3), and z = (−2, 0, 3), then med(x, y, z) = (−1, 1, 3). A set
X ⊆ R

n is called median closed if med(x, y, z) ∈ X for all x, y, z ∈ X . We
observe that, for each x, y, z ∈ R

n ,

[x, y]1 ∩ [y, z]1 ∩ [x, z]1 = {med(x, y, z)}, (9.4)

which has the following consequence.

Lemma 9.1.2 Let X ⊆ R
n be median closed and f : X → R

n be non-
expansive under the �1-norm. If the restriction of f to {x, y, z} ⊆ X is an
�1-norm isometry, then

f (med(x, y, z)) = med( f (x), f (y), f (z)).

Proof Let m = med(x, y, z) and remark that ‖ f (x)− f (y)‖1 = ‖x − y‖1 =
‖x − m‖1 + ‖m − y‖1. As f is non-expansive, we deduce that

‖ f (x)− f (y)‖1 ≥ ‖ f (x)− f (m)‖1 + ‖ f (m)− f (y)‖1 ≥ ‖ f (x)− f (y)‖1

and hence f (m) ∈ [ f (x), f (y)]1. In the same way we find that
f (m) ∈ [ f (x), f (z)]1 and f (m) ∈ [ f (y), f (z)]1. Thus, f (m) =
med( f (x), f (y), f (z)) by (9.4).

Now suppose that x, y ∈ R
n+ and z = 0. In that case med(x, y, z) = x ∧ y.

This observation and Lemma 9.1.2 provide a connection with so-called lower
semi-lattice homomorphisms. A set V ⊆ R

n is called a lower semi-lattice if
x ∧ y ∈ V for all x, y ∈ V . Recall that V is a lattice if, in addition, x ∨ y is
in V for each x, y ∈ V . For S ⊆ R

n the smallest lower semi-lattice containing
S is called the lower semi-lattice generated by S and is denoted by VS . A map
g : V → V , where V is a lower semi-lattice, is called a lower semi-lattice
homomorphism if g(x ∧ y) = g(x) ∧ g(y) for all x, y ∈ V . We remark that
each lower semi-lattice homomorphism g is order-preserving, since x ≤ y
implies x = x ∧ y ≤ y, so that g(x) = g(x ∧ y) = g(x) ∧ g(y) ≤ g(y).

Proposition 9.1.3 If f ∈ F3(n) and ξ ∈ R
n+ is a periodic point of f with

period p, then f restricted to the lower semi-lattice, VO, generated by O =
{ f k(ξ) : 0 ≤ k < p} is a lower semi-lattice homomorphism that maps VO onto
itself.
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Proof For m ∈ N define

Um = {
k∧

i=1

yi : 1 ≤ k ≤ m and yi ∈ O}.

We prove by induction on m that f (
∧m

i=1 yi ) = ∧m
i=1 f (yi ), and f restricted

to Um ∪ {0} is an �1-norm isometry. Clearly the assertions are true for U1.
Suppose they hold for Um . Let

∧m+1
i=1 yi ∈ Um+1. Then ym+1 and

∧m
i=1 yi

are in Um , so that f is an �1-norm isometry on {0, ym+1,
∧m

i=1 yi }. Hence it
follows from Lemma 9.1.2 and the induction hypothesis that

f (
m+1∧
i=1

yi ) = f (med(ym+1,

m∧
i=1

yi , 0))

= med( f (ym+1), f (
m∧

i=1

yi ), 0)

=
m+1∧
i=1

f (yi ).

This implies that f p(
∧m+1

i=1 yi ) = ∧m+1
i=1 f p(yi ) = ∧m+1

i=1 yi and hence each
element in Um+1 is a periodic point whose period divides p. From this we
immediately deduce that f restricted to Um+1 ∪ {0} is an �1-norm isometry.

As O is finite, VO is finite as well, and hence VO = Um for some m ≥ 1.
Thus, we find that f is a lower semi-lattice homomorphism that maps VO onto
itself.

It turns out that if f ∈ F2(n) and L is the lattice generated by a periodic orbit
of f , then the restriction of f to L is a lattice homomorphism; so, f (x ∨ y) =
f (x)∨ f (y) and f (x ∧ y) = f (x)∧ f (y) for all x, y ∈ L . To see this we first
prove the following lemma.

Lemma 9.1.4 If f ∈ F2(n) and f has a periodic point ξ ∈ R
n+ with period

p, then
∨p−1

k=0 f k(ξ) is a fixed point of f .

Proof Let z = ∨p−1
k=0 f k(ξ). As f is order-preserving, f (z) ≥ f k(ξ) for all

0 ≤ k < p and hence f (z)i ≥ ∨p−1
k=0 f k(ξ)i = zi for all i . But

∑
i f (z)i =∑

i zi , since f is integral-preserving, and therefore f (z) = z.

Remark that if x, y, z ∈ R
n and z ≥ x ∨ y, then med(x, y, z) = x ∨ y. This

observation and Lemma 9.1.4 together yield the next proposition. To state it
we introduce the following notion. For S ⊆ R

n , the smallest lattice in R
n

containing S is called the lattice generated by S and is denoted by L S .
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Proposition 9.1.5 If f ∈ F2(n) and ξ is a periodic point of f with period p,
then f restricted to the lattice, LO, generated by O = { f k(ξ) : 0 ≤ k < p} is
a lattice homomorphism that maps LO onto itself.

Proof Let VO denote the lower semi-lattice generated by O and let z =∨p−1
k=0 f k(ξ) be the fixed point of f from Lemma 9.1.4. For each m ∈ N

define

Lm = {
k∨

i=1

vi : 1 ≤ k ≤ m and vi ∈ VO}.

Clearly there exists M ∈ N such that LO = L M , as O is finite. It therefore
suffices to prove, by induction on m, that

f (
m∨

i=1

vi ) =
m∨

i=1

f (vi ) for all
m∨

i=1

vi ∈ Lm,

and f is an �1-norm isometry on Lm ∪ {z}.
By Proposition 9.1.3 we know the assertions are true for m = 1. Now sup-

pose that the assertion holds for each Lk with 1 ≤ k < m. If
∨m

i=1 v
i ∈ Lm ,

then
∨m−1

i=1 v
i ∈ Lm−1 and vm ∈ Lm−1. By the induction hypothesis, f is

an �1-norm isometry on {∨m−1
i=1 v

i , vm, z}. Now remark that as w ≤ z for all
w ∈ LO,

med(
m−1∨
i=1

vi , vm, z) = (

m−1∨
i=1

vi ) ∨ vm =
m∨

i=1

vi .

Therefore it follows from Lemma 9.1.2 and the induction hypothesis that

f (
m∨

i=1

vi ) = f (med(
m−1∨
i=1

vi , vm, z))

= med(
m−1∨
i=1

f (vi ), f (vm), z)

=
m∨

i=1

f (vi ).

This also implies that f p(
∨m

i=1(v
i )) = ∨m

i=1 f p(vi ) = ∨m
i=1 v

i , as each
vi ∈ VO satisfies f p(vi ) = vi by Proposition 9.1.3. Thus, each element of Lm

is a periodic point of f , and hence f is an �1-norm isometry on Lm ∪ {z}.
Define Qlat(n) (and Qsem(n)), respectively, as the sets of possible periods

of periodic points of (lower semi-)lattice homomorphisms g : V → V , where
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V is a (lower semi-)lattice in R
n . We obtain the following inclusions from

Propositions 9.1.3 and 9.1.5:

P1(n) ⊆ P2(n) ⊆ Qlat(n) ⊆ Qsem(n) and P3(n) ⊆ Qsem(n). (9.5)

To analyze the set Qsem(n) we need to further study lower semi-lattice
homomorphisms.

9.2 Periodic orbits of lower semi-lattice homomorphisms

Let V ⊆ R
n be a finite lower semi-lattice in R

n . Two points u and v in V are
called comparable if either u ≤ v or v ≤ u. If A ⊆ V and there exists b ∈ V
such that a ≤ b for all a ∈ A, then A is said to be bounded from above in V and
b is called an upper bound of A in V . Likewise A is said to be bounded from
below in V if there exists b ∈ V such that b ≤ a for all a ∈ A and b is called a
lower bound of A in V . If A is bounded from above in V , there exists a unique
upper bound β of A in V such that β ≤ b for all upper bounds b of A in V . The
element β is called the supremum of A in V and is denoted by supV (A). As V
is a finite lower semi-lattice in R

n any set A ⊆ V is bounded from below in V
and there exists a unique lower bound α of A in V such that b ≤ α for each
lower bound b of A in V . In fact, α = ∧a∈Aa. We call α the infimum of A in
V and we write infV (A). If A is bounded above in V , then it is easy to see that
supV (A) = infV (B), where B = {b ∈ V : b is an upper bound of A in V }.
Lemma 9.2.1 Let V ⊆ R

n be a finite lower semi-lattice and let g : V → V
be a one-to-one lower semi-lattice homomorphism. If A ⊆ V is bounded from
above in V , then g(supV (A)) = supV (g(A)).

Proof As V is finite and g : V → V is one-to-one, there exists an integer
p ≥ 1 such that g p−1 = g−1. This implies that g−1 is order-preserving, since
g is order-preserving. From this we deduce that

g(supV (A)) =
∧

{g(b) : b is an upper bound of A in V }
=
∧

{g(b) : g(b) is an upper bound of g(A) in V }
= supV (g(A)),

and we are done.

If V ⊆ R
n is a finite lower semi-lattice, then for x ∈ V with x 	= infV (V ),

we define the height of x in V by
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hV (x) = max{k ≥ 1 : there exist y0, . . . , yk ∈ V with yk = x

and yi < yi+1 for 0 ≤ i < k}.
We define hV (x) = 0 if x = infV (V ), and we note that hV (x) > 0 for all
x ∈ V with x 	= infV (V ). For x ∈ V we write Sx = {v ∈ V : v < x} and we
call x irreducible in V if either Sx = ∅ or

supV (Sx ) < x . (9.6)

Irreducible elements play a key role in the analysis of lower semi-lattice homo-
morphisms. The following basic result from lattice theory will be particularly
useful.

Lemma 9.2.2 If V ⊆ R
n is a finite lower semi-lattice, then for each x ∈ V we

have that

x = supV {v ∈ V : v ≤ x and v irreducible in V }. (9.7)

Proof To prove the lemma we first show the following claim: if for each
irreducible v in V with v ≤ x we have that v ≤ y, then x ≤ y.

To prove the claim we suppose that x 	≤ y. Consider the set A = {v ∈
V : v ≤ x and v 	≤ y}. Clearly A is non-empty, as x ∈ A. Since V is finite,
A has a minimal element w ∈ A, i.e., there exists no u ∈ A with u ≤ w

and u 	= w. To prove the claim it suffices to show that w is irreducible in V .
Consider supV (Sw). For each v ∈ Sw we have that v ≤ x and v ≤ y, as w is
a minimal element of A. This implies that supV (Sw) ≤ y. As w 	≤ y, we get
that w 	= supV (Sw) and hence w is irreducible in V .

Using the claim it is now easy to prove (9.7). Indeed, let y ∈ V be an upper
bound of {v ∈ V : v ≤ x and v irreducible in V }. Then for each irreducible
v ∈ V with v ≤ x we have that v ≤ y. Thus, by the claim, x ≤ y and hence
(9.7) follows.

If x is an irreducible element in a finite lower semi-lattice V ⊆ R
n and

Sx 	= ∅, then we define IV (x) by

IV (x) = {i : supV (Sx )i < xi }.
If Sx is empty, so x = infV (V ), then we put IV (x) = {1, . . . , n}. The irre-
ducible elements turn out to be very useful in the study of periodic points of
lower semi-lattice homomorphisms, as we shall see now.

Lemma 9.2.3 If V ⊆ R
n is a finite lower semi-lattice and f : V → V is

a one-to-one lower semi-lattice homomorphism, then the following assertions
are true:
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(i) If y ∈ V , then hV (y) = hV ( f k(y)) for all k ≥ 1.
(ii) If y is irreducible in V , then f k(y) is irreducible in V for all k ≥ 1.

(iii) If y and y′ are irreducible elements in V , and y and y′ are not
comparable, then

IV (y) ∩ IV (y
′) = ∅.

(iv) If y is an irreducible element in V and y is a periodic point of f with
period p, then 1 ≤ p ≤ n.

Proof To prove the first statement we remark that, as V is finite and f is
a one-to-one lower semi-lattice homomorphism, there exists q ≥ 1 such
that f q(v) = v for all v ∈ V . This implies that f −1 and f are both
order-preserving and hence hV (y) = hV ( f k(y)) for all k ≥ 1.

If y is irreducible in V and hV (y) = 0, then hV ( f k(y)) = 0 for all k ≥ 1,
so that f k(y) = y = infV (V ) and the assertion follows. Now if hV (y) > 0,
then Sy and S f k (y) are non-empty. Since f and f −1 are order-preserving, we
find that f k(Sy) = S f k (y). It therefore follows from Lemma 9.2.1 that

supV (S f k (y)) = f k(supV (Sy)) < f k(y),

as y is irreducible. Therefore f k(y) is irreducible in V .
To show the third assertion we suppose that y and y′ are two non-comparable

irreducible elements in V and i ∈ IV (y) ∩ IV (y′). As y and y′ are not compa-
rable, y ∧ y′ < y and y ∧ y′ < y′. Thus (y ∧ y′)i < yi and (y ∧ y′)i < y′

i , as
y and y′ are irreducible in V , which is impossible.

To verify the last assertion we remark that, by (i),

hV (y) = hV ( f (y)) = . . . = hV ( f p−1(y)),

so that y, f (y), . . . , f p−1(y) are noncomparable irreducible elements by (ii).
It now follows from (iii) that IV ( f k(y)) are pairwise disjoint non-empty
subsets of {1, . . . , n} for 0 ≤ k < p. This implies that p ≤ n.

Lemma 9.2.3 has the following immediate consequence for the periods of
maps f ∈ F3(n). Recall that the period of f : R

n+ → R
n+ in F3(n) is the least

integer p ≥ 1 such that limk→∞ f kp(x) exists for all x ∈ R
n+, and lcm(S)

denotes the least common multiple of elements in S.

Corollary 9.2.4 If f ∈ F3(n), then f is periodic and its period divides
lcm(1, 2, . . . , n).

Proof By Corollary 4.2.5 and Lemma 4.2.6 it suffices to show that the period
of each periodic point of f divides lcm(1, 2, . . . , n). Let x ∈ R

n+ be a periodic
point of f ∈ F3(n) with period p. Let O(x) denote the orbit of x under f
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and let V be the lower semi-lattice generated by O(x). If g is the restriction
of f to V , it follows from Proposition 9.1.3 that g : V → V is a lower semi-
lattice homomorphism that maps V onto itself. By Lemma 9.2.2 we know that
x = supv(S), where S = {v ∈ V : v ≤ x and v irreducible in V }. It follows
from Lemma 9.2.3(iv) that each v ∈ S has period pv , where 1 ≤ pv ≤ n. Now
let q = lcm({pv : v ∈ S}) and remark that

gq(x) = gq(supV (S)) = supV (g
q(S)) = supV (S) = x

by Lemma 9.2.1; so, p divides q . As q divides lcm(1, 2, . . . , n), we are done.

It turns out that the upper bound in Corollary 9.2.4 is sharp. In fact, we will
see that there exists a map f ∈ F1(n) that has periodic points with period p for
all p ∈ P1(n). As {1, 2, . . . , n} ⊆ P1(n), it follows that lcm(1, 2, . . . , n) is a
tight upper bound for the possible periods of maps in F3(n). The construction
of this map is somewhat laborious, but, as it will be useful to us later, we
discuss it in detail here.

We write R
n− = {x ∈ R

n : x ≤ 0} and denote D
n = R

n+ ∪R
n−. Let S : R

2 →
R

2 be given by

S(x1, x2) = ((x1 ∨ 0)+ (x2 ∧ 0), (x1 ∧ 0)+ (x2 ∨ 0)) for all (x1, x2) ∈ R
2.

We claim that S2 is an order-preserving integral-preserving sup-norm decreas-
ing retraction onto D

2. Indeed, it is easy to verify that S is order-preserving
and integral-preserving. Moreover, S(λ1) = λ1 for all λ ∈ R and hence S is
also sup-norm decreasing. The map S2 also has these properties. To see that
S2 is a retraction onto D2 we remark that if x1 ≥ 0 and x2 ≤ 0, then

S2(x1, x2) =
{
(x1 + x2, 0) if x1 + x2 ≥ 0
(0, x1 + x2) if x1 + x2 ≤ 0.

Similarly, if x1 ≤ 0 and x2 ≥ 0, then

S2(x1, x2) =
{
(x1 + x2, 0) if x1 + x2 ≤ 0
(0, x1 + x2) if x1 + x2 ≥ 0.

From these observations it is easy to deduce that S2 is a retraction onto D
2.

Next we prove an auxiliary lemma involving the map S.

Lemma 9.2.5 There exists a retraction ϕ : R
n → R

n onto D
n which is order-

preserving, integral-preserving, and sup-norm decreasing.
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Proof For 1 ≤ i, j ≤ n with i 	= j let Si j : R
n → R

n be given by

Si j (x)k =
⎧⎨
⎩

xk if i 	= k and j 	= k
(xi ∨ 0)+ (x j ∧ 0) if k = i
(xi ∧ 0)+ (x j ∨ 0) if k = j.

Define Ri j (x) = S2
i j (x) for all x ∈ R

n . As in the paragraph preceding this
lemma, it can be shown that

(1) Ri j is order-preserving, integral-preserving, and sup-norm decreasing.
(2) If k 	= i and k 	= j , and we define y = Ri j (x), then yk = xk .
(3) Ri j is a retraction onto Di j = {x ∈ R

n : xi x j ≥ 0}.
(4) If xi ≤ 0 and x j ≥ 0, then either yi ≤ 0 and y j = 0, or yi = 0 and y j ≥ 0.

The exactly analogous statement holds if xi ≥ 0 and x j ≤ 0.

Using these properties of the maps Ri j we complete the proof by induction
on n. We already know that the assertion is true for n = 2. Assume that the
lemma is true for all m ≤ n − 1, where n ≥ 3. Let ϕ′ : R

n−1 → R
n−1 be

an order-preserving integral-preserving sup-norm decreasing retraction onto
D

n−1. Define ψ : R
n → R

n by

ψ(x1, x) = (x1, ϕ
′(x)) for x1 ∈ R and x ∈ R

n−1.

Clearly ψ is the identity on D
n and ψ is order-preserving, integral-preserving,

and sup-norm decreasing.
By using the map ψ we subsequently define the retraction ϕ : R

n → R
n by

ϕ = R12 ◦ R13 ◦ · · · ◦ R1n ◦ψ . By construction ϕ is order-preserving, integral-
preserving, and sup-norm decreasing. Moreover ϕ is the identity on Dn , and
hence we only need to show that ϕ maps R

n onto D
n .

Put y = ψ(x) and remark that by the induction hypothesis either yi ≥ 0
for all 2 ≤ i ≤ n, or yi ≤ 0 for all 2 ≤ i ≤ n. Suppose that yi ≥ 0 for all
2 ≤ i ≤ n. (The proof for the other case is similar to this one.) If y1 ≥ 0, we are
done. So assume that y1 < 0. If y1 + yn ≥ 0, then a simple calculation shows
that R1n(y) = (0, y2, y3, . . . , y1 + yn) ∈ D

n . This implies that ϕ(x) ∈ D
n

in that case. Now assume that y1 + yn < 0. In that case R1n(y) = (y1 +
yn, y2, . . . , yn−1, 0). If we subsequently apply the map R1(n−1), we find that
R1(n−1)(R1n(y)) = (0, y2, y3, . . . , yn−2, y1+yn−1+yn, 0) if y1+yn−1+yn ≥
0, and R1(n−1)(R1n(y)) = (y1 + yn−1 + yn, , y2, . . . , yn−2, 0, 0) if y1 + yn−1 +
yn < 0. Thus, if y1 + yn−1 + yn ≥ 0, we see that ϕ(x) ∈ D

n , and we are done.
On the other hand, if we assume that y1 + yn−1 + yn < 0, we can repeat the
argument to conclude that either R1 j ◦ · · · ◦ R1n(y) ∈ D

n for some j ≥ 3, in
which case ϕ(x) ∈ D

n , or R13 ◦ · · · ◦ R1n(y) 	∈ D
n and
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R13 ◦ · · · ◦ R1n(y) = (y1 +
n∑

k=3

yk, y2, 0, . . . , 0),

where y1 +∑n
k=3 yk < 0 and y2 ≥ 0. Let z = (z1, z2, 0, . . . , 0) = R13 ◦ · · · ◦

R1n(y). A simple computation shows that

R12(z) =
{
(0, z1 + z2, 0, . . . , 0) if z1 + z2 ≥ 0
(z1 + z2, 0, 0, . . . , 0) if z1 + z2 < 0.

Thus, ϕ(x) = R12(z) ∈ D
n , and we are done.

The retraction in the previous lemma is the main ingredient in the proof of
the following proposition.

Proposition 9.2.6 If 0 = a0 < a1 < . . . < ak in R and

B j = {x ∈ R
n+ : a j1 ≤ x ≤ a j+11} for 0 ≤ j < k

and

Bk = {x ∈ R
n+ : ak1 ≤ x},

then there exists a retraction r ∈ F1(n) onto B = ∪k
j=0 B j .

Proof The proof goes by induction on k. First assume that k = 1. Let ϕ : R
n →

R
n be the retraction from Lemma 9.2.5 and define r : R

n+ → R
n+ by

r(x) = ϕ(x − a11)+ a11 for all x ∈ R
n+.

For each x ∈ R
n+ we have that r(x) ≥ r(0) = ϕ(−a11) + a11 = 0, so that

r(x) ∈ R
n+. It is easy to verify that r ∈ F1(n). As ϕ(x − a11) ∈ D

n , we find
that r(x) ∈ B0 or r(x) ∈ B1. But also if x ∈ B0 ∪ B1, then x − a11 ∈ D

n and
hence ϕ(x − a11) = x − a11, so that r(x) = x . Thus, r is a retraction onto
B = B0 ∪ B1.

Now let 0 = a0 < a1 < . . . < ak < ak+1 in R and let B ′
j = B j for

0 ≤ j < k, where B j is as in the statement of the proposition. Furthermore
let B ′

k = {x ∈ R
n+ : ak1 ≤ x ≤ ak+11} and B ′

k+1 = {x ∈ R
n+ : ak+11 ≤ x}.

By induction there exists a retraction σ ∈ F1(n) onto B = ∪k
j=0 B j , where

B j = B ′
j for 0 ≤ j < k and Bk = {x ∈ R

n+ : ak1 ≤ x}. Using the map
ϕ : R

n → R
n from Lemma 9.2.5 we first define r ′ : R

n+ → R
n+ by

r ′(x) = ϕ(x − ak+11)+ ak+11 for all x ∈ R
n+.

Subsequently let r : R
n+ → R

n+ be given by r = σ ◦ r ′. As r ′, σ ∈ F1(n),
we have that r ∈ F1(n). To see that r maps R

n+ onto B ′ = ∪k+1
j=0 B ′

j , we let
x ∈ R

n+ and put ξ = r ′(x). Then ak+11 ≤ ξ or ξ ≤ ak+11. In the first
case ξ ∈ Bk , so that σ(ξ) = ξ and hence r(x) ∈ B ′. On the other hand if
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ξ ≤ ak+11, we know that σ(ξ) ∈ B and σ(ξ) ≤ σ(ak+11) = ak+11 and
therefore σ(x) ∈ ∪k

j=0 B ′
j ⊂ B ′. We leave it to the reader to verify that r is a

retraction.

The linear maps induced by the n × n permutation matrices are in F1(n).
So, the set

L(n) = {p : p is the order of a permutation on n letters}
= {lcm(p1, . . . , pk) : p1, . . . , pk ∈ N and

∑k
j=1 p j ≤ n}

is contained in P1(n) for all n.

Theorem 9.2.7 For n ∈ N there exists a map f ∈ F1(n) such that for each
p ∈ P1(n) the map f has a periodic point with period p. In particular, f has
period lcm (1, 2, . . . , n).

Proof As P1(n) = {p1, . . . , pm} is finite, there exist maps f1, . . . , fm ∈
F1(n) such that f j has a periodic point x j with period p j for 1 ≤ j ≤ m.
For each x j we select α j > 0 such that x j < α j1. Define ak = ∑k

j=1 α j for
1 ≤ k < m and put a0 = 0. We know from Proposition 9.2.6 that there exists
a retraction r ∈ F1(n) onto B = ∪m−1

j=0 B j , where B j = {x ∈ R
n+ : a j1 ≤ x ≤

a j+11} for 1 ≤ j < m − 1 and Bm−1 = {x ∈ R
n+ : am−11 ≤ x}.

Now consider f ∈ F1(n) given by

f (x) = f j (r(x)− a j−11)+ a j−11 for r(x) ∈ B j−1.

For j 	= k we have that B j ∩Bk is either empty or consists of a single vector λ1
with λ > 0. As each f j ∈ F1(n), we see that f is well defined. Moreover, if
we let ξ j = x j +a j−11, then a j−11 ≤ ξ j ≤ a j1, so that ξ ∈ B j−1. Therefore
ξ j is a periodic point of f with period p j . We leave it to the reader to check
that f ∈ F1(n).

The map f has period lcm (p1, . . . , pm). As L(n) ⊆ P1(n), it follows
that lcm (1, 2, . . . , n) divides the period of f , and hence we conclude from
Corollary 9.2.4 that f has period lcm (1, 2, . . . , n).

This shows that lcm (1, 2, . . . , n) is a sharp upper bound for the possible
periods of maps in F1(n). This upper bound is, however, far from optimal
for the individual periods of the periodic points of maps in F1(n). To gain
further insight into the set of possible periods of the periodic points, we need
to examine the periodic points of lower semi-lattice homomorphisms more
closely. It will be convenient to introduce the following technical definition.

Definition 9.2.8 Suppose that W is a lower semi-lattice in R
n and that

g : W → W is a lower semi-lattice homomorphism which has a periodic point
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ξ ∈ W with period p. Let V be the lower semi-lattice generated by the orbit
of ξ under g and denote the restriction of g to V by f . A finite sequence
(yi )mi=1 ⊆ V is called a complete sequence for ξ if it satisfies

(i) yi ≤ ξ for 1 ≤ i ≤ m,
(ii) yi is irreducible in V for 1 ≤ i ≤ m,

(iii) p = lcm(p1, . . . , pm), where 1 ≤ pi ≤ n is the period of yi under f ,
(iv) hV (yi ) ≤ hV (yi+1) for 1 ≤ i < m,
(v) yi and y j are not comparable for all i 	= j , and

(vi) O(yi ; f ) ∩ O(y j ; f ) = ∅ for all i 	= j .

The following result shows that each periodic point of a lower semi-lattice
homomorphism has a complete sequence.

Proposition 9.2.9 If W is a lower semi-lattice in R
n and g : W → W is a

lower semi-lattice homomorphism which has a periodic point ξ ∈ W , then
there exists a complete sequence for ξ .

Proof Let V be the lower semi-lattice generated by the orbit of ξ under g and
let f denote the restriction of g to V . By Lemma 9.2.2 we have that

ξ = supV {v ∈ V : v ≤ ξ and v irreducible in V }. (9.8)

Now let U be a minimal subset of {v ∈ V : v ≤ ξ and v irreducible in V } such
that ξ = supV (U ). Suppose that |U | = m and write U = {z1, . . . , zm}. By
relabeling we may assume that hV (zi ) ≤ hV (zi+1) for all 1 ≤ i < m. As
m is minimal and ξ = supV (U ), we know that for each 1 ≤ k ≤ m there
exists 1 ≤ i ≤ n such that zk

i > max{z j
i : 1 ≤ j ≤ m and j 	= k}. Therefore

z1, z2, . . . , zm are pairwise incomparable. From Lemma 9.2.3 it follows that
the period, pk , of zk under f is at most n. Moreover, each pk divides p, as
f p(v) = v for all v ∈ V . Thus, if we define q = lcm(p1, p2, . . . , pm), then q
divides p. On the other hand,

f q(ξ) = f q(supV ({z1, . . . , zm})) = supV ({z1, . . . , zm}) = ξ

by Lemma 9.2.1. Therefore p divides q , so that p = q.
Thus (zk)mk=1 is a sequence in V that satisfies properties (i)–(v) in Definition

9.2.8. To make it satisfy the last property we remove elements in the following
way. Let y1 = z1. If y j = zσ( j) for 1 ≤ j ≤ k, where σ( j) < σ( j + 1) for
1 ≤ j < k, then we put yk+1 = zσ(k+1), where σ(k + 1) is the first index
with σ(k) < σ(k + 1) ≤ m such that the orbit O(zσ(k+1); f ) is disjoint from
all orbits O(zσ( j); f ) with 1 ≤ j ≤ k. By construction the finite sequence
(yi )ri=1 satisfies properties (i), (ii), and (iv)–(vi) of Definition 9.2.8. It also
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satisfies the third property. Indeed, pi = p j whenever the orbits of zi and z j

are not disjoint, so that

p = lcm(p1, . . . , pm) = lcm({qi : qi period of yi }).
Thus, (yi )ri=1 is a complete sequence for ξ .

Using the complete sequences we can associate a semi-infinite integer
matrix (ai j ), where 1 ≤ i ≤ m and j ∈ Z, with a periodic point of a lower
semi-lattice homomorphism in the following way. Let ξ ∈ W be a periodic
point of a lower semi-lattice homomorphism g : W → W with period p. Let
V ⊆ W be the finite lower semi-lattice generated by the orbit of ξ under g and
denote the restriction of g to V by f . Thus, f : V → V is a one-to-one lower
semi-lattice homomorphism on V . By Proposition 9.2.9 there exists a complete
sequence (yi )mi=1 for ξ . Let pi denote the period of yi under f . It follows from
Definition 9.2.8(ii) and Lemma 9.2.3(ii) that f j (yi ) is irreducible in V for all
1 ≤ i ≤ m and j ∈ Z. Therefore, IV ( f j (yi )) is non-empty, and hence we can
select for each 1 ≤ i ≤ m and 0 ≤ j < pi an integer ai j ∈ IV ( f j (yi )). For
general j ∈ Z we define ai j by

ai j = aik where 0 ≤ k < pi and j ≡ k mod pi .

We note that ai j ∈ IV ( f j (yi )) for all 1 ≤ i ≤ m and j ∈ Z, because yi has
period pi under f . The resulting semi-infinite matrix (ai j ) is called an array
of ξ . It turns out that these arrays satisfy certain arithmetical and combinatorial
constraints. To analyze these constraints we introduce in the next section the
notion of an admissible array on n symbols.

9.3 Periodic points and admissible arrays

An admissible array on n symbols is a semi-infinite matrix in which the entries
are taken from a finite symbol set � = {1, 2, . . . , n} and the rows have to sat-
isfy certain arithmetical and combinatorial conditions. The precise definition
is the following.

Definition 9.3.1 Let (L ,<) be a finite totally ordered set and let � =
{1, 2, . . . , n}. For each λ ∈ L let ϑλ : Z → � be a map. The semi-infinite
matrix ϑ = (ϑλ( j)), where λ ∈ L , j ∈ Z, and the rows are ordered accord-
ing to their height in (L ,<), is called an admissible array on n symbols if ϑ
satisfies the following:
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(i) For each λ ∈ L there exists an integer 1 ≤ pλ ≤ n such that ϑλ : Z → �

is periodic with period pλ; so, ϑλ(s + pλ) = ϑλ(s) for all s ∈ Z and
ϑλ(s) 	= ϑλ(t) for all 1 ≤ s < t ≤ pλ.

(ii) If λ1 < λ2 < . . . < λr+1 is a sequence of distinct elements in L and

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

then
r∑

i=1

(ti − si ) 	≡ 0 mod ρ, where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}).

Here gcd(S) denotes the greatest common divisor of the elements of S.
The period of an admissible array is defined to be the lcm({pλ : λ ∈ L}).
Furthermore, for n ∈ N we let

Q(n) = {p ∈ N : p is the period of an admissible array on n symbols}.
We shall see that any array of a periodic point of a lower semi-lattice

homomorphism g : W → W , where W ⊆ R
n , is an admissible array on n

symbols. Before explaining this relation in detail, we make some basic obser-
vations about admissible arrays. First, we remark that we can always take
L = {1, 2, . . . ,m} where the ordering is the usual ordering. The advantage
of the more general definition, however, is that we can easily talk about sub-
arrays. In particular, if L ′ ⊆ L and the ordering on L ′ coincides with the
ordering on L , then ϑ ′ = (ϑλ( j)) where λ ∈ L ′ is also an admissible array on
n symbols. Such an array is called a sub-array of ϑ .

It is easy to see how the first property of an admissible array fits with the
arrays of periodic points of lower semi-lattice homomorphisms. Indeed, if (ai j )

is an array of a periodic point of a lower semi-lattice homomorphism, then
ai ( j) �→ ai j is periodic map from Z to {1, 2, . . . , n} with period pi , and 1 ≤
pi ≤ n by Definition 9.2.8(ii) and Lemma 9.2.3(iv). Moreover, if ai j = aik

for some 1 ≤ j < k ≤ pi , then by construction IV ( f j (yi )) ∩ IV ( f k(yi ))

is non-empty, so that f j (yi ) and f k(yi ) are comparable by Lemma 9.2.3,
which is impossible, as the orbit of yi is an anti-chain. Thus, ai j 	= aik for
all 1 ≤ j < k ≤ pi . This shows that the array (ai j ) satisfies the first property
in Definition 9.3.1.

It turns out that the second property in Definition 9.3.1 also holds. To see
this we need to think about the information that is encoded in the array (ai j )

of the periodic point of the lower semi-lattice homomorphism. Recall that the
entry ai j corresponds to the element f j (yi ) for 1 ≤ i ≤ m and j ∈ Z, and
that both f and f −1 are order-preserving on the lower semi-lattice generated
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by the periodic orbit of ξ . From the array (ai j ) we can read off which elements
in { f j (yi ) : 1 ≤ i ≤ m and j ∈ Z} are comparable. For example, suppose
that there exist i1 < i2 < i3 such that ai1s1 = ai2t1 and ai2s2 = ai3t2 for some
s1, t1, s2, t2 ∈ Z. Then we know that f s1(yi1) and f t1(yi2) are comparable and
f s2(yi2) and f t2(yi3) are comparable by Lemma 9.2.3. Moreover it follows
from properties (iv) and (vi) in Definition 9.2.8 that

f s1(yi1) ≤ f t1(yi2) and f s2(yi2) ≤ f t2(yi3),

as i1 < i2 < i3. Since f and f −1 are order-preserving, we know that

f s1+k(yi1) ≤ f i2+k(yi2) and f s2+m(yi2) ≤ f t2+m(yi3)

for all k,m ∈ Z. In particular,

yi1 ≤ f t1−s1(yi2) and yi2 ≤ f t2−s2(yi3)

and hence

yi1 ≤ f (t1−s1)+(t2−s2)(yi3).

By construction, the elements of the complete sequence (yi )mi=1 are not com-
parable, and hence (t1 −s1)+(t2 −s2) 	≡ 0 mod pi3 . A pictorial representation
of the situation is given in Figure 9.1.

We can generalize this idea slightly to deduce that

(t1 − s1)+ (t2 − s2) 	≡ 0 mod ρ,

where ρ = gcd(p1, p2, p3), as follows. We know there exist A1, A2, A3 ∈ Z

such that

A1 p1 + A2 p2 + A3 p3 = ρ.

So, if (t1 − s1) + (t2 − s2) ≡ 0 mod ρ, then there exist B1, B2, B3 ∈ Z such
that

(t1 − s1)+ (t2 − s2)− (B1 p1 + B2 p2 + B3 p3) = 0.
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Figure 9.1 Admissible array.
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Using the periodicity of y1, y2, and y3, we find that

f s1(yi1) = f s1+B1 p1(yi1) ≤ f t1(yi2) and f s2(yi2) = f s2+B2 p2(yi2) ≤ f t2(yi3).

This implies that

yi1 ≤ f (t1−s1)−B1 p1(yi2) and yi2 ≤ f (t2−s2)−B2 p2(yi3),

so that yi1 ≤ f μ(yi3), where μ = (t1−s2)+(t2−s2)− B1 p1− B2 p2. From the
fact that f −B3 p3(yi3) = yi3 we now deduce that yi1 ≤ f μ−B3 p3(yi3) = yi3 ,
which is impossible.

Generalizing these observations further leads to the following result.

Proposition 9.3.2 Let W be a lower semi-lattice in R
n and let g : W → W

be a lower semi-lattice homomorphism which has a periodic point ξ ∈ W
with period p. Let (ai j ), where 1 ≤ i ≤ m and j ∈ Z, be an array of ξ .
Put � = {1, 2, . . . , n} and let L = {1, . . . ,m} be equipped with the usual
ordering. If we define ϑ = (ϑλ : Z → �) by

ϑλ( j) = aλ, j for all λ ∈ L and j ∈ Z, (9.9)

then ϑ is an admissible array on n symbols with period p.

Proof Let V ⊆ W be the finite lower semi-lattice generated by the orbit of ξ ,
and let f denote the restriction of g to V . Assume that (ai j ), where 1 ≤ i ≤ m
and j ∈ Z, is an array of ξ and suppose that (yi )mi=1 is a complete sequence
for ξ that generates this array. Also let pi denote the period of yi under f for
1 ≤ i ≤ m. Put � = {1, . . . , n} and equip L = {1, . . . ,m} with the usual
ordering. Define ϑ = (ϑλ( j)) by (9.9).

By construction aλ, j = aλ, j+pλ for all j ∈ Z and λ ∈ L . Moreover, if
aλ, j = aλ,k , then IV ( f j (yλ)) ∩ IV ( f k(yλ)) is non-empty and hence Lemma
9.2.3 implies that f j (yλ) and f k(yλ) are comparable. But, as f is order-
preserving and yλ is a periodic point of f , the orbit of yλ is an anti-chain
and hence f j (yλ) = f k(yλ). This implies that j = k + mpλ for some m ∈ Z,
which completes the proof of the first property in Definition 9.3.1.

To prove the second property suppose that there exist s1, . . . , sr , t1, . . . , tr
in Z and distinct λ1 < λ2 < . . . < λr+1 in L such that

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r.

Let ρ = gcd({pλi : 1 ≤ i ≤ r + 1}). Suppose, by way of contradiction, that

r∑
i=1

(ti − si ) ≡ 0 mod ρ.
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Then there exist B1, . . . , Br+1 ∈ Z such that

r∑
i=1

(ti − si )−
r+1∑
i=1

Bi pλi = 0. (9.10)

As ϑλi (si ) = ϑλi+1(ti ), we know that f si (yλi ) and f ti (yλi+1) are comparable
by Lemma 9.2.3. Since λi < λi+1, we conclude from Definition 9.2.8 that

f si (yλi ) < f ti (yλi+1) for 1 ≤ i ≤ r. (9.11)

As f is order-preserving and yλi has period pλi , we deduce from (9.11) that

yλi < f (ti −si )−Bi pλi (yλi+1) for 1 ≤ i ≤ r. (9.12)

Applying (9.12) iteratively gives

yλ1 < f ν(yλr+1), where ν =
r∑

i=1

(ti − si )−
r∑

i=1

Bi pλi .

Now put μ = −Br+1 pλr+1 and remark that, as f μ(yλr+1) = yλr+1 , it follows
from (9.10) and (9.12) that

yλ1 < f ν+μ(yλr+1) = yλr+1 .

But this contradicts property (v) in Definition 9.2.8, and we are done.

This proposition yields the following inclusions.

Theorem 9.3.3 For each n ∈ N we have that

P1(n) ⊆ P2(n) ⊆ Qlat(n) ⊆ Q(n) and P3(n) ⊆ Qsem(n) ⊆ Q(n).

Proof By (9.5) it remains to be shown that Qsem ⊆ Q(n), as Qlat(n) ⊆
Qsem(n). If p ∈ Qsem(n), then there exist a lower semi-lattice homomor-
phism g : W → W , where W is a lower semi-lattice in R

n , and a periodic
point ξ ∈ W of g with period p. Let (ai j ) be an array of ξ and define ϑ as in
Proposition 9.3.2. Then ϑ is an admissible array on n symbols with period p,
and hence p ∈ Q(n).

Although the definition of an admissible array is somewhat complicated, the
set Q(n) can be computed in finite time. Of course this becomes increasingly
hard as n increases. We shall discuss this issue in the next section, but first we
prove the following striking equalities:

P2(n) = P3(n) = Qlat(n) = Qsem = Q(n) for all n ∈ N.

We note that these equalities do not involve the set P1(n). In fact, at present a
complete combinatorial description of P1(n) is unknown.
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To show that P2(n) = Q(n) we need to construct for each p ∈ Q(n) an
order-preserving integral-preserving map f : R

n+ → R
n+ and a periodic point

of f with period p. It turns out that we can associate with each admissible
array ϑ a sand-shift map fϑ ∈ F2(n) that has a periodic point with the same
period as ϑ .

Recall from Section 1.6 that a sand-shift map is defined in the following
manner. Let C1, . . . ,Cn be containers each containing a finite amount of sand,
xi , and let x = (x1, . . . , xn) ∈ R

n+. Assume that with each container Ci an
infinite sequence of buckets bi1, bi2, . . . is associated. Let vi j denote the vol-
ume of bucket bi j and assume that

∑∞
m=1 vim = ∞ for all i . Now for each

container Ci pour the contents of Ci into bucket bi1 until either bi1 is full or Ci

is empty. If bi1 is full the remaining sand in Ci is poured into bi2 until either
bi2 is full or Ci is empty. If bi2 is full the process is repeated until Ci is empty.
The amount of sand in bucket bik is given by

Mik(x) = min
(
vik,max{xi −

k−1∑
m=1

vim, 0}
)
. (9.13)

To get the sand back into the containers we use a fixed rule γ : {1, . . . , n} ×
N → {1, . . . , n} by pouring the contents of bucket bik into container Cγ (i,k)
for 1 ≤ i ≤ n and k ∈ N. The new distribution of sand in the containers is
given by y = (y1, . . . , yn) ∈ R

n+, where

y j =
∑

γ (i,k)= j

Mik(x) for 1 ≤ j ≤ n.

The map fγ : R
n+ → R

n+ is called a sand-shift map with rule γ .
For our purposes we can assume that each bucket has volume 1. So, (9.13)

reduces to

Mik(x) = min
(
1,max{xi −(k−1), 0}) for all 1 ≤ i ≤ n and k ∈ N. (9.14)

It turns out that given an admissible array ϑ we can specify a rule γϑ , so that
the associated sand-shift map has a periodic point whose period coincides with
the period of ϑ .

To formulate the rule γϑ , it is convenient to first collect some notation. Let
ϑ = (ϑλ : Z → � | λ ∈ L) be an admissible array on n symbols with period
p. We write R(ϑλ) = {ϑλ(q) : q ∈ Z} to denote the range of ϑλ. For each
symbol a ∈ � we let �a = {λ ∈ L : a ∈ R(ϑλ)} and we put κ(a) = |�a |. If
κ(a) > 0, we label the elements of �a by λ1(a) < λ2(a) < . . . < λκ(a)(a).
Using this notation we now define a rule γϑ as follows.
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Definition 9.3.4 Given an admissible array ϑ = (ϑλ : Z → � | λ ∈ L) on n
symbols with period p, the rule γϑ : {1, . . . , n} × N → {1, . . . , n} is defined
as follows:

(a) If 1 ≤ i ≤ n and 1 ≤ k ≤ κ(i), then

γϑ(i, k) = ϑλk (i)(s + 1), where s is such that i = ϑλk (i)(s).

(b) If 1 ≤ i ≤ n and k > κ(i), then

γϑ(i, k) = i.

Moreover, we denote by fϑ : R
n+ → R

n+ the sand-shift map with rule γϑ and
where each bucket has volume 1.

We remark that the rule γϑ is well defined, as the maps ϑλ are periodic with
period pλ and ϑλ(s) 	= ϑλ(t) whenever 0 < |s − t | < pλ.

The idea is to show that the sand-shift map fϑ : R
n+ → R

n+ has a periodic
point with period p, if ϑ has period p. To construct this periodic point it is
useful to introduce the following auxiliary numbers.

Definition 9.3.5 Given an admissible array ϑ = (ϑλ : Z → � | λ ∈ L) on n
symbols, we define, for each q ∈ Z, a ∈ �, and λ ∈ L , numbers ξq

a,λ by

1. ξq
a,λ = 1/2 if ϑλ(q) = a,

2. ξq
a,λ = 1 if there exist distinct λ1 < λ2 < . . . < λr+1 in L with λ = λ1 and

there exists δ ∈ Z such that a = ϑλ(q − δ),

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and
r∑

i=1

(ti − si ) ≡ δ mod ρ, where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}),

3. ξq
a,λ = 0 otherwise.

For example, in Figure 9.1, ξ0
4,λ3

= ξ0
3,λ2

= ξ0
1,λ1

= 1/2 and ξ0
6,λ2

= ξ0
5,λ1

= 1.
For each q ∈ Z we subsequently define ξq ∈ R

n+ by

ξ
q
i =

∑
λ∈L

ξ
q
i,λ for all 1 ≤ i ≤ n. (9.15)

We shall see that ξq is a periodic point of the sand-shift map fϑ and has the
same period as the admissible array ϑ . To prove this we first collect some basic
properties of the numbers ξq

a,λ.
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Lemma 9.3.6 If ϑ = (ϑλ : Z → � | λ ∈ L) is an admissible array on
n symbols and the numbers ξq

a,λ are defined as in Definition 9.3.5, then the
following assertions hold:

(i) The numbers ξq
a,λ are well defined.

(ii) If a 	∈ R(ϑλ), then ξq
a,λ = 0.

(iii) If ξq
a,λ > 0, then ξq

a,λ′ = 1 for all λ′ < λ with a ∈ R(ϑλ′).

Proof The second assertion follows immediately from the definition of ξq
a,λ. To

prove (i) we argue by contradiction. Assume that simultaneously ξq
a,λ = 1/2

and ξq
a,λ = 1. Then there exist distinct λ1 < λ2 < . . . < λr+1 in L with λ1 = λ

and there exists δ ∈ Z such that ϑλ(q − δ) = a,

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and

r∑
i=1

(ti − si ) ≡ δ mod ρ, where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}).

But also ϑλ(q − δ) = ϑλ(q) = a, as ξq
a,λ = 1/2. Since ϑλ is periodic with

period pλ and ϑλ(s) 	= ϑλ(t) for all 0 < |t − s| < pλ, we deduce that δ ≡
0 mod pλ. This, however, implies that

r∑
i=1

(ti − si ) ≡ 0 mod ρ,

which contradicts the second property in Definition 9.3.1.
To prove the last assertion we assume that ξq

a,λ > 0 and let λ′ < λ be such
that a ∈ R(ϑλ′). There are two cases to consider: ξq

a,λ = 1/2 and ξq
a,λ = 1.

In the first case ϑλ(q) = a. Since a ∈ R(ϑλ′) there exists k ∈ Z such that
ϑλ′(k) = a. Put δ = q −k and remark that ϑλ′(k) = ϑλ(q) and a = ϑλ′(q −δ).
Moreover, q − k ≡ δ mod ρ, where ρ = gcd(pλ′ , pλ) and hence ξq

a,λ′ = 1. On

the other hand, if ξq
a,λ = 1, then there exist distinct λ1 < λ2 < . . . < λr+1 in

L with λ1 = λ and there exists δ ∈ Z such that ϑλ(q − δ) = a,

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and

r∑
i=1

(ti − si ) ≡ δ mod ρ, where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}).
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As a ∈ R(ϑλ′), there exists k ∈ Z such that ϑλ′(k) = a. Put λ0 = λ′, s0 = k,
t0 = q − δ, δ′ = q − k, and ρ′ = gcd(ρ, pλ0). Clearly

ϑλi (si ) = ϑλi+1(ti ) for 0 ≤ i ≤ r

and a = ϑλ0(q − δ′). Moreover, there exists m ∈ Z such that

r∑
i=0

(ti − si ) = t0 − so + δ + mρ = q − δ − k + δ + mρ = q − k + mρ.

Since ρ′ divides ρ and δ′ = q − k, we find that

r∑
i=0

(ti − si ) ≡ δ′ mod ρ′

and hence ξq
a,λ′ = 1.

We now use Lemma 9.3.6 to prove that ξq is a periodic point of the sand-
shift map fϑ : R

n+ → R
n+ with the same period as ϑ .

Proposition 9.3.7 Let ϑ = (ϑλ : Z → � | λ ∈ L) be an admissible array
on n symbols with period p and let fϑ : R

n+ → R
n+ be the sand-shift map

with rule γϑ given by Definition 9.3.4. If ξq ∈ R
n+ is given by (9.15), then

fϑ(ξq) = ξq+1 and ξq is a periodic point of fϑ with period p.

Proof The proof of this proposition is based on the following two claims.
Claim 1.

ξ
q
ϑλ(s),λ

= ξ
q+t
ϑλ(s+t),λ for all q, s, t ∈ Z and λ ∈ L .

Claim 2.

fϑ(ξ
q) j =

∑
(i,λ) :

ξ
q
i,λ

ϑλ(s)=i, ϑλ(s+1)= j

for all q ∈ Z and 1 ≤ j ≤ n.

If we assume these claims for the moment, the proof of the proposition can
be completed in the following manner. It follows from the claims and Lemma
9.3.6(ii) that

fϑ(ξ
q) j =

∑
(i,λ) :

ξ
q
i,λ

ϑλ(s)=i, ϑλ(s+1)= j

=
∑
(i,λ) :

ξ
q+1
ϑλ(s+1),λ

ϑλ(s)=i, ϑλ(s+1)= j

=
∑

λ∈L : j∈R(ϑλ)

ξ
q+1
j,λ = ξ

q+1
j

for all q ∈ Z and 1 ≤ j ≤ n. Thus, f (ξq) = ξq+1 for each q ∈ Z. To verify
that ξq is a periodic point of fϑ we first remark that if i = ϑλ(s), then

ξ
q
i,λ = ξ

q
ϑλ(s),λ

= ξ
q+pλ
ϑλ(s+pλ),λ

= ξ
q+pλ
i,λ
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by Claim 1. On the other hand if i 	∈ R(ϑλ), then ξq
i,λ = ξ

q+pλ
i,λ = 0 by Lemma

9.3.6(ii). This implies that ξq+p = ξq for all q ∈ Z and p = lcm({pλ : λ ∈
L}), and therefore f p(ξq) = ξq .

Let us now fix q ∈ Z. To show that p is the period of ξq under fϑ , let μ ≥ 1
be the smallest integer such that f μ(ξq) = ξq . We need to prove that pλ
divides μ for all λ ∈ L . So, let λ ∈ L and suppose that ϑλ(q) = j . It follows
from Lemma 9.3.6(iii) that λ is the only element in L such that ξq

j,λ = 1/2.

Therefore ξq
j = ∑

λ∈L ξ
q
j,λ is not an integer. This implies that ξq+μ

j is not an

integer, as ξq+μ
j = f μ(ξq) j = ξ

q
j . Therefore there exists a unique λ′ ∈ L such

that ξq+μ
j,λ′ = 1/2 and ϑλ′(q + μ) = j . If λ′ < λ, then it follows from Lemma

9.3.6(iii) that ξq+μ
j < ξ

q
j . Likewise, if λ < λ′, then ξq

j < ξ
q+μ
j . Thus, λ = λ′,

as ξq
j = ξ

q+μ
j . From this equality it follows that ϑλ(q + μ) = j = ϑλ(q) and

hence pλ divides μ by Definition 9.3.1(i). Thus, ξq has period p under fϑ .
To complete the proof it remains to show the claims. To prove the first claim

we distinguish two cases: ξq
ϑλ(s),λ

= 1/2 and ξq
ϑλ(s),λ

= 1. Note that if we
can prove the equality in these two cases, the equality will also hold whenever
ξ

q
ϑλ(s),λ

= 0. If ξq
ϑλ(s),λ

= 1/2, then ϑλ(s) = ϑλ(q) and hence ϑλ(s + t) =
ϑλ(q + t), so that ξq+t

ϑλ(q+t),λ = 1/2 = ξ
q
ϑλ(s),λ

. On the hand if ξq
ϑλ(s),λ

= 1, then
there exist distinct λ1 < λ2 < . . . < λr+1 in L with λ1 = λ and δ ∈ Z such
that ϑλ(s) = ϑλ(q − δ),

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and

r∑
i=1

(ti − si ) ≡ δ mod ρ, where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}).

As ϑλ(s) = ϑλ(q − δ), we know that ϑλ(s + t) = ϑλ(q + t − δ), so that
ξ

q+t
ϑλ(s+t),λ = 1 = ξ

q
ϑλ(s),λ

.
To obtain the second claim we remark that

fϑ(ξ
q) j =

∑
γϑ (i,k)= j

Mik(ξ
q) for 1 ≤ j ≤ n,

where Mik(ξ
q) = min{1,max{∑λ∈L ξ

q
i,λ − (k − 1), 0}}, as the buckets have

volume 1. It follows from Lemma 9.3.6 that

Mik(ξ
q) =

{
ξ

q
i,λk (i)

if k ≤ κ(i)

0 otherwise.
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Now by using Definition 9.3.4 we deduce that

fϑ(ξ
q) j =

∑
(i,k) : γϑ (i,k)= j

Mik(ξ
q) =

∑
(i,k) : γϑ (i,k)= j

ξ
q
i,λk (i)

=
∑
(i,λ) :

ξ
q
i,λ

ϑλ(s)=i, ϑλ(s+1)= j

,

which completes the proof.

Combining this proposition with Theorem 9.3.3 yields the following
equalities.

Theorem 9.3.8 For each n ∈ N we have that

P2(n) = P3(n) = Qlat(n) = Qsem(n) = Q(n).

Proof By Theorem 9.3.3 and the fact that P2(n) ⊆ P3(n), it suffices to show
that Q(n) ⊆ P2(n). So, suppose p ∈ Q(n). Then there exists an admissible
array on n symbols with period p. Let fϑ : R

n+ → R
n+ be the sand-shift map

defined in Definition 9.3.4 and let ξ0 be defined by (9.15). It follows from
Proposition 9.3.7 that ξ0 is a periodic point of fϑ with period p. As fϑ ∈
F2(n), we conclude that p ∈ P2(n).

We mentioned earlier that this theorem leaves open the following problem.

Problem 9.3.9 Does there exist a complete characterization of the set P1(n)
in terms of arithmetical and combinatorial constraints?

It is known [171] that P1(n) = Q(n) for all n ≤ 50, which suggests that
P1(n) may also equal Q(n) for all n ∈ N. The main obstruction to proving the
equality for all n is that there appears to be no obvious class of maps in P1(n)
that relates in a natural way to admissible arrays.

Given the construction of the sand-shift fϑ : R
n+ → R

n+ and the periodic
point ξ0 ∈ R

n+ it is natural to ask how the admissible array ϑ relates to the
admissible array induced by an array of ξ0. In fact, one may wonder if they are
equal. It turns out that this is the case if the admissible array satisfies a simple
additional condition. We shall explain this issue in detail in the remainder of
the section, but it is not essential for the sequel.

An admissible array ϑ = (ϑλ : Z → � | λ ∈ L) is said to be minimal if, for
every proper subset L ′ of L , we have that

lcm({pλ : λ ∈ L ′}) < lcm({pλ : λ ∈ L}).
We recall that each sub-array, ϑ ′ = (ϑλ : Z → � | λ ∈ L ′), is also an
admissible array on n symbols and hence

Q(n) = {p ∈ N : p is the period of a minimal

admissible array on n symbols}.
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Under the additional assumption of minimality of the admissible array ϑ we
shall see that the array of the periodic point ξ0 of the sand-shift map fϑ
coincides with ϑ . Before starting the proof of this result we remark that if
ϑ = (ϑλ : Z → � | λ ∈ L) is a minimal admissible array on n symbols, then
for each λ ∈ L there exists a prime power mαλ

λ such that mαλ
λ divides pλ, but

mαλ
λ does not divide pλ′ for all λ′ 	= λ. Using this observation we prove the

following auxiliary lemma.

Lemma 9.3.10 Let ϑ = (ϑλ : Z → � | λ ∈ L) be a minimal admissible array
on n symbols and let

qλ = lcm({pλ′ : λ′ 	= λ and λ′ ∈ L} ∪ {pλ/mλ}).
For each a ∈ � and λ ∈ L let

Sa,λ = {m ∈ Z : ξm
a,λ = 1},

where ξm
a,λ is defined as in Definition 9.3.5. Then we have that

Sa,λ = Sa,λ + rqλ for all r ∈ Z.

Proof If a 	∈ R(ϑλ), then ξm
a,λ = 0 for all m ∈ Z, so that Sa,λ = ∅. In this case

clearly Sa,λ = Sa,λ + rqλ for all r ∈ Z.
Now assume that a ∈ R(ϑλ). Then there exists k ∈ Z such that ϑλ(k) = a.

If m ∈ Sa,λ, then ξm
a,λ = 1, and hence there exist distinct λ1 < . . . < λr+1 in

L , with λ1 = λ, and δ ∈ Z such that a = ϑλ(m − δ),

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and
∑r

i=1(ti − si ) ≡ δ mod ρ, where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}). We
remark that ρ | qλ. For each r ∈ Z, there exist A1, . . . , Ar+1 ∈ Z such that

rρ = A1 pλ1 + · · · + Ar+1 pλr+1 .

We shall now show that ξm+rρ
a,λ = 1. For 1 ≤ i ≤ r let s′

i = si − Ai pλi and
remark that ϑλi (s

′
i ) = ϑλi (si ) = ϑλi+1(ti ) for all 1 ≤ i ≤ r . Moreover, if

δ′ = rρ + δ, then ϑλ(m + rρ − δ′) = ϑλ(m − δ) = a and
r∑

i=1

(ti − s′
i ) =

r∑
i=1

(ti − si )+
r∑

i=1

Ai pλi = δ + rρ − Ar+1 pλr+1 ≡ δ′ mod ρ.

This implies that ξm+rρ
a,λ = 1 and hence m + rρ ∈ Sa,λ for all r ∈ Z. As ρ

divides qλ, we get that m + rqλ ∈ Sa,λ and hence Sa,λ + rqλ ⊆ Sa,λ for all
r ∈ Z.

To obtain the other inclusion we remark that if m ∈ Sa,λ and r ∈ Z, then
m − rqλ ∈ Sa,λ, so that m = (m − rqλ) + rqλ ∈ Sa,λ + rqλ and therefore
Sa,λ ⊆ Sa,λ + rqλ for all r ∈ Z.
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We can now prove the following theorem.

Theorem 9.3.11 Let ϑ = (ϑλ : Z → � | λ ∈ L) be a minimal admissible
array on n symbols with period p and let fϑ : R

n+ → R
n+ be the sand-shift

map associated with ϑ . Suppose that ξm ∈ R
n+ is defined by ξm

i = ∑
λ∈L ξ

m
i,λ,

where ξm
i,λ is given by Definition 9.3.5 for each 1 ≤ i ≤ n and m ∈ Z. If we

define

Sλ = {m ∈ Z : ξm
a,λ ≥ ξ0

a,λ and a = ϑλ(0)}
and

zλ =
∧

m∈Sλ

ξm,

then the following assertions are true:

(i) zλ is an irreducible element in the lower semi-lattice V generated by
{ξm : 0 ≤ m < p}.

(ii) zλ is a periodic point of fϑ with period pλ.

(iii) IV ( f k
ϑ (z

λ)) = {ϑλ(k)} for all k ∈ Z.

(iv) zλ and zλ
′

are not comparable for each λ 	= λ′ in L.

(v) hV (zλ) < hV (zλ
′
) whenever λ < λ′ and R(ϑλ) ∩ R(ϑλ′) 	= ∅.

(vi) ξ0 =∨λ∈L zλ.

Proof We first prove the second assertion. Let Sa,λ be defined as in Lemma
9.3.10. If m ∈ Sλ, then m + r pλ ∈ Sλ by Claim 1 in the proof of Proposition
9.3.7, so that Sλ = Sλ + r pλ for all r ∈ Z. Since a = ϑλ(0), ξ0

a,λ = 1/2 and

hence ξm
a,λ ≥ ξ0

a,λ if and only if either ξm
a,λ = 1/2 or ξm

a,λ = 1. Remark that
ξm

a,λ = 1/2 if and only if ϑλ(m) = a and hence m = r pλ for some r ∈ Z.
Thus, we find that Sλ is the disjoint union of Sϑλ(0),λ and {r pλ : r ∈ Z}. In
particular, we see that no element of Sϑλ(0),λ is an integral multiple of pλ. As
ξm

a =∑λ∈L ξ
m
a,λ, we deduce from Lemma 9.3.6(iii) that

m ∈ Sλ if and only if ξm
a ≥ ξ0

a for a = ϑλ(0). (9.16)

This implies that zλa = ∧
m∈Sλ ξ

m
a = ξ0

a for a = ϑλ(0). Let us denote the
restriction of f to the lower semi-lattice V generated by {ξm : 0 ≤ m < p}
by g. Then g is a lower semi-lattice homomorphism and therefore

g pλ(zλ) =
∧

m∈Sλ

g pλ(ξm) =
∧

m∈Sλ

ξm+pλ =
∧

k∈Sλ+pλ

ξ k =
∧

k∈Sλ

ξ k = zλ.
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Thus zλ is a periodic point of g whose period q divides pλ. Now suppose that
q 	= pλ. Then, for r ∈ Z,

zλ = grq(zλ) =
∧

m∈Sλ

grq(ξm) =
∧

m∈Sλ

ξm+rq =
∧

k∈Sλ+rq

ξ k .

This implies that ξ k
a ≥ zλa = ξ0

a for a = ϑλ(0) and k ∈ Sλ+rq. Thus Sλ+rq ⊆
Sλ for all r ∈ Z by (9.16), and hence Sλ = Sλ + rq for all r ∈ Z. From this
we deduce that q = 0 + q ∈ Sλ and, since q divides pλ and q 	= pλ, we find
that q ∈ Sϑλ(0),λ. From Lemma 9.3.10 we get that q + qλ ∈ Sϑλ(0),λ ⊆ Sλ and
qλ = (q + qλ) − q ∈ Sλ − q = Sλ. But qλ 	∈ {r pλ : r ∈ Z}, as there exists a
prime power mαλ

λ that is a divisor of pλ but not of qλ. Thus, qλ ∈ Sϑλ(0),λ and
hence 0 = qλ− qλ ∈ Sϑλ(0),λ by Lemma 9.3.10, which is a contradiction. This
shows that q = pλ.

Next we prove assertion (i). We first show that if ζ ∈ V and ζ < zλ, then
ζa ≤ zλa − 1/2 for a = ϑλ(0). There exists J ⊆ {0, 1, . . . , p − 1} such that
ζ = ∧ j∈J ξ

j . If J ⊆ Sλ, then ζ ≥ zλ. But ζ < zλ, so there exists j ∈ J such

that j 	∈ Sλ. For this j we must have that ξ j
a,λ = 0, and hence it follows from

Lemma 9.3.6 that

ζa ≤ ξ
j

a ≤ ξ0
a − 1/2 = zλa − 1/2,

since a = ϑλ(0).
To see that zλ is irreducible in V , it suffices to construct w ∈ V such that

ζ ≤ w ∧ zλ < zλ for all ζ ∈ V with ζ < zλ. Put w = ξqλ = gqλ(ξ0), where
qλ is as in Lemma 9.3.10. Note that

wa = ξ
qλ
a =

∑
λ′∈L

ξ
qλ
a,λ′ .

It follows from Claim 1 in the proof of Proposition 9.3.7 that ξqλ
a,λ′ = ξ0

a,λ′ for
λ′ 	= λ, as pλ′ is a divisor of qλ whenever λ′ 	= λ. Hence

wa = ξ
qλ
a,λ +

∑
λ′∈L : λ′ 	=λ

ξ0
a,λ′ . (9.17)

Lemma 9.3.10 implies that ξqλ
a,λ = 1 if and only if ξ0

a,λ = 1. If a = ϑλ(0),

then ξ0
a,λ = 1/2 and hence ξqλ

a,λ 	= 1. Since qλ is not an integral multiple of pλ,
ξ

qλ
a,λ = 0 and therefore

wa =
(∑
λ′∈L

ξ0
a,λ′
)

− 1/2 = ξ0
a − 1/2 for a = ϑλ(0)

by (9.17). If a = ϑλ(qλ), then by the same argument ξ0
a < wa . If ϑλ(0) 	= a

and ϑλ(qλ) 	= a, then neither ξ0
a,λ nor ξqλ

a,λ can be equal to 1/2. Thus in that case
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ξ0
a,λ, ξ

qλ
a,λ ∈ {0, 1}. As ξqλ

a,λ = 1 if and only if ξ0
a,λ = 1, we find that ξ0

a,λ = ξ
qλ
a,λ

in that case. From (9.17) it follows that wa = ξ0
a if ϑλ(0) 	= a 	= ϑλ(qλ). From

these inequalities we deduce that (w∧zλ)a = zλa for all a 	= ϑλ(0), as zλ ≤ ξ0,
and (w ∧ zλ)a = wa = zλa − 1/2 for a = ϑλ(0). We already saw that if ζ ∈ V
and ζ < zλ, then ζa ≤ zλa − 1/2 for a = ϑλ(0). Thus, ζ ≤ w ∧ zλ < zλ for all
ζ < zλ in V , and hence zλ is irreducible.

To prove assertion (iii) we note that a = ϑλ(0) is the only coordinate for
which (w ∧ zλ)a < zλa , and hence IV (zλ) = {ϑλ(0)}. As zλ is irreducible, we
know that gk(zλ) is also irreducible by Lemma 9.2.3(ii). Moreover, one can
show, as before, that if ζ ∈ V and ζ < gk(zλ), then ζ ≤ gk(w) ∧ gk(zλ) <
gk(zλ) and a = ϑλ(k) is the only coordinate such that (gk(w) ∧ gk(zλ))a <
gk(zλ)a . Thus, IV (gk(zλ)) = {ϑλ(k)} for all k ∈ Z.

It is convenient to prove assertion (vi) before (iv) and (v). To do so it is
sufficient to show that for each 1 ≤ a ≤ n there exists λ ∈ L such that
ξm

a ≥ ξ0
a for all m ∈ Sλ, since zλ ≤ ξ0. If ξ0

a − �ξ0
a � > 0, then there exists

λ ∈ L with ϑλ(0) = a. In that case it follows from (9.16) that ξm
a ≥ ξ0

a for all
m ∈ Sλ. Now assume that ξ0

a − �ξ0
a � = 0. If ξ0

a = 0, there is nothing to prove,
since 0 ≤ zλ ≤ ξ0 for all λ ∈ L . On the other hand, if ξ0

a > 0, then there exists
λ′ ∈ L such that ξ0

a,λ′ = 1 and ξ0
a,λ = 0 for all λ > λ′ in L . Remark that

ξ0
a =

∑
λ∈L

ξ0
a,λ =

∑
λ≤λ′

ξ0
a,λ

and ξm
a = ∑

λ∈L ξ
m
a,λ. It follows from Lemma 9.3.6(iii) that ξm

a ≥ ξ0
a if

ξm
a,λ′ = 1. Thus, we need to show that there exists λ ∈ L such that for all

m ∈ Sλ, ξm
a,λ′ = 1, as zλ =∧m∈Sλ ξ

m .

Since ξ0
a,λ′ = 1, we know there exist distinct λ1 < . . . < λr+1 in L , with

λ1 = λ′, and δ ∈ Z such that a = ϑλ′(−δ),
ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and
∑r

i=1(ti − si ) ≡ δ mod ρ, where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}).
Put λ = λr+1 and let m ∈ Sλ. Then ξm

b,λ ≥ ξ0
b,λ, where b = ϑλ(0). As

ξ0
b,λ = ξ0

ϑλ(0),λ
= 1/2, either ξm

b,λ = 1/2 or ξm
b,λ = 1. In the first case we know

that there exists k ∈ Z such that m = kpλ. Put s∗
i = si for 1 ≤ i ≤ r , t∗i = ti

for 1 ≤ i ≤ r −1, and t∗r = tr +kpλ. Then a = ϑλ′(m−δ∗), where δ∗ = m+δ,
ϑλi (s

∗
i ) = ϑλi+1(t

∗
i ) for 1 ≤ i ≤ r,

and
∑r

i=1(t
∗
i − s∗

i ) ≡ δ∗ mod ρ. Therefore ξm
a,λ′ = 1. On the other hand, if

ξm
b,λ = 1, then there exist λr+1 < . . . < λr+s+1 in L and μ ∈ Z such that
ϑλr+1(m − μ) = b,
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ϑλr+i (sr+i ) = ϑλr+i+1(tr+i ) for 1 ≤ i ≤ s,

and
∑s

i=1(tr+i − sr+i ) ≡ μ mod ρ′, where ρ′ = gcd({pλr+i : 1 ≤ i ≤ s + 1}).
As ϑλr+1(0) = b we may assume that μ = m. Now we note that

r+s∑
i=1

(ti − si ) ≡ δ + μ mod ρ∗, where ρ∗ = gcd(ρ, ρ′),

and ϑλ′(m − (δ + μ)) = ϑλ′(−δ) = a. This implies that ξm
a,λ′ = 1. Therefore

we conclude that ξm
a,λ′ = 1 for all m ∈ Sλ, which shows that

ξ0 =
∨
λ∈L

zλ. (9.18)

It is now easy to prove that zλ and zλ
′

are not comparable for all λ 	= λ′
in L . Indeed, it follows from (9.18) that if L ′ is a proper subset of L such that
ξ0 =∨λ∈L ′ zλ, then

gq(ξ0) =
∨
λ∈L ′

gq(zλ) =
∨
λ∈L ′

zλ = ξ0

for q = lcm({pλ : λ ∈ L ′}). But, as ϑ is a minimal admissible array, we get
that q < p, which contradicts the fact that ξ0 has period p under g. Thus no
two elements zλ are comparable.

It remains to show that (v) holds. If R(ϑλ) ∩ R(ϑλ′) 	= ∅ for λ < λ′, then
there exist s, t ∈ Z such that ϑλ(s) = ϑλ′(t). We claim that Sλ′ + (t − s) ⊆
Sϑλ(0),λ. Indeed, if ξm

ϑλ′ (0),λ′ > 0, then ξm+t
ϑλ(s),λ′ = ϑm+t

ϑλ′ (t),λ′ > 0 by Claim 1

in the proof of Proposition 9.3.7. As λ < λ′, this implies that ξm+t
ϑλ(s),λ

= 1 by

Lemma 9.3.6(iii). Therefore ξm+t−s
ϑλ(0),λ

= 1, which shows that m + (t − s) ∈
Sϑλ(0),λ.

From the inclusion we deduce that

g(t−s)(zλ
′
) =

∧
m∈Sλ′+(t−s)

ξm ≥
∧

m∈Sϑλ(0),λ

ξm .

By definition ξm
ϑλ(0),λ

= 1 for all m ∈ Sϑλ(0),λ, so that ξm
ϑλ(0),λ

> ξ0
ϑλ(0),λ

= 1/2
for all m ∈ Sϑλ(0),λ. This implies that∧

m∈Sϑλ(0),λ

ξm >
∧

m∈Sλ

ξm = zλ

and hence g(t−s)(zλ
′
) > zλ. As hV (gm(y)) = hV (y) for all y ∈ V and m ∈ Z,

we conclude that hV (zλ
′
) > hV (zλ), which completes the proof.



9.4 Computing periods of admissible arrays 241

From Theorem 9.3.11 it follows that if ϑ is a minimal admissible array on
n symbols, then the admissible array induced by the periodic point ξ0 of the
sand-shift map fϑ : R

n+ → R
n+ defined in Definition 9.3.5 coincides with ϑ .

Thus, every minimal admissible array on n symbols is the array of a periodic
point of a map in F2(n).

9.4 Computing periods of admissible arrays

For fixed n ∈ N the set of possible periods of admissible arrays on n symbols,
denoted Q(n), can be computed in finite time. To see this we first remark that

Q(n) = {p ∈ N : p is the period of a minimal array on n letters}.
As the period of each ϑλ in an admissible array ϑ is at most n, there are only
finitely many candidate sets S ⊆ {1, . . . , n} for the periods of the individual
maps ϑλ to consider. Moreover, given a set S ⊆ {1, . . . , n} there are finitely
many ways to order the elements of S, which corresponds to selecting the
totally ordered set (L ,<), and there are only finitely many choices for each
map ϑλ, as they are periodic. Thus, for a given n, we only need to decide for
finitely many arrays ϑ if they are admissible or not. To verify if an array is
admissible one needs to check the two conditions from Definition 9.3.1. The
first condition is automatically fulfilled by choosing the maps ϑλ appropriately.
To check the second condition we only need to consider si , ti ∈ Z with 0 ≤
si , ti ≤ lcm({pλ : λ ∈ L}) for all 1 ≤ i ≤ r . From these observations it
follows that the set Q(n) can in theory be computed in finite time. However,
the computation of Q(n) becomes rapidly harder when n gets large. A detailed
analysis of the set Q(n) for 1 ≤ n ≤ 50 has been given in [171]. In this section
we discuss some basic properties of Q(n) that allow us to quickly compute
Q(n) for relatively small n.

To simplify matters it is useful to first identify a large set P(n) such that
P(n) ⊆ Q(n) for all n ∈ N.

Definition 9.4.1 For each n ∈ N the set P(n) is defined inductively by P(1) =
{1}, and for n > 1, p ∈ P(n) if either

(A) p = lcm(p1, p2), where p1 ∈ P(n1), p2 ∈ P(n2) and n = n1 + n2, or
(B) p = r lcm(p1, p2, . . . , pr ), where r > 1 and there exist m ≥ 1 such that

pi ∈ P(m) for 1 ≤ i ≤ r and n = mr .

It is easy to see that P(n) contains the set

L(n) = {lcm(p1, . . . , pm) : p1 +· · ·+ pm ≤ n and p1, . . . , pm ∈ N}, (9.19)
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which is the set of orders of permutations on n letters. In general P(n) is much
larger than L(n), e.g., 12 ∈ P(6) \ L(6). It can be shown that P(n) ⊆ Q(n)
for all n ∈ N. Instead of proving this inclusion directly, we show that P(n) ⊆
P1(n) for all n ∈ N, which is a slightly stronger statement; see Theorem 9.3.3.

Theorem 9.4.2 For each n ∈ N, P(n) ⊆ P1(n).

Proof We argue by induction on n. Clearly P(1) ⊆ P1(n). Now suppose that
P(m) ⊆ P1(m) for all m < n. We need to show that P(n) ⊆ P1(n). So let
p ∈ P(n). By definition there are two cases, (A) and (B). If we are in case (A),
then p = lcm(p1, p2), where p1 ∈ P(n1), p2 ∈ P(n2), and n1 + n2 = n.
By induction we get that p1 ∈ P1(n1) and p2 ∈ P1(n2), so that there exist
f ∈ F1(n1) and g ∈ F1(n2), which have periodic points ξ ∈ R

n1+ and η ∈ R
n2+

with periods p1 and p2, respectively. Define h : R
n+ → R

n+ by h(x, y) =
( f (x), g(y)) for all (x, y) ∈ R

n1+ × R
n2+ . It is easy to verify that h ∈ F1(n)

and that (ξ, η) is a periodic point of h with period lcm(p1, p2) = p. Thus
p ∈ P1(n) in case (A).

In case (B) the induction hypothesis gives pi ∈ P1(m) for 1 ≤ i ≤ r . By
Theorem 9.2.7 we know that there exists f ∈ F1(m) such that f has periodic
points ξ i ∈ R

m+ with period pi for 1 ≤ i ≤ r and O(ξ i ) ∩ O(ξ j ) = ∅ for all
i 	= j . Define h : R

n+ → R
n+ by

h(x1, x2, . . . , xr ) = ( f (xr ), x1, x2, . . . , xr−1),

where xi ∈ R
m+ for 1 ≤ i ≤ r . Clearly h ∈ F1(n). Let ξ = (ξ1, . . . , ξ r ) ∈ R

n+.
As O(ξ i ) ∩ O(ξ j ) = ∅ for all i 	= j , hq(ξ) = ξ only if r divides q. Moreover
hkr (x) = ( f k(x1), f k(x2), . . . , f k(xr )) for each k ∈ N. Therefore, hkr (ξ) =
ξ if and only if pi divides k for all 1 ≤ i ≤ r . The smallest such k is equal
to lcm(p1, p2, . . . , pr ) and hence ξ has period r lcm(p1, p2, . . . , pr ) under h.
This shows that p ∈ P1(n).

The set P(n) is fairly easy to compute, certainly in comparison to Q(n).
Using the inclusion P(n) ⊆ Q(n) it is straightforward to compute Q(n) for
small n. For example, Q(1) = {1} and Q(2) = {1, 2}. We know that Q(3) ⊆
{1, 2, 3, 6}, but 6 /∈ Q(3). Indeed, if 6 ∈ Q(3), there would exist an admissible
array ϑ = (ϑλ : Z → {1, 2, 3} | λ = 1, 2) with period 6 such that ϑ1 has
period 2 and ϑ2 has period 3. This implies that R(ϑ1) ∩ R(ϑ2) is non-empty
and hence there exist s, t ∈ Z such that ϑ1(s) = ϑ2(t). But this contradicts
the fact that s − t 	≡ 0 mod 1 and therefore 6 	∈ Q(3). The reasoning above
exemplifies the following basic property of admissible arrays.
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Lemma 9.4.3 If ϑ = (ϑλ : Z → � | λ ∈ L) is an admissible array on n
symbols and there exists L ′ ⊆ L such that gcd(pλ, pλ′) = 1 for all λ 	= λ′ in
L ′, then

∑
λ∈L ′ pλ ≤ n.

Proof If
∑
λ∈L ′ pλ > n, then there exists λ 	= λ′ in L ′ such that R(ϑλ) ∩

R(ϑλ′) 	= ∅. This implies that ϑλ(s) = ϑλ′(t) for some s, t ∈ Z, which
contradicts the fact that s − t 	≡ 0 mod 1.

As a consequence of Lemma 9.4.3, we deduce that 6, 12 	∈ Q(4) and hence
Q(4) = P(4) = {1, 2, 3, 4}. To compute Q(5) quickly it is convenient to use
another basic property of Q(n).

Lemma 9.4.4 If p ∈ Q(n) and q divides p, then q ∈ Q(n).

Proof Clearly it is true that if p ∈ P2(n) and q divides p, then q ∈ P2(n). As
P2(n) = Q(n) by Theorem 9.3.8, the set Q(n) also has this property.

Note that the property in Lemma 9.4.4 is not immediately clear from the
definition of the admissible arrays. To compute Q(5) we first remark that
Q(5) ⊆ {1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 60}. But 10, 12, and 15 are not in
Q(5) by Lemma 9.4.3, so that Q(5) = P(5) = {1, 2, 3, 4, 5, 6} by Lemma
9.4.4. Similarly we know that Q(6) ⊆ {1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 60}
and that 10 and 15 are not in Q(6) by Lemma 9.4.3. As {1, 2, 3, 4, 5, 6, 12} =
P(6) ⊆ Q(6), it follows from Lemma 9.4.4 that Q(6) = {1, 2, 3, 4, 5, 6, 12}.
To construct an admissible array on 6 symbols with period 12 we cannot use
periods 3 and 4, but instead we have to use periods 6 and 4. An example of an
admissible array on 6 with period 12 is given by

· · · 1 2 3 4 5 6 1 2 3 4 5 6 · · ·
· · · 2 3 4 5 2 3 4 5 2 3 4 5 · · ·

Using the same type of arguments, the set Q(n) can be computed for 1 ≤
n ≤ 10. See Table 9.1 below. It turns out that P(n) = Q(n) for all 1 ≤
n ≤ 10. In fact, it has been shown in [171], with the aid of a computer, that
P(n) = Q(n) for 1 ≤ n ≤ 50. From this equality one might conjecture that
Q(n) is equal to P(n) for all n, but it has been shown in [171, theorem 7.10 and
corollary 7.11] that if p1 and p2 are twin primes, so p1 = p2+2, with p2 ≥ 11
and p2 	= 41, then q = 2372 p1 p2 ∈ Q(56 + 2p2), but q /∈ P(56 + 2p2). In
particular, 56 056 is in Q(78), but not in P(78). In connection with Problem
9.3.9 we remark that P(n) ⊆ P1(n) ⊆ Q(n) by Theorems 9.3.3 and 9.4.2,
so that P1(n) = Q(n) for 1 ≤ n ≤ 50. Moreover, it is known that 56 056 ∈
P1(78) and therefore P(n) 	= P1(n) in general.
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Table 9.1 The elements of Q(n) for 1 ≤ n ≤ 10.

n Elements of Q(n)

1 1
2 1, 2
3 1, 2, 3,
4 1, 2, 3, 4
5 1, 2, 3, 4, 5, 6
6 1, 2, 3, 4, 5, 6, 12
7 1, 2, 3, 4, 5, 6, 7, 10, 12
8 1, 2, 3, 4, 5, 6, 7, 8, 10, 12, 15, 24
9 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 18, 20, 24
10 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 18, 20, 21, 24, 30, 40, 60

In view of the computational difficulties in determining Q(n), the following
question is interesting.

Problem 9.4.5 Does there exist a different characterization of Q(n) that
allows it to be computed more easily?

The computation of Q(n) for 1 ≤ n ≤ 50 requires more sophisticated prop-
erties of admissible arrays. For the interested reader we discuss some of these
properties at the end of this section, but first we give an asymptotic estimate
for the largest element of Q(n).

Let g(n) = max{p : p ∈ L(n)}, so g(n) is the maximum order of a per-
mutation on n letters. Landau [118] has proved the following classical result
concerning the asymptotics of g(n):

lim
n→∞

log g(n)√
n log n

= 1. (9.20)

A proof of this result can be obtained using the prime number theorem; see
Miller [147]. More precise estimates for g(n) have been obtained by Massias
[141]. We note that as L(n) ⊆ P(n) ⊆ P1(n) ⊆ Q(n), g(n) is a lower bound
for the largest element of Q(n). It turns out that on a log scale they have the
same asymptotics.

Theorem 9.4.6 If γ (n) = max{p : p ∈ Q(n)}, then

lim
n→∞

log γ (n)√
n log n

= 1.

Proof Let γ (n) = ∏s
i=1 pαi

i , with p1 < p2 < . . . < ps , be the prime
factorization of γ (n). Since γ (n) ∈ Q(n), there exists an admissible array
ϑ = (ϑλ : Z → � | λ ∈ L) on n symbols such that γ (n) = lcm({qλ : λ ∈ L}),
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where qλ is the period ϑλ. This implies that for each 1 ≤ i ≤ s there exists
λ ∈ L such that pαi

i is a divisor of qλ. As qλ ≤ n, we deduce that

pαi
i ≤ n for 1 ≤ i ≤ s. (9.21)

Let 0 ≤ r ≤ s be the integer such that pr ≤ √
n and pr+1 >

√
n, where we

define r = 0 if p1 >
√

n, and r = s if ps ≤ √
n. Put

γ1(n) =
r∏

i=1

pαi
i and γ2(n) =

s∏
i=r+1

pαi
i ,

where γ1(n) = 1 if r = 0, and γ2(n) = 1 if r = s. From Lemma 9.4.4
it follows that γ1(n) ∈ Q(n) and γ2(n) ∈ Q(n). Let us first analyze γ2(n).
Remark that γ2(n) = ∏s

i=r+1 pαi
i and pi >

√
n for i ≥ r + 1. Therefore

αi = 1 for all i ≥ r + 1 by (9.21). Since γ2(n) ∈ Q(n), there exists an
admissible array ψ = (ψλ : Z → � | λ ∈ L) on n symbols such that γ2(n) =
lcm({q ′

λ : λ ∈ L ′}), where q ′
λ is the period of ψλ for λ ∈ L ′. Moreover for each

r + 1 ≤ i ≤ s there exists λi ∈ L ′ such that pi divides q ′
λi

. As q ′
λi

≤ n, pi is
the only prime among pr+1, . . . , ps that divides q ′

λi
. From this it follows that

pi = q ′
λi

, since γ2(n) = lcm({q ′
λ : λ ∈ L ′}). Thus, gcd(q ′

λ, q ′
λ′) = 1 for all

λ 	= λ′ in L ′ and hence
∑
λ∈L ′ q ′

λ ≤ n by Lemma 9.4.3. Therefore

γ2(n) = lcm({q ′
λ : λ ∈ L ′}) ≤ g(n). (9.22)

To estimate γ1(n) we let π(
√

n) denote the number of primes p such that
p ≤ √

n. As pαi
i ≤ n, we get that

γ1(n) =
r∏

i=1

pαi
i ≤ nπ(

√
n). (9.23)

Combining equations (9.22) and (9.23) gives

log g(n) ≤ log γ (n) = log γ1(n)+ log γ2(n) ≤ π(
√

n) log n + log g(n).
(9.24)

Now using the prime number theorem, which says that

lim
n→∞

π(n) log n

n
= 1,

we see that

lim
n→∞

π(
√

n) log n√
n log n

= lim
n→∞

(π(√n) log
√

n√
n

)( 2√
log n

)
= 0,

so that (9.20) and (9.24) yield

lim
n→∞

log γ (n)√
n log n

= 1.
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Although on a log scale there is no difference between g(n) and γ (n), it can
be shown that L(n) is strictly contained in Q(n) for all n ≥ 6. A proof of this
result and many other properties of γ (n) can be found in [172].

We conclude this section with some more sophisticated properties of admis-
sible arrays that are useful in the computation of Q(n). This material is not
essential for the remainder of the book, but is included for the curious reader.

Theorem 9.4.7 Let L = {1, . . . ,m + 1} be equipped with the usual ordering
and m ≥ 1. Suppose that ϑ = (ϑi : Z → � | i ∈ L) is an admissible array
on n symbols. Let Ri denote the range of ϑi and let pi be the period of ϑi for
i ∈ L. If the following conditions hold:

(i) Ri ∩ Ri+1 	= ∅ for all 1 ≤ i ≤ m,
(ii) there exists an integer r > 1 such that gcd(pi , pi+1) divides r for all

1 ≤ i ≤ m, and
(iii) there exist 1 ≤ k ≤ m + 1 and integers r1 > 1 and r2 ≥ 1 such that

r = r1r2, and gcd(pk−1, pk) and gcd(pk, pk+1) are divisors of r1, where
we let p0 = pm+2 = 1,

then

m + 1 = |L| ≤ r1r2 − r2 + 1.

Proof We first note that if k is as in the statement of the theorem, then we may
assume that k > 1. Indeed, if k = 1, then we can consider the reversed array
ϑ ′ = (ϑ ′

i : Z → � | i ∈ L ′), where L ′ = L and <′ is the reverse ordering on
L ′ = L , so a <′ b if and only if b < a. It is clear that ϑ ′ is also an admissible
array on n symbols.

As Ri ∩ Ri+1 	= ∅ for all 1 ≤ i ≤ m, there exist si , ti ∈ Z such that

ϑi (si ) = ϑi+1(ti ) for all 1 ≤ i ≤ m.

For 1 ≤ j ≤ m we let

η j =
j∑

i=1

(si − ti ).

Now for 1 ≤ j ≤ m and j 	= k − 1 we claim that

ηk−1 	≡ η j mod r1. (9.25)

To prove this, note that for 1 ≤ j < k − 1 we have that

ηk−1 − η j =
k−1∑

i= j+1

(si − ti ).
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It follows from the assumptions that gcd({pi : j + 1 ≤ i ≤ k}) divides r1, so
that ηk−1 − η j 	≡ 0 mod r1, as ϑ is an admissible array. On the other hand, if
k − 1 < j ≤ m, then

η j − ηk−1 =
j∑

i=k

(si − ti ).

Again the assumptions imply that gcd({pi : k ≤ i ≤ j + 1}) divides r1, so that
η j − ηk−1 	≡ 0 mod r1. This proves the claim.

Let π : Z → Z/rZ be the quotient map that maps a ∈ Z to its equivalence
class modulo r . Define

T = {η j : 1 ≤ j ≤ m and j 	= k − 1} ∪ {ηk−1 + sr1 : 0 ≤ s < r2}.
As ηl − η j = ∑l

i= j+1 si − ti 	≡ 0 mod r for 1 ≤ j < l ≤ m, it follows from
(9.25) that |T | = m −1+r2 and π restricted to T is one-to-one. As a final step
we show that π(η) 	= 0 for all η ∈ T . Clearly π(η j ) 	= 0 for all 1 ≤ j ≤ m

and j 	= k − 1; otherwise η j = ∑ j
i=1 si − ti ≡ 0 mod r , which contradicts

the fact that ϑ is an admissible array. But also if π(ηk−1 + sr1) ≡ 0 mod r for
some 0 ≤ s < r2, then ηk−1 ≡ 0 mod r1. This implies that

ηk−1 =
k−1∑
i=1

(si − ti ) ≡ 0 mod r1,

which contradicts the fact that ϑ is an admissible array, as gcd({pi : 1 ≤ i ≤ k})
divides r1. Thus, π is a one-to-one map of T into (Z/rZ) \ {0}, and hence

|T | = m − 1 + r2 ≤ r − 1,

which completes the proof.

The following simple consequence of Theorem 9.4.7 is often easier to apply.

Corollary 9.4.8 If ϑ = (ϑi : Z → � | i ∈ L) is an admissible array on n
symbols, where ϑi has period pi and range Ri for i ∈ L, then the following
conditions hold for S = {pi : i ∈ L}:
A. There does not exist R ⊆ S such that

(i) |R| = r + 1, where r > 1 and gcd(pi , p j ) divides r for all pi , p j ∈ R
with pi 	= p j , and

(ii) Ri ∩ R j 	= ∅ for all pi , p j ∈ R.

B. There does not exist R ⊆ S such that

(i) |R| = r1r2 − r2 + 2, where r1 > 1 and r2 ≥ 1 are integers,
(ii) gcd(pi , p j ) divides r = r1r2 for all pi 	= p j in R,
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(iii) there exists pk ∈ R such that gcd(pk, pi ) divides r1 for all pi 	= pk

in R, and

(iv) Ri ∩ R j 	= ∅ for all pi , p j ∈ R.

Proof Obviously assertion A is a special case of assertion B, where r2 = 1.
To prove assertion B, we simply consider the sub-array ϑ ′ = (ϑi : Z → � |
i ∈ L ′) of ϑ , where L ′ consists of those i ∈ L such that pi ∈ R, and apply
Theorem 9.4.7.

9.5 Maps on the whole space

Instead of looking at maps on the positive cone we can consider maps
f : R

n → R
n that are non-expansive under the �1-norm. We know from Corol-

lary 4.2.5 and Lemma 4.2.6 that the set R(n), consisting of those p ∈ N for
which there exists an �1-norm non-expansive map f : R

n → R
n that has a peri-

odic point with period p, is finite. In view of Theorem 9.3.8 we may wonder
if there exists a characterization of R(n) in terms of arithmetical and combi-
natorial constraints. Surprisingly, such a characterization exists and is closely
related to the set Q(n). A key result in our analysis is the following lemma,
where E

2n = {(x, y) ∈ R
n+ × R

n+ : x ∧ y = 0}.
Lemma 9.5.1 An integer p is an element of R(n) if and only if there exists a
map f ∈ F3(2n) such that f has a periodic point ξ ∈ E

2n with period p and
O(ξ) ⊆ E

2n.

Proof If p ∈ R(n), there exist an �1-norm non-expansive map f : R
n → R

n

and a periodic point ξ ∈ R
n of f with period p. As � f 	= ∅, we know that

f has a fixed point, η ∈ R
n , by Proposition 3.2.4. Define h : R

n → R
n by

h(x) = f (x +η)−η for all x ∈ R
n . Clearly h is also non-expansive under the

�1-norm and h(0) = 0.
Let J : Rn → E

2n be defined by J (x) = (x∨0, (−x)∨0) for all x ∈ R
n . It is

easy to verify that J is an �1-norm isometry that maps R
n onto E

2n . Therefore
the inverse, J−1, is also an �1-norm isometry on E

2n . Let R : R
2n+ → E

2n be
the retraction onto E

2n given by

R(x, y) = (x − (x ∧ y), y − (x ∧ y)) for all (x, y) ∈ R
n+ × R

n+.

It is not hard to show that R is �1-norm non-expansive.
Finally let g : R

2n+ → R
2n+ be defined by

g(z) = (J ◦ h ◦ J−1 ◦ R)(z) for all z ∈ R
2n+ .
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By construction, g(0) = 0 and g is non-expansive under the �1-norm, so that
g ∈ F3(2n). Moreover, ζ = J (ξ − η) is a periodic point of g with period p
and gk(ζ ) ∈ E

2n for all k ∈ N.
On the other hand, if g ∈ F3(2n) and ξ ∈ E

2n is a periodic point of g
with period p and gk(ξ) ∈ E

2n for all k ∈ N, then f : R
n → R

n , given by
f (x) = (J−1 ◦ R ◦ g ◦ J )(x) for all x ∈ R

n , is �1-norm non-expansive and has
J−1(ξ) as a periodic point with period p. Therefore p ∈ R(n) in that case.

Note that Lemma 9.5.1 implies R(n) ⊆ P3(2n), which gives the following
inclusion by Theorem 9.3.8.

Corollary 9.5.2 For each n ∈ N, R(n) ⊆ Q(2n).

In general R(n) 	= Q(2n), but, as we shall see, there exists an additional
constraint on the admissible arrays on 2n symbols such that their periods char-
acterize the set R(n). To formulate this additional constraint it is convenient to
introduce the following notion.

Definition 9.5.3 Given an admissible array ϑ = (ϑλ : Z → � | λ ∈ L), we
say that a symbol a ∈ � is reachable from q ∈ Z if either

(i) a = ϑλ(q) for some λ ∈ L , or
(ii) there exist distinct λ1 < λ2 < . . . < λr+1 in L and δ ∈ Z such that

a = ϑλ1(q − δ),

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and
r∑

i=1

(ti − si ) ≡ δ mod ρ,

where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}).
We denote the set of all symbols that are reachable from q by R(q, ϑ); so,

R(q, ϑ) = {a ∈ � : a is reachable from q}.
If� = {1, 2, . . . , 2n} and a ∈ �, we write a+ = a +n if 1 ≤ a ≤ n and a+ =
a − n otherwise. Further, for S ⊆ �, we let S• = {a ∈ � : a ∈ S or a+ ∈ S}.
Using these notions we can now formulate the additional constraint on the
admissible arrays on 2n symbols.

Definition 9.5.4 An admissible array ϑ on 2n symbols is called a restricted
admissible array on 2n symbols if

{a, a+} 	⊆ R(q, ϑ) for all a ∈ � and q ∈ Z.
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Note that if p is the period of ϑ , then R(q, ϑ) = R(q + p, ϑ) for all q ∈ Z,
and hence we can decide in finite time whether an admissible array on 2n
symbols is restricted or not. Define, for each n ∈ N,

Q′(2n) = {p ∈ N : p is the period of a restricted admissible

array on 2n symbols}.
The characterization of R(n) can now be stated as follows.

Theorem 9.5.5 For each n ∈ N, R(n) = Q′(2n).

We first prove that Q′(2n) ⊆ R(n) for each n ∈ N. As we shall see, the addi-
tional constraint on the admissible ϑ ensures that the orbit of the periodic point
ξ0 ∈ R

2n+ defined in Equation (9.15) is contained in E
2n under the sand-shift

map fϑ : R
2n+ → R

2n+ . So we can apply Lemma 9.5.1 to derive the following
inclusion.

Proposition 9.5.6 For each n ∈ N, Q′(2n) ⊆ R(n).

Proof If p ∈ Q′(2n), then there exists a restricted admissible array ϑ =
(ϑλ : Z → � | λ ∈ L) on 2n symbols with period p. Let fϑ : R

2n+ → R
2n+ be

the sand-shift map with rule γϑ defined in Definition 9.3.4 and let ξq ∈ R
2n+

for q ∈ Z be given by (9.15). It follows from Proposition 9.3.7 that ξ0 is a
periodic point of fϑ with period p and f q

ϑ (ξ
0) = ξq for all q ≥ 0. More-

over, we get from Definition 9.3.5 that ξq
a > 0 if and only if a ∈ R(q, ϑ).

As ϑ is a restricted admissible array, we deduce that ξq
a ξ

q
a+ = 0 for all

a ∈ {1, 2, . . . , 2n} = � and q ≥ 0. Thus, Lemma 9.5.1 implies that
p ∈ R(n).

The proof of the opposite inclusion, R(n) ⊆ Q′(2n), relies on the following
proposition.

Proposition 9.5.7 Let W ⊆ E
2n be a lower semi-lattice and let g : W → W

be a lower semi-lattice homomorphism that has a periodic point ξ ∈ W with
period p. Let (ai j ), where 1 ≤ i ≤ m and j ∈ Z, be an array of ξ . Put � =
{1, 2, . . . , 2n} and let L = {1, . . . ,m} be equipped with the usual ordering. If
ϑ = (ϑλ : Z → � | λ ∈ L) is defined by

ϑλ( j) = aλ, j for all λ ∈ L and j ∈ Z, (9.26)

then ϑ is a restricted admissible array on 2n symbols with period p.

Proof Let V ⊆ W be the lower semi-lattice by O(ξ) and write f to denote
the restriction of g to V . Assume that (ai j ), where 1 ≤ i ≤ m and j ∈ Z,
is an array of ξ and suppose that (yi )mi=1 is a complete sequence for ξ that
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induces this array. Further let pi denote the period yi under f for 1 ≤ i ≤ m.
Put � = {1, 2 . . . , 2n} and let L = {1, . . . ,m} be equipped with the usual
ordering. Now define ϑ = (ϑλ : Z → � | λ ∈ L) by (9.26).

It follows from Proposition 9.3.2 that ϑ is an admissible array on 2n symbols
with period p. Therefore it remains to show that

{a, a+} 	⊆ R(q, ϑ) for all a ∈ � and q ∈ Z. (9.27)

If |L| = 1, then it follows from Definition 9.5.3 that |R(q, ϑ)| = 1 for all
a ∈ � and q ∈ Z, and hence (9.27) holds. To prove (9.27) if |L| > 1, we use
the following claim: if |L| > 1 and a ∈ R(q, ϑ), then there exists y ∈ V such
that ya > 0 and y ≤ f q(ξ).
It suffices to prove the claim, as {a, a+} ⊆ R(q, ϑ) implies that there exist
y, y′ ∈ V with ya > 0 and y′

a+ > 0, such that y ≤ f q(ξ) and y′ ≤ f q(ξ),
which contradicts the fact that f q(ξ) ∈ E

2n .
So, let |L| > 1 and a ∈ R(q, ϑ). As |L| > 1 it follows from Definition

9.2.8 that yλ > infV (V ) for all λ ∈ L . This implies that S f k (yλ) is non-empty
for all λ ∈ L and k ∈ Z, because f is order-preserving and yλ is a periodic
point of f . It follows from Lemma 9.2.3 that for each λ ∈ L and k ∈ Z we
have that

f k(yλ)a > 0 for all a ∈ IV ( f k(yλ)), (9.28)

as f k(yλ)a > supV (S f k (yλ)) ≥ 0. Since a ∈ R(q, ϑ), there are two cases
to consider. We begin with the first one: a = ϑλ(q) for some λ ∈ L . By
construction a = ϑλ(q) = aλ,q ∈ IV ( f q(yλ)). Hence f q(yλ)a > 0 by (9.28).
As yλ ≤ ξ by Definition 9.2.8, we also get that f q(yλ) ≤ f q(ξ) and hence
the proof of the claim is complete in this case.

In the other case there exist distinct λ1 < λ2 < . . . < λr+1 in L and δ ∈ Z

such that a = ϑλ1(q − δ),

ϑλi (si ) = ϑλi+1(ti ) for 1 ≤ i ≤ r,

and
r∑

i=1

(ti − si ) ≡ δ mod ρ,

where ρ = gcd({pλi : 1 ≤ i ≤ r + 1}). The remainder of the argument is
similar to the one used in the proof of Proposition 9.3.2. First remark that there
exist integers A1, A2, . . . , Ar+1 such that ρ =∑r+1

i=1 Ai pλi . As
∑r

i=1 ti −si ≡
δ mod ρ, there exist integers B1, B2, . . . , Br+1 such that

r∑
i=1

(ti − si )−
r+1∑
i=1

Bi pλi = δ. (9.29)
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Because ϑλi (si ) = ϑλi+1(ti ), f si (yλi ) and f ti (yλi+1) are comparable by
Lemma 9.2.3(iii). From this we deduce that f si (yλi ) ≤ f ti (yλi+1), since
λi < λi+1. This implies that

yλi ≤ f ti −si −Bi pλi (yλi+1) for 1 ≤ i ≤ r, (9.30)

because yλi has period pλi under f . Applying (9.30) iteratively gives

yλ1 ≤ f ν(yλr+1), where ν =
r∑

i=1

(ti − si )−
r∑

i=1

Bi pλi . (9.31)

Put μ = Br+1 pλr+1 and remark that f μ(yλr+1) = yλr+1 . Therefore

yλ1 ≤ f ν+μ(yλr+1) = f δ(yλr+1) (9.32)

by (9.29). Now we can use Definition 9.2.8(i) and the fact that f is order-
preserving to deduce that

f q−δ(yλ1) ≤ f q(yλr+1) ≤ f q(ξ).

Furthermore, it follows from (9.28) that f q−δ(yλ1)a > 0, as a = ϑλ1(q −δ) =
aλ1,q−δ ∈ IV ( f q−δ(yλ1)). This proves the claim in the second case.

Using this proposition it is now easy to show the other inclusion.

Proposition 9.5.8 For each n ∈ N, R(n) ⊆ Q′(2n).

Proof Let p ∈ R(n). By Lemma 9.5.1 there exists a map f ∈ F3(2n) which
has a periodic point ξ with period p and O(ξ) ⊆ E

2n . Let V be the lower
semi-lattice generated by the orbit of ξ and let g be the restriction of f to V .
It follows from Proposition 9.1.3 that g is a lower semi-lattice homomorphism
that maps V onto itself. Moreover V is contained in E

2n , as E2n is a lower
semi-lattice. Thus it follows from Proposition 9.5.7 that p ∈ Q′(2n).

A combination of Propositions 9.5.6 and 9.5.8 yields R(n) = Q′(2n) for all
n ∈ N, which proves Theorem 9.5.5. The additional constraint on the admis-
sible arrays complicates the computation of R(n). For small n, however, it is
still feasible to determine R(n). For 1 ≤ n ≤ 10 a list of the elements of R(n)
is given in Table 9.2. The interested reader is referred to [122] for details. We
conclude this section with an analysis of the asymptotics of the largest element
of R(n).

Theorem 9.5.9 If ψ(n) = max{p : p ∈ R(n)} for n ∈ N, then

lim
n→∞

logψ(n)√
2n log n

= 1.
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Table 9.2 The elements of R(n) for 1 ≤ n ≤ 10.

n Elements of R(n)

1 1, 2
2 1, 2, 3, 4
3 1, 2, 3, 4, 5, 6
4 1, 2, 3, 4, 5, 6, 7, 8, 10, 12
5 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 20
6 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 20, 21, 24, 28, 30
7 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 18, 20, 21, 22, 24,

28, 30, 35, 36, 40, 42, 60
8 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 20, 21, 22,

24, 26, 28, 30, 33, 35, 36, 40, 42, 44, 45, 48, 56, 60, 70, 84
9 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 20, 21,

22, 24, 26, 28, 30, 33, 35, 36, 39, 40, 42, 44, 45, 48, 52, 55, 56,
60, 63, 66, 70, 72, 84, 90, 105, 120, 140

10 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22, 24, 26, 28, 30, 33, 34, 35, 36, 39, 40, 42, 44, 45, 48, 52,
55, 56, 60, 63, 65, 66, 70, 72, 77, 78, 80, 84, 88, 90, 105, 110,
120, 126, 132, 140, 168, 180, 210

Proof Let g(n) = max{p : p ∈ L(n)} and let π(n) denote the number of
primes not exceeding n. We first prove the following inequality:

g(2n − π(2n)) ≤ ψ(n) for all n ∈ N. (9.33)

To derive this inequality it suffices to find for each q ∈ L(2n − π(2n)) a
restricted admissible array on 2n symbols with period q. Let

∏k
i=1 qαi

i be the
prime factorization of q . As q ∈ L(2n−π(2n)), there exists a permutationμ on
2n − π(2n) letters which has a disjoint cycle representation μ = μ1μ2 . . . μk ,
where the order of μi equals qαi

i for 1 ≤ i ≤ k. Moreover,
∑k

i=1 qαi
i ≤

2n − π(2n). Let Di denote the domain of μi for 1 ≤ i ≤ k; so, |Di | = qαi
i

and put D = ∪i Di . Since k ≤ π(2n), we know that
∑k

i=1(q
αi
i + 1) ≤ 2n.

So, we can rename the elements of D such that D ⊆ {1, 2, . . . , 2n} and the
sets Di satisfy |D•

i | ≤ |Di | + 1 and D•
i ∩ D•

j = ∅ for all i 	= j . Now let

ai be the smallest element of Di and let μ j
i (ai ) denote the j-th iterate of ai

under μi . We define an array ϑ = (ϑi : Z → {1, 2, . . . , 2n} | 1 ≤ i ≤ k) by
ϑi ( j) = μ

j
i (ai ) for all 1 ≤ i ≤ k and j ∈ Z. As D•

i ∩ D•
j = ∅ for all i 	= j , ϑ

is a restricted admissible array on 2n synbols with period q = ∏k
i=1 qαi

i , and
hence inequality (9.33) holds.
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If we write γ (n) = max{p : p ∈ Q(n)}, then we know that ψ(n) ≤ γ (2n)
for all n ∈ N, as R(n) ⊆ Q(2n). Thus,

log g(2n − π(2n))√
2n log n

≤ logψ(n)√
2n log n

≤ log γ (2n)√
2n log n

(9.34)

for all n ∈ N by (9.33). It follows from Theorem 9.4.6 that

lim
n→∞

log γ (n)√
n log n

= 1

and hence

lim
n→∞

log γ (2n)√
2n log n

= 1. (9.35)

On the other hand, Landau [118] proved that

lim
n→∞

log g(n)√
n log n

= 1,

so that we can use the prime number theorem, limn→∞(π(n) log n)/n = 1,
to deduce that

lim
n→∞

log g(2n − π(2n))√
2n log n

= 1. (9.36)

Combining equations (9.34), (9.35), and (9.36) yields

lim
n→∞

logψ(n)√
2n log n

= 1.



Appendix A

The Birkhoff–Hopf theorem

In Section 2.1 we briefly discussed a classical result by Birkhoff [25, 26] (see
page 31) concerning the contraction ratio of linear maps that leave a closed
cone invariant. A closely related theorem was proved by Hopf [90, 91], who
was apparently unaware of Birkhoff’s work. The Birkhoff–Hopf results have
stimulated various authors to generalize and sharpen the original theorems and
to elucidate their connections. A partial list of contributors includes Bauer [17],
Ostrowski [175, 176], and Bushell [43, 44, 46]. Related theorems have been
obtained by Krasnosel’skii, Pokornyi, Sobolev, and Zabreiko [109, 111, 230]
[110], who also seem to have been unaware of the work by Birkhoff and Hopf.

The purpose of this appendix is to discuss a generalization of the theorems
of Birkhoff, Hopf, Bauer, Ostrowski, Bushell, and others. We shall call the
cumulative result the Birkhoff–Hopf theorem. Our presentation roughly fol-
lows [61]. Although the focus of this book is on finite-dimensional cones, we
will work in infinite dimensions here, as there are no additional complications.
In fact, our approach will be to show that the general infinite-dimensional ver-
sion of the Birkhoff–Hopf theorem can be deduced from a special case where
the linear map leaves R

2+ invariant.

A.1 Preliminaries

Let us start by introducing some new definitions and generalizing several ear-
lier concepts to the context of infinite-dimensional spaces. All of this will be
rather straightforward. A subset K of a real vector space V is called a wedge
if K is convex and λK ⊆ K for all λ ≥ 0. A wedge is called a cone if, in
addition, K ∩ (−K ) = {0}. As before a cone induces a partial ordering ≤K on
V by x ≤K y if y − x ∈ K .
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Recall that a vector space V is called a topological vector space if V is
endowed with a topology in which every point is a closed set and the multi-
plication and addition operations are continuous. Such a topology is always
Hausdorff; see [190, chapter 1]. In the version of the Birkhoff–Hopf theorem
we shall present here, however, topology will play a limited role, and we shall
not need to assume that V is a topological vector space.

Let K be a cone in a real vector space V . For y ∈ K and x ∈ V we say that
y dominates x if there exist α, β ∈ R such that αy ≤ x ≤ βy. In that case we
define

M(x/y; K ) = inf{β ∈ R : x ≤ βy}
and

m(x/y; K ) = sup{α ∈ R : αy ≤ x}.
Moreover, we let

ω(x/y; K ) = M(x/y; K )− m(x/y; K ). (A.1)

As usual we shall drop K in the notation above when there is no danger of
confusion. Obviously M(x/y) ≥ m(x/y), so that ω(x/y) is nonnegative and
finite if y dominates x . If y = 0 and y dominates x , then x = 0 and we put
ω(0/0; K ) = 0. If y ∈ K \ {0} and x ∈ V is dominated by y, then it is easy to
verify that t y also dominates λx + μy for all λ,μ ∈ R and t > 0, and

ω((λx + μy)/t y) = |λ|
t
ω(x/y). (A.2)

Moreover, if x1, x2 ∈ V are dominated by y ∈ K \ {0}, then y also dominates
x1 + x2 and

ω((x1 + x2)/y) ≤ ω(x1/y)+ ω(x2/y). (A.3)

These observations yield the following lemma.

Lemma A.1.1 Let K be a cone in a real vector space V . If y ∈ K \ {0} and
Vy = {x ∈ V : y dominates x}, then Vy is a linear subspace of V . Moreover,
if we let py(x) = ω(x/y; K ) for x ∈ Vy, then py(·) is a semi-norm on Vy,
i.e., py(x + z) ≤ py(x)+ py(z) and py(λx) = |λ|py(x) for all x, z ∈ Vy and
λ ∈ R.

If S is a compact Hausdorff space and V is the space of continuous
real-valued functions on S, then V contains a natural cone K consisting of
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nonnegative functions x : S → R≥0. If y is a strictly positive, continuous
function, so y(s) > 0 for all s ∈ S, then y dominates each x in V . In that
case

ω(x/y) = max
s∈S

x(s)

y(s)
− min

s∈S

x(t)

y(t)
.

Because of this example, ω(x/y) is sometimes called the oscillation of x/y.
In particular, we see that if S = {1, . . . , n}, V = R

n , and K = R
n+, then

ω(x/y) = t(x/y)− b(x/y),

for all x ∈ R
n and y positive. (Here x/y denotes the vector with coordinates

xi/yi .)
As in finite-dimensional spaces we have an equivalence relation ∼K on K

by x ∼K y if x dominates y and vice versa. The equivalence classes are called
parts of K . Clearly {0} is a part of K , and if x ∼K y with y 	= 0, then there
exist α, β > 0 such that αy ≤ x ≤ βy. For x, y ∈ K , with x ∼K y and y 	= 0,
we let Hilbert’s metric be given by

dH (x, y) = log
M(x, y)

m(x/y)
.

For consistency we put dH (0, 0) = 0. It is straightforward to verify that the
assertions in Proposition 2.1.1 also hold when K is a cone in a real vector
space V .

Although we do not need to assume V to be a Hausdorff topological vector
space in the Birkhoff–Hopf theorem, point set topology will play a small part
in the proof. In particular, it is useful to recall the following basic fact; see [190,
chapter 1].

Lemma A.1.2 If E is a finite-dimensional real vector space, then there exists
a unique topology τ that turns E into a Hausdorff topological vector space. In
particular, all norms on E yield the same topology, and if dim(E) = n, then
each linear isomorphism of R

n into E is a homeomorphism.

If V is a real vector space and E ⊆ V is a finite-dimensional linear subspace,
we shall always assume that E is endowed with the natural Hausdorff topology
τ of Lemma A.1.2. Moreover, if K is a cone in V , then K ∩ E will denote the
closure of K ∩ E in E under the Hausdorff topology τ .

The following basic fact concerning convex sets will also be useful in our
subsequent work; see [58, p. 413].

Lemma A.1.3 Let C be a convex set in a topological Hausdorff vector
space V . If x ∈ int(C) and y ∈ C, then λx + (1 − λ)y ∈ int(C) for all
0 < λ ≤ 1.
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A.2 Almost Archimedean cones

To clarify some pathological cases in the proof of the Birkhoff–Hopf theorem,
it is useful to introduce the notion of an almost Archimedean cone, due to
Bonsall [29].

Definition A.2.1 A cone K in a real vector space V is called almost
Archimedean if for each z ∈ V we have that z = 0 whenever there exists
y ∈ V such that −εy ≤K z ≤K εy for all ε > 0.

Not all cones are almost Archimedean. For example, the cone Klex = {x ∈
R

2 : x1 > 0, or x1 = 0 and x2 ≥ 0}. The partial ordering ≤ correspond-
ing to Klex corresponds to the lexicographic ordering on R

2. Indeed, x ≤ y
if and only if x1 < y1, or x1 = y1 and x2 ≤ y2. Thus, z = (0, 1) and
y = (1, 0) satisfy −εy ≤ z ≤ εy for all ε > 0. The reason that Klex is
not almost Archimedean is that the closure of Klex is not a cone, but a wedge;
see Figure A.1.

In fact, the following proposition holds; cf. [93].

Proposition A.2.2 If K is a cone in a real vector space V , then K is almost
Archimedean if and only if for each linear subspace E ⊆ V , with dim(E) ≤ 2,
we have that E ∩ K is a cone.

Proof Let K be an almost Archimedean cone in V and let E ⊆ V be a linear
subspace with dim(E) ≤ 2. It is clear that E ∩ K is a wedge. To prove that
E ∩ K is a cone it remains to show that if z ∈ E ∩ K and −z ∈ E ∩ K , then
z = 0. If there exist no u, v ∈ E ∩K such that u and v are linearly independent,
then E ∩ K = {λw : λ ≥ 0} for some w ∈ E ∩ K . In that case E ∩ K is a
cone, so z = 0. On the other hand, if there exist u, v ∈ E ∩ K such that u and v
are linearly independent, then the linear isomorphism (a, b) �→ au + bv from
R

2 to E is a homeomorphism by Lemma A.1.2. As au + bv ∈ E ∩ K for all
a, b ≥ 0, we deduce that w = a0u + b0v ∈ int(E ∩ K ) for a0, b0 > 0. (Here
int(E ∩ K ) is relative to E .) Lemma A.1.3 implies that ±z + εw ∈ int(E ∩ K )
for all ε > 0. Thus, −εw ≤ z ≤ εw for all ε > 0, which implies that z = 0.

�

�

Figure A.1 Lexicographic cone.
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To prove the opposite implication let y, z ∈ V and suppose that −εy ≤ z ≤
εy for all ε > 0. Let E denote the linear subspace spanned by y and z. Note
that z + εy ∈ E ∩ K and −z + εy ∈ E ∩ K for all ε > 0. Clearly z + εy → z
and −z + εy → −z as ε → 0+, in the Hausdorff vector space topology on E .
It follows that z and −z are in E ∩ K , which implies that z = 0.

For x, y ∈ V , we write V (x, y) to denote the linear span of x and y in V ,
and let K (x, y) = K ∩ V (x, y), where K is a cone in V . A key property of
almost Archimedean cones is the following.

Lemma A.2.3 If K is an almost Archimedean cone in a real vector space V
and x, y ∈ K are such that x ∼K y and dH (x, y) = 0, then x = βy for some
β ≥ 0.

Proof Let E = V (x, y) and β = M(x/y). Note that β ≥ 0, as x, y ∈ K . If
dH (x, y) = 0, then either x = y = 0 or β = m(x/y). In the first case we are
done. The second case implies that βy − x ∈ E ∩ K and x − βy ∈ E ∩ K . As
K is almost Archimedean, E ∩ K is a cone by Proposition A.2.2, and hence
βy − x = x − βy = 0, which shows that x = βy.

A.3 Projective diameter

To formulate the Birkhoff–Hopf theorem we need to introduce the projective
diameter of a linear map L : V → W that maps a cone K into a cone K ′. The
basic idea is to measure the diameter of its range L(K ) ⊆ K ′ under Hilbert’s
metric. There are several natural ways to do this. The first one is the following.

Definition A.3.1 Let K be a cone in a real vector space V and suppose that
A ⊆ K . If A \ {0} is contained in a part of K , we define

diam1(A; K ) = sup{dH (x, y) : x, y ∈ A \ {0}}.
Otherwise, we put diam1(A; K ) = ∞.

The second definition involves the convex hull of a set A in V , which will
be denoted by co(A).

Definition A.3.2 If K is a cone in a real vector space V and A ⊆ K , we define

diam2(A; K ) = sup{dH (x, y) : x, y ∈ co(A) and x ∼K y}.
The two definitions are in general not equivalent. Indeed, if we consider

Klex, then (0, 1) and (1, 0) are in different parts of the cone Klex, so that
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diam1(Klex; Klex) = ∞. On the other hand, if x, y ∈ Klex and x ∼Klex y,
then dH (x, y) = 0, so that diam2(Klex; Klex) = 0.

Although Definition A.3.2 may seem more contrived, it appears to be the
most suitable one for our purposes. We define the projective diameter of a
linear map L : V → W , where L(K ) ⊆ K ′, by

�(L; K , K ′) = diam2(L(K ); K ′). (A.4)

It follows that �(L; K , K ′) = sup{dH (Lx, Ly) : x, y ∈ K with Lx ∼K Ly}.
For the analysis it is convenient to establish the equivalence between the two
definitions if K is almost Archimedean. To prove this equivalence we first
consider a special case.

Lemma A.3.3 If K is an almost Archimedean cone in a real vector space
V and A ⊆ K is convex, then diam1(A; K ) = diam2(A; K ). If, in addition,
diam2(A; K ) < ∞, then A \ {0} is contained in a part of K .

Proof Let us suppose for the moment that the second assertion is true. If
diam1(A; K ) < ∞, then u ∼K v for all u, v ∈ A \ {0}, so that diam1(A; K ) =
diam2(A; K ). If diam2(A; K ) = ∞ and u ∼K v for all u, v ∈ A \ {0}, then
again diam1(A; K ) = diam2(A; K ). If diam2(A; K ) = ∞ and there exist
u, v ∈ A \ {0} with u 	∼K v, we get that diam1(A; K ) = ∞ by definition, and
hence diam1(A; K ) = diam2(A; K ). Therefore it suffices to prove the second
assertion.

For the sake of contradiction assume that diam2(A; K ) < ∞ and there exist
u, v ∈ A \ {0} with u 	∼K v. This means that either there exists no α > 0 such
that v ≤ αu, or there exists no β > 0 such that u ≤ βv. By symmetry we may
assume that there exists no β > 0 such that

u ≤ βv. (A.5)

For 0 < ε < 1, we let uε = u + εv and vε = v + εu. We have that

vε = v + εu ≤ ε−1(u + εv) = ε−1uε

and

uε = u + εv ≤ ε−1(v + εu) = ε−1vε.

It follows that M(vε/uε) ≤ ε−1 and M(uε/vε) ≤ ε−1, so that m(vε/uε) ≥ ε.
If M(uε/vε) < γ < ε−1, then we find that

(1 − εγ )u ≤ (γ − ε)v,

which contradicts (A.5). Thus, we may assume that

M(uε/vε) = m(vε/uε)
−1 = ε−1.
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Let us now distinguish two cases: (1) there exists no α > 0 such that v ≤ αu,
and (2) there exists β > 0 such that v ≤ βu. In the first case the same argument
as above shows that M(vε/uε) = ε−1. As A is convex, (1 + ε)−1uε ∈ A and
(1 + ε)−1vε ∈ A, so that

diam2(A; K ) ≥ dH ((1 + ε)−1uε, (1 + ε)−1vε) = dH (uε, vε) = log ε−2.

This contradicts the assumptions that diam2(A; K ) < ∞.
In the second case we know that M(v/u) = β for some 0 ≤ β < ∞. Let

E = V (u, v) and note that βv − u ∈ E ∩ K . Since K is almost Archimedean,
we get that β > 0. Note that M(vε/u) = β + ε, so that

dH ((1 + ε)−1vε, u) = dH (vε, u) = log
β + ε

ε
.

As β > 0, log((β+ε)/ε) → ∞ when ε → 0+, which violates diam2(A; K ) <
∞.

In the next lemma we prove a few more facts about diami (A; K ) for i =
1, 2. In particular, we show that

diam1(co(A); K ) = diam1(A; K ).

Combining this equation with Lemma A.3.3 shows that if K is an almost
Archimedean cone, and A ⊆ K , then

diam1(A; K ) = diam1(co(A); K ) = diam2(A; K ), (A.6)

and hence Definitions A.3.1 and A.3.2 are equivalent for almost Archimedean
cones.

Lemma A.3.4 Let K be a cone in a real vector space V and suppose that
A ⊆ K .

(i) If � = {t x : t ≥ 0 and x ∈ A}, then

diami (�; K ) = diami (A; K ) for i = 1, 2.

(ii) diam1(co(A); K ) = diam1(A; K ).
(iii) If V is a Hausdorff topological vector space and K is closed, then

diami (cl(A); K ) = diami (A; K ) for i = 1, 2.

Proof To prove (i) we first note that if A \ {0} is not contained in a single
part of K , then diam1(A; K ) = diam1(�; K ) = ∞. On the other hand,
if A is contained in a part of K , then u ∼K v for all u, v ∈ � \ {0}.
As dH (αx, βy) = dH (x, y) for all α, β > 0 and x, y ∈ A, we get that
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diam1(A; K ) = diam1(�; K ). To show that diam2(�; K ) = diam2(A; K ),
it suffices to prove that

diam2(co(�); K ) ≤ diam2(co(A); K ).

For x ∈ co(�) \ {0} we have that

x =
m∑

k=1

ak xk,

where ak > 0 and xk ∈ A \ {0} for 1 ≤ k ≤ m < ∞. Suppose that y ∈
co(�) \ {0} and x ∼K y. So, y = ∑n

k=1 bk yk , where bk > 0 and yk ∈ A \ {0}
for 1 ≤ k ≤ n < ∞. Put a = ∑

k ak and b = ∑
k bk . Remark that if we let

ξ = x/a and η = y/b, then ξ, η ∈ co(A) \ {0} and dH (x, y) = dH (ξ, η).
Thus, diam2(co(�); K ) ≤ diam2(co(A); K ).

To prove the second assertion we first remark that the equality holds if
diam1(A; K ) = ∞. So, assume that diam1(A; K ) < ∞. Then A is contained
in a part of K . If A = {0}, we are done. Suppose that A 	= {0}. Clearly
diam1(co(A); K ) ≤ diam1(co(A ∪ {0}); K ). It therefore suffices to prove that

diam1(co(A ∪ {0}); K ) ≤ diam1(A; K ).

Let R > diam1(A; K ). For u ∈ co(A ∪ {0}) and u 	= 0 we have that

u = s
m∑

k=1

λkuk,

where 0 < s < 1, λk > 0, and uk ∈ A for 1 ≤ k ≤ m, and
∑

k λk = 1. If
v ∈ A, then there exist αk, βk > 0 such that

αkv ≤ uk ≤ βkv

and log(βk/αk) < R for all k. These inequalities imply for 0 < s < 1 that

s
(∑

k

λkαk

)
v ≤ u ≤ s

(∑
k

λkβk

)
v,

which yields

dH (u, v) ≤ log
(∑

k λkβk∑
k λkαk

)
< log

(∑
k λkαkeR∑

k λkαk

)
= R.

Now suppose that u, v ∈ co(A ∪ {0}) \ {0}, so v = t
∑n

k=1 γkvk , where 0 <
t < 1, γk > 0, and vk ∈ A for 1 ≤ k ≤ n, and

∑
k γk = 1. We have already

shown that dH (u, vk) < R, so there exist δk, ρk > 0 such that

δku ≤ vk ≤ ρku
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and log δk/ρk < R for all k. The same argument shows that

t
(∑

k

δkγk

)
u ≤ v ≤ t

(∑
k

ρkγk

)
u ≤ teR

(∑
k

δkγk

)
u.

This implies that dH (u, v) ≤ R. As R was arbitrary, we get that dH (u, v) ≤
diam1(A; K ), and hence

diam1(co(A ∪ {0}); K ) ≤ diam1(A; K ).

Using Lemma A.3.3 and statement (ii) of this lemma, we have now proved that
if K is almost Archimedean, Equation (A.6) is satisfied.

Now suppose that K is a closed cone in a Hausdorff topological vector space
V . Clearly K is almost Archimedean; so, Equation (A.6) implies that

diam1(A; K ) = diam2(A; K ).

It is easy to show that cl(co(A)) ⊇ co(cl(A)) and hence it suffices to prove
that

diam2(cl(A); K ) ≤ diam2(A; K )

when A ⊆ K is convex. The inequality is trivial if diam2(A; K ) = ∞, so we
may assume that diam2(A; K ) < ∞. Lemma A.3.3 implies that A is contained
in a part of K . If A = {0}, then the inequality is trivial. So suppose that A 	= {0}.
Let u, v ∈ cl(A) be such that u ∼K v. Write b = M(v/u) and a = m(v/u).
Let a′ > a and b′ < b. By definition we have that b′u − v and v − a′u are not
in K . As K is closed, there exist neighborhoods U1 of u and V1 of v such that
0 	∈ U1 ∪ V1, and b′u1 − v1 and v1 − a′u1 are not in K for all u1 ∈ U1 and
v1 ∈ V1. As u, v ∈ cl(A), there exist u∗ ∈ U1 ∩ A and v∗ ∈ V1 ∩ A. Remark
that u∗ ∼K v∗, and that b′u∗ − v∗ and v∗ − a′u∗ are not in K . This implies
that M(v∗/u∗) ≥ b′ and m(v∗/u∗) ≤ a′, so that dH (u∗, v∗) ≥ log(b′/a′). If
we let b′ → b and a′ → a, we see that diam2(A; K ) ≥ dH (u, v) for u ∼K v

arbitrary in cl(A), which completes the proof.

A.4 The Birkhoff–Hopf theorem: reduction
to two dimensions

Let V and W be real vector spaces and let K ⊆ V and K ′ ⊆ W be cones.
Suppose that L : V → W is a linear map such that L(K ) ⊆ K ′. The Hopf
oscillation ratio of L is defined by

N (L; K , K ′) = inf{μ ≥ 0 : ω(Lx/Ly) ≤ μω(x/y) for all x ∼K y in K }.
(A.7)
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Furthermore, we define the Birkhoff contraction ratio of L by

k(L; K , K ′) = inf{λ ≥ 0 : dH (Lx, Ly) ≤ λdH (x, y) for all x ∼K y in K }.
(A.8)

If K and K ′ are clear from the context we simply write N (L) and k(L). Of
course, if x, y ∈ K \ {0} and x ∼K y, then as in Proposition 2.1.3 we have that

M(Lx/Ly) ≤ M(x/y) and m(x/y) ≤ m(Lx/Ly).

Thus, ω(Lx/Ly) ≤ ω(x/y) for all x ∼K y, so that N (L; K , K ′) ≤ 1. In the
same way we find that k(L; K , K ′) ≤ 1.

We note that if L is one-to-one and L(K ) = K , then the same argument
applies to L−1 and we get that

M(Lx/Ly) = M(x/y) and m(Lx/Ly) = m(x/y) (A.9)

for all x ∼K y in K . In that case we also have that

ω(Lx/Ly) = ω(x/y) (A.10)

and

dH (Lx, Ly) = dH (x, y) (A.11)

for all x ∼K y in K . After these preliminary observations we now state the
Birkhoff–Hopf theorem.

Theorem A.4.1 (Birkhoff–Hopf) Let K be a cone in a real vector space V
and let K ′ be a cone in real vector space W . If L : V → W is a linear map
with L(K ) ⊆ K ′ and �(L) is defined by (A.4), then

N (L) = k(L) = tanh(
1

4
�(L)). (A.12)

Of course tanh(y) = (ey − e−y)/(ey + e−y), and we put tanh(∞) = 1, so
that �(L) = ∞ in Equation (A.12) gives N (L) = k(L) = 1.

Birkhoff [25] basically established

k(L) = tanh(
1

4
�(L))

in case V = W is a Banach space, K = K ′ is a closed cone, and L : V → V
is a bounded linear map with L(K ) ⊆ K . Independently Hopf [90, 91] proved
that

N (L; K , K ) ≤ tanh(
1

4
�(L; K , K )),

though he restricted himself to Banach spaces V of measurable functions, e.g.,
L∞, and the closed cone of measurable functions that are almost everywhere
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nonnegative. Moreover, Hopf never explicitly defined N (L) and never used
Hilbert’s metric. Hopf’s work was generalized by Bauer [17] and Ostrowksi
[175]. Bushell [44] proved that κ(L; K , K ) = N (L; K , K ), where K is a
closed cone in a Banach space.

Before we start discussing the proof of the Birkhoff–Hopf theorem, we point
out that (A.12) need not hold if K and K ′ are not almost Archimedean, and
we define �(L; K , K ′) by �(L; K , K ′) = diam1(L(K ); K ). Indeed, con-
sider V = W = R

n and let K = K ′ = Klex. If L is the identity, then it
is easy to verify that ω(x/y) = 0 and dH (x, y) = 0 for all x ∼Klex y in
Klex, so that N (L) = k(L) = 0. However, diam1(L(Klex); Klex) = ∞ and
diam2(L(Klex); Klex) = 0.

The quantity N (L; K , K ′) is defined in terms of x, y ∈ K with x ∼K y. In
practice it is convenient to weaken the restrictions on x and y in K .

Lemma A.4.2 The following equality holds:

N (L; K , K ′) = inf{μ ≥ 0 : ω(Lx/Ly; K ′) ≤ μω(x/y; K ) for all

y ∈ K \ {0} and x ∈ V such that y dominates x}. (A.13)

Proof Clearly N (L; K , K ′) does not exceed the right-hand side. To obtain the
opposite inequality we show that if x ∈ V is dominated by y ∈ K \ {0},
then there exists z ∈ K with y ∼K z such that ω(Lx/Ly) = ω(Lz/Ly) and
ω(x/y) = ω(z/y). By definition there exist a, b ∈ R such that ay ≤ x ≤ by.
Define z = x + (1 − a)y and note that y ≤ z = y + x − ay ≤ (1 + b − a)y.
Thus, y ∼K z and Equation (A.2) gives ω(z/y) = ω(x/y) and ω(Lz/Ly) =
ω(Lx/Ly).

The next lemma, while relatively straightforward, is a crucial step in the
proof of the Birkhoff–Hopf theorem, and shows that the general case can be
reduced to the two-dimensional case.

Lemma A.4.3 To prove the Birkhoff–Hopf theorem A.4.1 it suffices to prove
(A.12) when dim(K ) = dim(K ′) = 2, dim(V ) = dim(W ) = 2, and L : V →
W is one-to-one.

Proof Let us first eliminate some trivial cases. If dim(K ) ≤ 1 or dim(K ′) ≤ 1,
one can easily verify that N (L) = k(L) = �(L) = 0, so that (A.12) holds. If
dim(K ) = dim(K ′) = 2 and dim(V ) = dim(W ) = 2, but L is not one-to-one,
it follows that dim(L(K )) ≤ 1 and again N (L) = k(L) = �(L) = 0.

Now let us consider the general case, so K is a cone in a real vector space
V and K ′ is a cone in a real vector space W . Let x, y ∈ K and define C =
K ∩ V (x, y) and C ′ = K ′ ∩ W (Lx, Ly), where V (x, y) denotes the linear
span of x and y in V , and W (Lx, Ly) is the linear span of Lx and Ly in W .
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For u, v ∈ C we have that u ≤C v if and only if u ≤K v. Likewise Lu ≤C ′ Lv
if and only if Lu ≤K ′ Lv. Thus, if u, v ∈ C and u ∼K v, then

M(u/v; C) = M(u/v; K ) and m(u/v; C) = m(u/v; K ). (A.14)

Analogous equalities hold for Lu and Lv in C ′. Obviously, L(V (x, y)) ⊆
W (Lx, Ly) and L(C) ⊆ C ′. Define N (x, y) = N (L; C,C ′), k(x, y) =
k(L; C,C ′), and �(x, y) = �(L; C,C ′). Technically we should distinguish
L : V → W and the restriction of L to V (x, y), but no confusion should arise.
By assumption

N (x, y) = k(x, y) = tanh(
1

4
�(x, y)).

Equation (A.14) implies that

N (x, y) = inf{μ ≥ 0 : ω(Lu/Lv; K ′) ≤ μω(u/v; K ) for all u, v ∈ C

with u ∼K v},

k(x, y) = inf{λ ≥ 0 : dH (Lu, Lv; K ′) ≤ λdH (u, v; K ) for all u, v ∈ C

with u ∼K v},
and

�(x, y) = sup{dH (Lu, Lv) : u, v ∈ C and Lu ∼K ′ Lv}.
This implies that

sup{k(x, y) : x, y ∈ K } = sup{N (x, y) : x, y ∈ K }
= sup{tanh(

1

4
�(x, y)) : x, y ∈ K }

= tanh(sup{1

4
�(x, y) : x, y ∈ K }),

so that N (L) = k(L) = tanh( 1
4�(L)), and we are done.

The following theorem proves a special two-dimensional case which lies
at the heart of the proof of the Birkhoff–Hopf theorem. In fact, most of the
subsequent reasoning is aimed at deriving the general two-dimensional case
from this special case.

Theorem A.4.4 Let V = W = R
2 and K = K ′ = R

2+. If L : R
2 → R

2 is
such that L(R2+) ⊆ R

2+ and L is represented by the nonnegative matrix[
α 1
1 α

]
,
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where α > 1, then

N (L) = k(L) = tanh(
1

4
�(L)) = α − 1

α + 1
.

Proof We have that

N (L) = sup{ω(Lx/Ly)

ω(x/y)
: x ∼ y in R

2+ and ω(x/y) 	= 0}. (A.15)

As K = R
2+, we can restrict x and y in (A.15) to be in int(R2+). Moreover, as

ω(L(λx)/L(μy))

ω(λx/μy)
= ω(Lx/Ly)

ω(x/y)

for all λ,μ > 0, we may assume that x = (1, s) and y = (1, t), with s, t > 0
and s 	= t in (A.15).

A simple calculation shows that

N (L) = sup{
∣∣∣α + t

α + s
− 1 + αt

1 + αs

∣∣∣/∣∣∣1 − t

s

∣∣∣ : s, t > 0

and s 	= t} = sup{ϑ(s) : s > 0},
where

ϑ(s) = (α2 − 1)s

(α + s)(αs + 1)
.

It is an easy calculus exercise to show that

sup
s>0

ϑ(s) = ϑ(1) = (α − 1)/(α + 1).

A similar calculation yields the formula

k(L) = sup{log
(α + s)(1 + αt)

(α + t)(1 + αs)

/
log

t

s
: 0 < s < t}. (A.16)

Define f (t) = log
(
(1 + αt)/(α + t)

)
; so, (A.16) gives

k(L) = sup{ f (t)− f (s)

log t − log s
: 0 < s < t}.

Then the generalized mean value theorem implies that there exists s < τ < t
with

f (t)− f (s)

log t − log s
= f ′(τ )τ = (α2 − 1)τ

(α + τ)(1 + ατ)
= ϑ(τ).
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Since

lim
t→s

f (t)− f (s)

log t − log s
= ϑ(s),

we conclude that k(L) = sup{ϑ(s) : s > 0} = (α − 1)/(α + 1).
Finally we show that tanh( 1

4�(L)) = (α − 1)/(α + 1). Let e1 = (1, 0) and
e2 = (0, 1) be the standard basis vectors in R

2. As R
2+ is almost Archimedean,

diam1(A; R
2+) = diam2(A; R

2+). Therefore it follows from Lemma A.3.4 that

�(L) = diam1(co({Le1, Le2}); R
2+)

= diam1({Le1, Le2}; R
2+)

= dH (Le1, Le2)

= log(α2).

This implies that

tanh(
1

4
�(L)) = e�(L)/2 − 1

e�(L)/2 + 1
= α − 1

α + 1
.

A useful observation to show that the general two-dimensional case of the
Birkhoff–Hopf theorem can be reduced to Theorem A.4.4 is given in the
following lemma.

Lemma A.4.5 Let V and W be real vector spaces and K ⊆ V and K ′ ⊆ W be
cones. Suppose that L : V → W is a linear map such that L(K ) ⊆ K ′. Let V1

and W1 be real vector spaces and suppose that S : V1 → V and T : W → W1

are linear maps, which are one-to-one and onto. Denote K1 = S−1(K ) and
K ′

1 = T (K ′). If L1 : V1 → W1 is given by L1 = T ◦ L ◦ S, then we have that

N (L; K , K ′) = N (L1; K1, K ′
1),

k(L; K , K ′) = k(L1; K1, K ′
1),

and

�(L; K , K ′) = �(L1; K1, K ′
1).

Proof As S is one-to-one and onto, we know from (A.9) that M(Sx/Sy; K ) =
M(x/y; K1) and m(Sx/Sy; K ) = m(x/y; K1) for all x, y ∈ K1 with x ∼K1

y. Thus, ω(Sx/Sy; K ) = ω(x/y; K1) and dH (Sx, Sy; K ) = dH (x, y; K1)

for all x, y ∈ K1 with x ∼K1 y. Similarly ω(T x/T y; K ′
1) = ω(x/y; K ′) and

dH (T x, T y; K ′
1) = dH (x, y; K ′) for all x, y ∈ K ′ with x ∼K ′ y. From these

equalities the lemma follows.
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A.5 Two-dimensional cones

To show that the general two-dimensional case of the Birkhoff–Hopf theorem
can be reduced to Theorem A.4.4, we need to better understand the geometry of
two-dimensional cones. It turns out that there are essentially two types of two-
dimensional cones: those that are almost Archimedean and those that are not.
The following theorem gives a precise characterization. Although the results
are geometrically obvious, the proof seems to demand some care.

Theorem A.5.1 If K is a two-dimensional cone in a two-dimensional vector
space E, where E is equipped with the standard topology, then either

(i) cl(K ) is a cone, in which case there exist linearly independent vectors
u, v ∈ E such that

cl(K ) = {λu + μv : λ ≥ 0 and μ ≥ 0} (A.17)

and

int(K ) = {λu + μv : λ > 0 and μ > 0}, (A.18)

or
(ii) cl(K ) is not a cone, in which case there exist linearly independent vectors

u, v ∈ E such that

cl(K ) = {λu + μv : λ ∈ R and μ ≥ 0} (A.19)

and

int(K ) = {λu + μv : λ ∈ R and μ > 0}. (A.20)

Proof We begin by recalling the following basic fact, which is easily proved
with the aid of Lemma A.1.3: if A is a convex subset of a Hausdorff topological
vector space and int(A) 	= ∅, then int(cl(A)) = int(A). In particular, we have
that int(cl(K )) = int(K ).

As K is a two-dimensional cone, there exist linearly independent vectors
a, b ∈ K such that λa +μb ∈ K for all λ,μ ≥ 0. Note that {λa +μb : λ,μ >
0} is an open subset of K , so that λa + μb ∈ int(K ) for all λ,μ > 0. In
particular, a + b ∈ int(K ). If B ⊆ K denotes an open ball about a + b,
then −B is an open ball about −(a + b) in the complement of K . Therefore
−(a + b) 	∈ cl(K ). Define x = 2a + b ∈ int(K ) and y = −(a + b) 	∈ cl(K ).
Note that x and y are linearly independent. Let

τ = sup{t ∈ (0, 1) : t x + (1 − t)y 	∈ cl(K )}.
By definition of x and y, we know that 0 < τ < 1. As cl(K ) is convex,
t x + (1 − t)y 	∈ cl(K ) for all 0 ≤ t < τ and τ x + (1 − τ)y ∈ ∂K \ {0}.
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Figure A.2 cl(K ) is not a cone.
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Figure A.3 cl(K ) is a cone.

Put u = τ x + (1 − τ)y. If −u ∈ cl(K ), then cl(K ) is not a cone and we
are in the second case; see Figure A.2. We claim that −u ∈ ∂K in that case.
Indeed, otherwise −u ∈ int(cl(K )) = int(K ), in which case Lemma A.1.3
gives 0 = u/2 + (−u/2) ∈ int(K ), which is impossible. Thus, λu ∈ ∂K for
all λ ∈ R, and u is linearly independent of any v ∈ int(K ). Let v ∈ int(K ). By
construction,

cl(K ) ⊇ {λu + μv : λ ∈ R and μ ≥ 0}
and

int(K ) = int(cl(K )) ⊇ {λu + μv : λ ∈ R and μ > 0}.
To prove (A.19) and (A.20), we consider λu +ρv ∈ cl(K ). Suppose by way of
contradiction that ρ < 0. Then Lemma A.1.3 implies that λu = (λu + ρv) +
|ρ|v ∈ int(K ), which contradicts the fact that λu ∈ ∂K for all λ ∈ R.

Now suppose that −u 	∈ ∂K . Then we shall show that we are in the first
case; see Figure A.3.

Let σ = sup{s ∈ (0, 1) : sx +(1−s)(−u) 	∈ cl(K )}. As before we know that
0 < σ < 1. Put v = σ x + (1 − σ)(−u). Note that v ∈ ∂K and, as x and y are
linearly independent, v 	= 0. We claim that u and v are linearly independent.
Indeed, if u = λv for some λ ∈ R, then a simple calculation shows that(

λσ − λ(1 − σ)τ − τ
)
x + (− λ(1 − σ)(1 − τ)− (1 − τ)

)
y = 0.
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As x and y are linearly independent and σ < 1 and τ < 1, we deduce that
λ = −1/(1 − σ) and σ = 0, which contradicts the fact that σ > 0.

Since u and v are linearly independent and u, v ∈ ∂K \ {0}, we conclude
that

cl(K ) ⊇ {λu + μv : λ ≥ 0 and μ ≥ 0}
and

int(K ) = int(cl(K )) ⊇ {λu + μv : λ > 0 and μ > 0}.
If λu+μv ∈ cl(K ) for some λ < 0 andμ ∈ R, then |λ|u+(|μ|+1)v ∈ int(K ),
so that

(λu + μv)+ |λ|u + (|μ| + 1)v = (μ+ |μ| + 1)v ∈ int(K )

by Lemma A.1.3, which is impossible. Thus, λu + μv ∈ cl(K ) implies that
λ ≥ 0. In the same way it can be shown that μ ≥ 0, when λu + μv ∈ cl(K ),
and therefore

cl(K ) = {λu + μv : λ ≥ 0 and μ ≥ 0}.
Since u, v ∈ ∂K \ {0}, we also find that

int(K ) = {λu + μv : λ > 0 and μ > 0}.
It follows from (A.17) that cl(K ) is a cone.

Theorem A.5.1 has a number of consequences that are used in the proof of
the Birkhoff–Hopf theorem.

Corollary A.5.2 Let K be a two-dimensional cone in a two-dimensional
vector space E. Assume that cl(K ) is a cone and let u, v ∈ ∂K be such that

cl(K ) = {λu + μv : λ ≥ 0 and μ ≥ 0}.
If x, y ∈ K \ {0} and x ∼K y, then

M(x/y; cl(K )) = M(x/y; K ) and m(x/y; cl(K )) = m(x/y; K ).

Moreover, if x, y ∈ int(K ) and x = λ1u + μ1v and y = λ2u + μ2v, where
λ1, λ2, μ1, μ2 > 0, then

M(x/y; K ) = max{λ1/λ2, μ1/μ2} and m(x/y; K ) = min{λ1/λ2, μ1/μ2}.
In that case we also have that

ω(x/y; K ) = ω(x/y; cl(K )) = |λ1/λ2 − μ1/μ2|



272 The Birkhoff–Hopf theorem

and

dH (x, y; K ) = dH (x, y; cl(K )) =
∣∣∣ log

(λ1μ2

λ2μ1

)∣∣∣.
Proof If x, y ∈ K \ {0} and x ∼K y, then either x = λy for some λ > 0,
or x and y are in int(K ). In the latter case, the equalities can be easily derived
from (A.17) and (A.18). On the other hand, if x = λy, then M(x/y; cl(K )) =
M(x/y; K ) = λ and m(x/y; cl(K )) = m(x/y; K ) = λ.

Corollary A.5.3 Let K be a two-dimensional cone in a two-dimensional real
vector space E. If cl(K ) is not a cone, then for each x, y ∈ K with x ∼K y we
have that ω(x/y; K ) = 0 and dH (x, y) = 0.

Proof It follows from Theorem A.5.1 that if x ∼K y, then either x = y = 0,
or x, y ∈ K \ {0} and y = λx for some λ > 0, or x, y ∈ int(K ). The statement
is clear in the first two cases. So suppose that x, y ∈ int(K ). Then we can
write x = λ1u + μ1v and y = λ2u + μ2v, where u, v ∈ E are as in Theorem
A.5.1, λ1, λ2 ∈ R and μ1, μ2 > 0. It follows from (A.19) and (A.20) that
M(x/y; K ) = μ1/μ2 and m(x/y; K ) = μ1/μ2, so that ω(x, y; K ) = 0 and
dH (x, y) = 0.

We conclude this section with the following corollary.

Corollary A.5.4 Let V and W be two-dimensional real vector spaces and let
K ⊆ V and K ′ ⊆ W be almost Archimedean cones. If L : V → W is a linear
map such that L(K ) ⊆ K ′, then

N (L; K , K ′) = N (L; cl(K ), cl(K ′)),

k(L; K , K ′) = k(L; cl(K ), cl(K ′)),

and

�(L; K , K ′) = �(L; cl(K ), cl(K ′)).

Proof We may assume that dim(K ) = dim(K ′) = 2 and L is one-to-one,
otherwise the left- and right-hand sides are zero in the equations. As K is
almost Archimedean it follows from Theorem A.5.1 that there exist u, v ∈ ∂K
with cl(K ) = {λu + μv : λ ≥ 0 and μ ≥ 0} and int(K ) = {λu + μv : λ >
0 and μ > 0}. Similarly, there exist u′, v′ ∈ ∂K ′ such that cl(K ′) = {λu′ +
μv′ : λ ≥ 0 and μ ≥ 0} and int(K ′) = {λu′ + μv′ : λ > 0 and μ > 0}. We
shall only prove that k(L; K , K ′) = k(L; clK , cl(K ′)) and leave the proofs of
other quantities in the equations as an exercise to the reader.
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By definition

k(L; K , K ′) = inf{λ ≥ 0 : dH (Lx, Ly; K ′) ≤ λdH (x, y; K )

for all x ∼K y in K } (A.21)

and

k(L; cl(K ), cl(K ′)) = inf{λ ≥ 0 : dH (Lx, Ly; cl(K ′)) ≤ λdH (x, y; cl(K ))

for all x ∼cl(K ) y in cl(K )}.
(A.22)

If x, y ∈ int(K ) = int(cl(K )), then x ∼K y and x ∼cl(K ) y. Since L is one-to-
one, Lx and Ly are in int(K ′) = int(cl(K ′)). It follows from Corollary A.5.2
that

dH (x, y; K ) = dH (x, y; cl(K ))

and dH (Lx, Ly; K ′) = dH (Lx, Ly; cl(K ′)). (A.23)

If x ∼K y and x 	∈ int(K ), then x ∼cl(K ) y, and either x = y = 0 or
x = αy = λu for some α, λ > 0, or x = αy = μv for some α,μ > 0. In
either case dH (x, y; K ) = dH (x, y; cl(K )) = 0, so that dH (Lx, Ly; K ′) =
dH (Lx, Ly; cl(K ′)) = 0. This implies that

k(L; K , K ′) = inf{λ ≥ 0 : dH (Lx, Ly; K ′) ≤ λdH (x, y; K )

for all x, y ∈ int(K )} (A.24)

and

k(L; cl(K ), cl(K ′)) = inf{λ ≥ 0 : dH (Lx, Ly; cl(K ′)) ≤ λdH (x, y; cl(K ))

for all x, y ∈ int(K )}.
(A.25)

It thus follows from (A.23) that k(L; K , K ′) = k(L; cl(K ), cl(K ′)).

A.6 Completion of the proof of the Birkhoff–Hopf theorem

Before we prove the Birkhoff–Hopf theorem we show that the case�(L) = ∞
can be obtained via a limiting argument from the case where �(L) < ∞.

Lemma A.6.1 Suppose that the Birkhoff–Hopf Theorem A.4.1 is true when-
ever �(L) < ∞. Then it is also true if �(L) = ∞.

Proof If �(L) = ∞, it follows from the definition that for every R > 0
there exist x, y ∈ K \ {0} with Lx ∼K ′ Ly and dH (Lx, Ly; K ′) > R. We may
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assume that x ∼K y, otherwise we replace x by x+εy and y by y+εx for some
small ε > 0. As dH (Lx, Ly; K ′) > R > 0, x and y are linearly independent.
Consider V (x, y) ⊆ V and W (Lx, Ly) ⊆ W . Let K (x, y) = K ∩ V (x, y) and
K ′(Lx, Ly) = K ′ ∩ W (Lx, Ly). Write L ′ : V (x, y) → W (Lx, Ly) to denote
the restriction of L to V (x, y). Define a cone C ⊆ V (x, y) by

C = {λx + μy : λ ≥ 0 and μ ≥ 0} ⊆ K (x, y).

Note that L ′(C) ⊆ K ′(Lx, Ly). For convenience we write C ′ = K ′(Lx, Ly).
Recall that for u, v ∈ C ′ we have that u ∼C ′ v if and only if u ∼K ′ v. In that

case dH (u, v; C ′) = dH (u, v; K ′). As Lx ∼K ′ Ly, we have that Lx ∼C ′ Ly.
Moreover,

L(C \ {0}) = {λLx + μLy : λ ≥ 0, μ ≥ 0 and λ+ μ > 0}
= {sz : s > 0 and z ∈ co({Lx, Ly})}.

Thus, L(C \ {0}) is contained in a part of C ′ and L(C \ {0}) 	= {0}. It follows
from Definitions A.3.1 and A.3.2 and Lemma A.3.4 that

�(L; C; C ′) = diam2(L
′(C); C ′)

= diam1(L
′(C); C ′)

= diam1({Lx, Ly}; C ′)
= dH (Lx, Ly; K ′) > R.

As �(L ′; C,C ′) < ∞, we can apply (A.12) and find u, v ∈ C , with u ∼C v

and dH (u, v; C) > 0, such that

dH (Lu, Lv; C ′)
dH (u, v; C)

> tanh
( R

4

)
.

Since C ⊆ K (x, y), we have that

dH (u, v; C) ≥ dH (u, v; K (x, y)) = dH (u, v; K )

for all u, v ∈ C with u ∼C v. We already know that dH (Lu, Lv; C ′) =
dH (Lu, Lv; K ′), so that

dH (Lu, Lv; K ′)
dH (u, v; K )

> tanh
( R

4

)
.

Since R > 0 was arbitrary, we conclude that k(L; K , K ′) = 1.
Note that (A.12) also implies that there exist u′, v′ ∈ C with ω(u′/v′; C)> 0

and
ω(Lu′/Lv′; C ′)
ω(u′/v′; C)

> tanh
( R

4

)
.
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Sinceω(u′/v′; C) ≥ ω(u′/v′; K (x, y)) = ω(u′/v′; K ) andω(Lu′/Lv′; C ′) =
ω(Lu′/Lv′; K ′), we find that

ω(Lu′/Lv′; K ′)
ω(u′/v′; K )

> tanh
( R

4

)
,

so that N (L; K , K ′) = 1.

Let us now prove the Birkhoff–Hopf Theorem.

Proof of Birkhoff–Hopf Theorem A.4.1 By Lemma A.4.3 we know that it suf-
fices to prove (A.12) when dim(V ) = dim(W ) = 2 and L is one-to-one. We
may also assume that �(L) < ∞ by Lemma A.6.1. We distinguish two cases:
(1) cl(K ) or cl(K ′) is not a cone, and (2) cl(K ) and cl(K ′) are both cones.

If we are in the first case, we claim that

N (L) = k(L) = tanh(
1

4
�(L)) = 0, (A.26)

which proves (A.12). To prove these equalities we first assume that cl(K ′)
is not a cone. If x, y ∈ K and Lx ∼K ′ Ly, then ω(Lx/Ly; K ′) = 0 and
dH (Lx, Ly) = 0 by Corollary A.5.3, so that (A.26) holds. Now suppose that
cl(K ′) is a cone, but cl(K ) is not. If x ∼K y, then it follows from Corollary
A.5.3 that dH (x, y) = 0 and ω(x/y; K ) = 0. This implies that dH (Lx, Ly) =
0 and ω(Lx/Ly; K ′) = 0, and hence N (L) = k(L) = 0. By Corollary A.5.2
we know that

dH (u, v; K ′) = dH (u, v; cl(K ′))

for all u ∼K ′ v in K ′. Therefore

�(L; K , K ′) = diam2(L(K ); K ′) = diam2(L(K ); cl(K ′)).

As L(int(K )) ⊆ L(K ) ⊆ cl(L(int(K ))), we get that

diam2(L(int(K )); cl(K ′)) ≤ diam2(L(K ); cl(K ′))
≤ diam2(cl(L(int(K ))); cl(K ′)).

(A.27)

By applying Lemma A.3.4(iii) we find that each inequality in (A.27) is an
equality. Therefore

diam2(L(int(K )); cl(K ′)) = diam2(L(K ); cl(K )′) = �(L; K , K ′). (A.28)

On the other hand, Corollary A.5.3 implies that dH (x, y; K ) = 0 for all x, y ∈
int(K ), so that dH (Lx, Ly; cl(K ′)) = dH (Lx, Ly; K ′) = 0 for all x, y ∈
int(K ). Thus, we find that �(L; K , K ′) = 0 by (A.28), which shows (A.26).
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Let us now consider the case where cl(K ) and cl(K ′) are cones. Then we
may assume that K and K ′ are closed by Corollary A.5.4. It follows from
Theorem A.5.1 that there exist u, v ∈ V linearly independent such that

K = {λu + μv : λ ≥ 0 and μ ≥ 0}.
Likewise there exist u′, v′ ∈ W linearly independent such that

K ′ = {λu′ + μv′ : λ ≥ 0 and μ ≥ 0}.
Define S : R

2 → V by S(λ, μ) = λu + μv, and define T : W → R
2 by

T (λu′ + μv′) = (λ, μ). Clearly S−1(K ) = R
2+ and T (K ′) = R

2+.
The Birkhoff–Hopf Theorem A.4.1 holds for L if it holds for the linear map

L1 : R
2 → R

2 given by L1 = T ◦ L ◦ S by Lemma A.4.5. Note that L1(R
2+) =

R
2+. If we identify R

2 with 2 × 1 column vectors, then L1 is represented with
respect to the standard basis vectors e1 = (1, 0) and e2 = (0, 1) by the matrix

A =
[

a b
c d

]
,

where L1(e1) = ae1 + ce2 and L1(e2) = be1 + de2. As L1(R
2+) = R

2+, we
have that a, b, c, d ≥ 0 and det(A) 	= 0, as L1 is one-to-one.

To finish the proof we further transform L1 so that Theorem A.4.4 can be
applied. Let D1 and D2 be diagonal matrices given by

D1 =
[

x1 0
0 x2

]
and D2 =

[
y1 0
0 y2

]
.

We claim that there exist x1, x2, y1, y2 > 0 such that

D1 AD2 =
[

β 1 − β

1 − β β

]
,

where 0 < β < 1 and β 	= 1/2. Indeed,

D1 AD2 =
[

ax1 y1 bx1 y2

cx2 y1 dx2 y2

]
.

For 0 < x1 < 1, let x2 = 1− x1, y1 = 1/(ax1 +cx2), and y2 = 1/(bx1 +dx2).
This ensures that D1 AD2 is a column stochastic matrix. Let us now show that
0 < x1 < 1 can be chosen such that D1 AD2 is row stochastic. The sum of the
entries of the first row of D1 AD2 is given by

σ(x1) = ax1

ax1 + c(1 − x1)
+ bx1

bx1 + d(1 − x1)
.

As limx1→0+ σ(x1) = 0 and limx1→1− σ(x1) = 2, there exists 0 < x1 < 1
such that σ(x1) = 1. In fact, x1 is unique. As D1 AD2 is a 2 × 2 column
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stochastic matrix, it follows that D1 AD2 is also row stochastic for that value
of x1. Hence

D1 AD2 =
[

β 1 − β

1 − β β

]
,

where 0 < β < 1. Moreover, β 	= 1/2, as D1 AD2 is one-to-one. If β < 1/2,
we let

P =
[

0 1
1 0

]

and, if β > 1/2, we let P be the 2 × 2 identity matrix. Thus,

P D1 AD2 =
[

γ 1 − γ

1 − γ γ

]
,

where 1/2 < γ < 1. Finally, let

D =
[

1/(1 − γ ) 0
0 1/(1 − γ )

]

and put L2 = P D1 AD2 D. Note that

L2 =
[
α 1
1 α

]
,

where α > 1. Moreover, L2(R
2+) = R

2+ and L2 is one-to-one. It now follows
from Theorem A.4.4 that (A.12) holds for L2. We conclude from Lemma A.4.5
that (A.12) also holds for L .

The Birkhoff–Hopf theorem has a simple explicit form when K = R
n+ and

K ′ = R
m+. If A = (ai j ) is an m × n matrix, then A(Rn+) ⊆ R

m+ if and only if
ai j ≥ 0 for all 1 ≤ i ≤ m and 1 ≤ j ≤ n. Moreover, for each x, y ∈ R

n+ we
have that x ∼Rn+ y is equivalent to

Ix = {i : xi > 0} = {i : yi > 0} = Iy .

In that case

dH (x, y) = log
(

max
i, j∈Ix

xi y j

x j yi

)
. (A.29)

These observations yield the following theorem.

Theorem A.6.2 Let A = (ai j ) be an m × n nonnegative matrix, and let
e1, . . . , en denote the standard basis vectors in R

n. If there exists J ⊆
{1, . . . , n} such that Aei ∼Rm+ Ae j for all i, j ∈ J and Aei = 0 for all i 	∈ J ,
then

�(A) = max
i, j∈J

dH (Aei , Ae j ) < ∞. (A.30)
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In particular, if A is positive, so J = {1, . . . , n}, then

�(A) = max
1≤i, j≤n

dH (Aei , Ae j ) = log
(

max
i, j p,q

api aq j

apj aqi

)
. (A.31)

Proof Equation (A.30) follows from Lemma A.3.4, since

A(Rn+) = {
∑
j∈J

λ j Ae j : λ j > 0 for all j ∈ J }.

The second equality is a consequence of (A.29).

Explicit formulas like those in Theorem A.6.2 can also be given when K and
K ′ are polyhedral cones by using the facet-defining functionals. Analogues of
Theorem A.6.2 for integral operators with positive kernels were obtained by
Hopf [90]; see also [62].

In the infinite-dimensional case it useful to note that we have proved slightly
more than is stated in Theorem A.4.1. To see this we need the notion of a
cone-linear map.

Definition A.6.3 If K is a cone in a real vector space V , K ′ is a cone in a real
vector space W , and f : K → K ′ is a map such that

f (αx + βy) = α f (x)+ β f (y)

for all x, y ∈ K and α, β ≥ 0, then f is said to be cone-linear.

It is known (see [32]) that if K is a closed cone in a Banach space X and K ′
is a closed cone in a Banach space Y , then a cone-linear map f : K → K ′ may
not have a continuous linear extension F : X → Y , even if X = cl(K − K ). As
continuity does not enter the statement of the Birkhoff–Hopf Theorem A.4.1,
we easily obtain the following extension.

Theorem A.6.4 If K is a cone in a real vector space V , K ′ is a cone in a real
vector space W , and f : K → K ′ is a cone-linear map, then

N ( f ) = k( f ) = tanh(
1

4
�( f )).

Proof By Theorem A.4.1 it suffices to note that f has a linear extension
F : V0 → W , where V0 = {u − v : u, v ∈ K } is a linear subspace of V .
Indeed, if x = u − v ∈ V0, then we can define F(x) = f (u) − f (v).
To see that F is well defined we remark that if x = u − v ∈ V0 and
x = u′ − v′ ∈ V0 for some u, u′, v, v′ ∈ K , then u + v′ = u′ + v, so that
f (u)+ f (v′) = f (u + v′) = f (u′ + v) = f (u′)+ f (v). This implies that F
is well defined. It is easy to verify that F is linear and F(K ) ⊆ K ′.
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A.7 Eigenvectors of cone-linear maps

As in finite-dimensional Perron–Frobenius theory one typically wishes to
prove the existence of a (unique) eigenvector v ∈ K \ {0} of a cone-linear
map f : K → K with f (v) = rv, where r = rK ( f ) is the cone spectral
radius; see [32, 62, 110, 111, 117, 138, 139, 155, 166, 167, 173, 193, 194, 196]. If
K is a closed cone in Banach space X , then for each x ∈ K , we define, as in
Section 5.3,

μ(x) = lim sup
k→∞

‖ f k(x)‖1/k
X ,

where f : K → K is a cone-linear map which is continuous at 0. The cone-
spectral radius of f is defined by

rK ( f ) = sup{μ(x) : x ∈ K }.
Alternatively, we can define ‖ f k‖K = sup{‖ f k(x)‖X : x ∈ K and ‖x‖X ≤ 1}
and consider the Bonsall cone spectral radius,

r̂K ( f ) = lim
k→∞ ‖ f k‖1/k

K = inf
k≥1

‖ f k‖1/k
K .

It is known [138] that r̂K ( f ) = rK ( f ) when f : K → K is a cone-linear map
that is continuous at 0.

To find conditions under which a cone-linear map f : K → K has a unique
eigenvector in K \{0} with eigenvalue equal to the cone spectral radius, we can
combine the Birkhoff–Hopf Theorem A.4.1 and Banach’s contraction Theo-
rem 3.2.1. Indeed, if K is a closed normal cone in a Banach space X and
x ∈ K , then the same argument as in Lemma 2.7.2 shows that (�x , dH ) is a
complete metric space, where �x = {y ∈ K : x ∼K y and ‖y‖ = 1}. Recall
that a cone K in a Banach space is normal if there exists δ ≥ 1 such that
‖x‖ ≤ δ‖y‖ for all x, y ∈ K with 0 ≤ x ≤ y. This idea leads to the following
theorem.

Theorem A.7.1 Let K be a closed normal cone in a Banach space X and let
f : K → K be a cone-linear map which is continuous at 0. If there exists an
integer p ≥ 1 such that�( f p) < ∞ and f p+1(K ) 	= {0}, then f has a unique
normalized eigenvector v ∈ K \ {0} such that f (v) = rK ( f )v. Moreover, if we
let c = tanh(�( f p)/4) < 1, then

dH ( f kp(x), v) ≤ ckdH (x, v)

for all x ∈ K \ {0}.
Proof As �( f p) < ∞, it follows from Lemma A.3.3 that f p(K ) \ {0} is
contained in a part of K . Since f p+1(K ) 	= {0}, there exists u ∈ f p(K ) such
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that f (u) 	= 0. Let Ku denote the part of K containing u. Note that u = f p(x)
for some x ∈ K \ {0}, so that f (u) = f ( f p(x)) = f p( f (x)) ∈ Ku . This
implies that f (Ku) ⊆ Ku .

Let �u = {x ∈ Ku : ‖x‖ = 1} and define g : �u → �u by

g(x) = f (x)

‖ f (x)‖ for x ∈ �u .

It is easy to see that gk(x) = f k(x)/‖ f k(x)‖ for all k ≥ 1. As f (Ku) ⊆ Ku ,
we have that gk(�u) ⊆ �u for all k ≥ 1. It follows from Theorem A.6.4 that

dH (g
p(x), g p(y)) = dH ( f p(x), f p(y)) ≤ cdH (x, y)

for all x, y ∈ �u , where c = tanh(�( f p)/4) < 1. As K is normal,
(�u, dH ) is a complete metric space, so that g p has a unique fixed point,
say v ∈ �u , by Banach’s contraction theorem (see Theorem 3.2.1). Note that
g(v) = g p(g(v)) ∈ �u is also a fixed point of g p and hence g(v) = v.

Let λ = ‖ f (v)‖ > 0 and remark that f (v) = λv. By Theorem A.6.4 we get
that

ckdH (x, v) ≥ dH ( f kp(x), f kp(v))

= dH ( f kp(x), λkpv)

= dH ( f kp(x), v).

It remains to show that λ = rK ( f ). Note that μ(v) = λ, so that λ ≤ rK ( f ).
Let x ∈ K be such that f p(x) 	= 0. Thus, f p(x) ∼K u. As v ∈ �u , u ∼K v,
so that f p(x) ∼K v. Hence there exist a, b > 0 such that

aλpv ≤K f p(x) ≤K bλpv.

Applying f m to these inequalities yields

aλp+mv ≤K f p+m(x) ≤K bλp+mv.

As K is normal, there exists δ ≥ 1 with ‖ f p+m(x)‖ ≤ δbλp+m . Therefore

μ(x) = lim sup
m→∞

‖ f p+m(x)‖1/(p+m) ≤ lim sup
m→∞

(δb)1/(p+m)λ = λ,

so that rK ( f ) ≤ λ, which completes the proof.

If all conditions of Theorem A.7.1 are satisfied except for the normality of
K , the original Kreı̆n–Rutman theorem and subsequent generalizations give
further conditions which ensure the existence of a normalized eigenvector v ∈
K of f with eigenvalue rK ( f ). Once v is known to exist, the arguments of
Theorem A.7.1 prove that v is unique and that the geometric-rate convergence
estimates given in Theorem A.7.1 remain valid.
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Even if �( f ) = ∞ in the Birkhoff–Hopf theorem, the Hilbert metric
can still provide useful information about f . In particular, it may happen
that dH ( f (x), f (y)) < dH (x, y) for all x, y ∈ K with dH (x, y) > 0. For
nonnegative matrices this leads to the notion of a “scrambling matrix.”

An m × n nonnegative matrix A = (ai j ) is said to be row-allowable if
A(int(Rn+)) ⊆ int(Rm+). Equivalently, A is row-allowable if each row of A
contains at least one positive entry. A row-allowable nonnegative matrix A =
(ai j ) is called scrambling if for each 1 ≤ i1 < i2 ≤ m there exists 1 ≤ j ≤ n
such that ai1 j ai2 j > 0. It is known (see, for example, [202, pp. 80–3]) that if
A is a row-allowable scrambling matrix, then

dH (Ax, Ay) < dH (x, y) (A.32)

for all x, y ∈ int(Rn+) with dH (x, y) > 0. For m = n, Equation (A.32) implies
that A has at most one normalized eigenvector in int(Rn+). It may, however,
happen that a row-allowable scrambling matrix has no eigenvector in int(Rn+).
For example, the matrix

A =
[

a b
0 c

]
,

where a, b, c > 0, has an eigenvector in int(Rn+) if and only if c > a.
More generally there exists the following result for cone-linear maps.

Theorem A.7.2 Let V and W be Hausdorff topological vector spaces and
K ⊆ V and K ′ ⊆ W be closed cones with non-empty interiors. Let f : K →
K ′ be a cone-linear map with f (K ) ⊆ K ′. If for all linearly independent
u, v ∈ ∂K , with (u + v)/2 ∈ int(K ), it is true that either f (u) ∈ int(K ′) or
f (v) ∈ int(K ′), then

dH ( f (x), f (y)) < dH (x, y)

for all x, y ∈ int(K ) with dH (x, y) > 0.

Proof Let x, y ∈ int(K ) with dH (x, y) > 0, so x and y are linearly inde-
pendent. As usual we write K (x, y) = K ∩ V (x, y) and K ′( f (x), f (y)) =
K ′ ∩ W ( f (x), f (y)). Thus, K (x, y) and K ′( f (x), f (y)) are closed cones
in the two-dimensional spaces V (x, y) and W ( f (x), f (y)), respectively. If
f (x) and f (y) are linearly dependent, then dH ( f (x), f (y)) = 0, and we are
done. So, suppose that f (x) and f (y) are linearly independent. Let L denote
the linear extension to V (x, y) of the restriction of f to K (x, y), and note
that L is a one-to-one linear map that maps V (x, y) onto W ( f (x), f (y)). As
x, y ∈ int(K ), we know that x and y are also in int(K (x, y)) in V (x, y).
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Figure A.4 K (x, y).

This implies that f (x) and f (y) lie in the interior of K ′( f (x), f (y)) in
W ( f (x), f (y)), as L is one-to-one.

By the Hahn–Banach separation theorem there exists a continuous linear
functional ϑ : V (x, y) → R such that ϑ(w) > 0 for all w ∈ K (x, y) \ {0}.
Similarly, there exists a continuous linear functional ψ : W ( f (x), f (y)) → R

such that ψ(z) > 0 for all z ∈ K ′( f (x), f (y)) \ {0}. By rescaling x and y
we may assume that ϑ(x) = ϑ(y) = 1. Let l be the straight line through x
and y. As K (x, y) is a closed cone, there exist u and v in l ∩ ∂K (x, y) as in
Figure A.4.

Clearly (u + v)/2 ∈ int(K (x, y)); so, either f (u) ∈ int(K ′) or f (v) ∈
int(K ′) by assumption. For definiteness we suppose that f (u) ∈ int(K ′). By
Theorem 2.1.2,

dH (x, y; K ) = log[u, x, y, v].
As L is one-to-one, we have that

[u, x, y, v] = [Lu, Lx, Ly, Lv].
Write u′ = Lu/ψ(Lu) and v′ = Lv/ψ(Lv), and let S : W ( f (x), f (y)) →
W ( f (x), f (y)) be defined by

S(a f (u)+ b f (v)) = au′ + bv′

for a, b ∈ R. Note that S is a one-to-one linear map that maps f (u), f (x),
and f (y) into the interior of K ′( f (x), f (y)) and S( f (v)) ∈ K ′( f (x), f (y)).
Since S is one-to-one, f (x) = Lx , f (y) = Ly, f (u) = Lu, and f (v) = Lv,
we have that

[u′, S(Lx), S(Ly), v′] = [Lu, Lx, Ly, Lv].
Now note that u′, S(Lx), S(Ly), and v′ lie on the line

l ′ = {z ∈ K ′( f (x), f (y)) : ψ(z) = 1}.
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Figure A.5 K ′( f (x), f (y)).

As u′ ∈ int(K ′), we know that there exist u′′ and v′′ in l ′ ∩ ∂K ′( f (x), f (y))
as in Figure A.5. (Obviously, u′′ 	= u′, but v′′ could be equal to v′.) As u′ ∈
int(K ′) we find that

[u′′, f (x), f (y), v′′] = [u′′, S(Lx), S(Ly), v′′]
< [u′, S(Lx), S(Ly), v′] = [u, x, y, v].

This implies that dH ( f (x), f (y)) < dH (x, y), and we are done.

The condition in Theorem A.7.2 can be shown to be optimal. We con-
clude the appendix by showing that row-allowable scrambling matrices are
contractions under Hilbert’s metric.

Corollary A.7.3 Let A = (ai j ) be an m × n nonnegative matrix. If A is
row-allowable and scrambling, then

dH (Ax, Ay) < dH (x, y)

for all x, y ∈ int(Rn+) with dH (x, y) > 0.

Proof We will use Theorem A.7.2. So, suppose that u and v are linearly
independent in ∂Rn+ and (u + v)/2 ∈ int(Rn+). We need to show that either
Au ∈ int(Rm+) or Av ∈ int(Rm+). Assume that Au ∈ ∂Rm+. Then there exists
1 ≤ i ≤ m such that

(Au)i =
n∑

j=1

ai j u j = 0. (A.33)

Let J = { j : u j = 0}. As (u + v)/2 ∈ int(Rn+), v j > 0 for all j ∈ J . It
follows from (A.33) that ai j = 0 for all j 	∈ J . Now for each 1 ≤ k ≤ m
there exists 1 ≤ jk ≤ n such that akjk ai jk > 0, since A is scrambling. So, each
jk ∈ J and akjkv jk > 0. Thus,

∑
j ak jv j > 0 for each 1 ≤ k ≤ m, so that

Av ∈ int(Rm+).



Appendix B

Classical Perron–Frobenius theory

In this appendix we provide proofs of most of the results from Sec-
tion 1.1 concerning classical linear Perron–Frobenius theory. We begin (see
Theorem B.1.1) by proving a generalization, valid for general cones, of Per-
ron’s theorem which is stated in Theorem 1.1.1. From this result we then
derive the finite-dimensional Kreı̆n–Rutman theorem (Theorem 1.1.6). We
also show that many of the results in the general version of Perron’s the-
orem remain valid for irreducible linear maps, and this yields Theorem
1.1.7. We subsequently give a complete proof of the third assertion in the
classical Perron–Frobenius Theorem 1.1.2, which depends on special prop-
erties of the cone R

n+ and is of a qualitatively different nature from the
other two assertions (see Proposition B.4.3). We next use this part of the
Perron–Frobenius theorem to prove Theorems 1.1.8 and 1.1.9 concerning
the peripheral spectrum and iterative behavior of linear maps on polyhedral
cones.

Our treatment here is concise and meant only as an introduction to the lin-
ear theory. The reader should consult the books by Bapat and Raghavan [15],
Berman and Plemmons [22], Minc [148], and Seneta [202], or the survey paper
by Tam [214], for a more thorough discussion of linear Perron–Frobenius
theory.

B.1 A general version of Perron’s theorem

It is well known that a linear map L : V → V on a real n-dimensional
vector space V can be identified with a real n × n matrix A by selecting
a basis v1, . . . , vn for V . More precisely, the basis induces a linear isomor-
phism, T : x1v1 + · · · + xnvn �→ (x1, . . . , xn), from V onto R

n , and T LT −1

corresponds to a real n × n matrix A. The spectrum, σ(L), of L is defined by
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σ(L) = {λ ∈ C : Ax = λx for some x ∈ C
n \ {0}},

i.e., the set of eigenvalues of L . From basic linear algebra we know that σ(L)
is independent of the choice of the basis of V . If λ ∈ R is an eigenvalue
of L , then there exists x ∈ V \ {0} such that L(v) = λv. Furthermore, if
λ = ρeiϑ ∈ C \ R is an eigenvalue of L , then there exist x, y ∈ V \ {0} and,
when suitably interpreted, x + iy is an eigenvector of L with eigenvalue ρeiϑ .
This implies that

L(x) = ρ cos(ϑ)x − ρ sin(ϑ)y and L(y) = ρ sin(ϑ)x + ρ cos(ϑ)y.
(B.1)

It is easy to verify that x and y in (B.1) are linearly independent over R. We
shall need this elementary fact later.

A linear map L : V → V which leaves a solid closed cone K in V invariant
is said to be primitive if there exists an integer m ≥ 1 such that

Lm(K \ {0}) ⊆ int(K ).

Note that an n ×n nonnegative matrix A = (ai j )maps R
n+ \{0} into int(Rn+) if

and only if ai j > 0 for all 1 ≤ i, j ≤ n. So, an n × n nonnegative matrix A is
primitive if and only if there exists an integer m ≥ 1 such that Am is positive.

In the following theorem, recall that if V is a finite-dimensional real vector
space and L : V → V is a linear map, then r(L), the spectral radius of L , sat-
isfies r(L) = sup{|z| : z ∈ σ(L)}. It is known that r(L) = limk→∞ ‖Lk‖1/k ,
where ‖Lk‖ = sup{‖Lk x‖ : x ∈ V with ‖x‖ ≤ 1} and ‖ · ‖ is a norm on the
vector space V .

Theorem B.1.1 Let K be a solid closed cone in a finite-dimensional real
normed space V with dim(V ) ≥ 1, and let L : V → V be a linear map
with L(K ) ⊆ K and spectral radius r(L). If L is primitive, then the following
assertions hold:

(i) r(L) > 0 and r(L) is an algebraically simple eigenvalue of L with an
eigenvector v ∈ int(K ) with ‖v‖ = 1.

(ii) For every x ∈ K \ {0} we have that

lim
k→∞

Lk(x)

‖Lk(x)‖ = v.

In particular, every eigenvector w ∈ K of L is a scalar multiple of v.
(iii) If λ ∈ σ(L) and λ 	= r(L), then |λ| < r(L).

Proof Recall that if x ∈ K and y ∈ int(K ), then x + y ∈ int(K ). Moreover, if
x, y ∈ K with y ≤ x and x 	∈ int(K ), then y 	∈ int(K ). Indeed, if y ∈ int(K ),
then x + y ∈ int(K ), and since we assume that x − y ∈ K , (x − y)+ (x + y) =
2x ∈ int(K ), contrary to our assumption.
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We claim that L(int(K )) ⊆ int(K ). To show this we assume, by way of
contradiction, that u ∈ int(K ) with L(u) ∈ ∂K . Since u ∈ int(K ), there exists
M > 0 such that L(u) ≤ Mu, so that L2(u) ≤ M L(u). Since L(u) 	∈ int(K ),
the previous remarks imply that L2(u) 	∈ int(K ). Continuing in this way, we
see that Lk(u) 	∈ int(K ) for all k ≥ 1, which is impossible, as Lm(K \ {0}) ⊆
int(K ). Let � = {x ∈ K : ‖x‖ = 1} and �◦ = {x ∈ int(K ) : ‖x‖ = 1}. The
assumptions imply that Lm(�) is a compact subset of int(K ). Select u ∈ �◦
and let dH be Hilbert’s metric on int(K ). As Lm(�) is compact, there exists
R > 0 such that

Lm(�) ⊆ BR(u), (B.2)

where BR(u) = {x ∈ int(K ) : dH (x, u) ≤ R}. In particular, it follows from
(B.2) that

sup{dH (L
m(x), Lm(y)) : x, y ∈ int(K )} ≤ 2R.

Now define f : int(K ) → int(K ) by

f (x) = L(x)

‖L(x)‖ for x ∈ int(K ).

Note that f j (x) = L j (x)/‖L j (x)‖ for all j ≥ 1, and define g(x) = f m(x) for
all x ∈ int(K ). It follows from the fact that g(�) ⊆ �◦ and from the Birkhoff–
Hopf Theorem A.4.1 that there exists a constant 0 ≤ c < 1 such that, for each
x, y ∈ �◦,

dH (g(x), g(y)) ≤ cdH (x, y).

Thus, it follows from Banach’s contraction Theorem 3.2.1 that g has a unique
fixed point v ∈ �◦ and gk(x) → v as k → ∞, for all x ∈ �◦. Furthermore,
since g( f (v)) = f (g(v)) = f (v), f (v) is also a fixed point of g. So, f (v) =
v, and we see that L(v) = ‖L(v)‖v. Because f m(x) ∈ �◦ for all x ∈ K \ {0},
we also find that

lim
k→∞

Lmk(x)

‖Lmk(x)‖ = v (B.3)

for all x ∈ K \ {0}. If we replace x in (B.3) by L j (x) for x ∈ K \ {0} and
0 ≤ j < m, and if we note that L j (x) is unequal to 0, we obtain from (B.3)
that limk→∞ Lkm+ j (x)/‖Lkm+ j (x)‖ = v. We deduce from this that

lim
k→∞

Lk(x)

‖Lk(x)‖ = v for all x ∈ K \ {0}.

Let r = ‖L(v)‖ > 0, so L(v) = rv and v ∈ int(K ). We now show that r is
equal to the spectral radius of L . To begin we note that there exists a constant
C > 0 such that
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−Cv ≤ x ≤ Cv for all x ∈ V with ‖x‖ ≤ 1.

It follows that

0 ≤ L j (x)+ Cr jv = L j (x + Cv) ≤ L j (2Cv) = 2Cr jv.

Dividing by r j we get that

0 ≤ r− j L j (x)+ Cv ≤ 2Cv for all x ∈ V with ‖x‖ ≤ 1. (B.4)

From Lemma 1.2.5 we know that every closed finite-dimensional cone is nor-
mal. So, we can use Equation (B.4) to find a constant C1 > 0 such that
r− j‖L j (x)‖ ≤ C1C , which shows that r is the spectral radius of L .

If L(w) = rw for some w ∈ V and w 	= λv for all λ ∈ R, then for ε > 0
sufficiently small ξ = v+εw ∈ int(K ), L(ξ) = rξ , and ξ is not a real multiple
of v. But then Lk(ξ)/‖Lk(ξ)‖ = ξ/‖ξ‖ 	= v, which contradicts (B.3), so we
conclude that v is the unique, up to scalar multiples, eigenvector of L with
eigenvalue r .

To show that r has algebraic multiplicity 1, we must prove that there does
not exist w ∈ V with (L − r I )(w) = v. If L(w) = rw + v, then a simple
induction argument shows that

Lk(w) = rkw + krk−1v for all k ≥ 1. (B.5)

Note that (B.4) implies that there exists a constant C2 > 0 such that

r−k‖Lk(w)‖ ≤ C2‖w‖.
So, if we divide both sides in (B.5) by rk , we get that

C2‖w‖ ≥ r−k‖Lk(w)‖ = ‖w + k(r−1v)‖ ≥ kr−1 − ‖w‖,
which is impossible for k large.

To complete the proof of the theorem, it remains to show that if λ ∈ σ(L)
and |λ| = r , then λ = r . By replacing L by r−1L we may as well assume
that r = 1. If L(x) = −x for some x ∈ V with ‖x‖ = 1, then an elementary
linear algebra argument shows that x and v are linearly independent. For ε > 0
sufficiently small, v + εx ∈ int(K ). So, Lk(v + εx) = v + (−1)kεx and x is
not a multiple of v, which contradicts Equation (B.3).

Now suppose that λ ∈ σ(L) with |λ| = 1 and λ ∈ C \ R. Then λ = eiϑ for
some 0 < ϑ < 2π and ϑ 	= π . In that case there exist linearly independent
vectors x, y ∈ V satisfying (B.1) with ρ = 1. We claim that {v, x, y} is a
linearly independent subset of V . The proof is an elementary exercise in linear
algebra, but we include it for completeness.
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Suppose by way of contradiction that there exist α, β, γ ∈ R, not all zero,
such that

αv + βx + γ y = 0. (B.6)

Applying L to both sides of (B.6) gives

αv + (β cos(ϑ)+ γ sin(ϑ))x + (γ cos(ϑ)− β sin(ϑ))y = 0. (B.7)

Subtracting (B.6) from (B.7), and using the fact that x and y are linearly
independent, we find that

(cos(ϑ)− 1)β + sin(ϑ)γ = 0 and (− sin(ϑ)β + (cos(ϑ)− 1)γ = 0.

Since (cos(ϑ) − 1)2 + sin2(ϑ) = 2(1 − cos(ϑ)) and 1 − cos(ϑ) > 0 when
sin(ϑ) 	= 0, we conclude that β = γ = 0. This implies that α = β = γ = 0,
which is a contradiction.

Now select δ > 0 such that {u ∈ V : ‖u − v‖ < δ} ⊆ int(K ). For x , y, and
ϑ as above, select ε > 0 such that ε

√‖x‖2 + ‖y‖2 < δ. Because

Lk(v + εx) = v + ε(cos(kϑ)x − sin(kϑ)y),

the Cauchy–Schwarz inequality implies that ‖Lk(v + εx) − v‖ < δ. For 0 ≤
ψ ≤ 2π , define

g(ψ) = v + ε(cos(ψ)x − sin(ψ)y),

so g(kϑ mod 2π) = Lk(v + εx). Since {v, x, y} is a linearly independent set
in V ,

g(ψ)

‖g(ψ)‖ 	= v.

The map ψ �→ g(ψ)
‖g(ψ)‖ − v is continuous, and hence there exists μ > 0 such

that ∥∥∥ g(ψ)

‖g(ψ)‖ − v

∥∥∥ ≥ μ

for all 0 ≤ ψ ≤ 2π . In particular, we find for each k ≥ 1 that

∥∥∥ Lk(v + εx)

‖Lk(v + εx)‖ − v

∥∥∥ ≥ μ,

which contradicts (B.3). We conclude that if λ ∈ σ(L) with λ 	= r , then
|λ| < r , which completes the proof.

Notice that Perron’s Theorem 1.1.1 is a special case of Theorem B.1.1 where
m = 1, V = R

n , K = R
n+, and L is an n × n matrix with all entries positive.
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B.2 The finite-dimensional Kreı̆n–Rutman theorem

Theorem B.1.1 has a number of important consequences. For example, one
can use it to prove a finite-dimensional version of the Kreı̆n–Rutman Theorem
1.1.6. To get started we need to make a few preliminary observations.

Let B be an n × n real matrix and suppose that (Bk)k is a sequence of real
n × n matrices with ‖Bk − B‖ → 0 as k → ∞. For k ≥ 1 let rk denote
the spectral radius of Bk , and let r denote the spectral radius of the matrix
B. Assume that the characteristic polynomial p(z) of B has distinct roots
ζ1, . . . , ζp ∈ C, where ζ j has algebraic multiplicity m j ; so,

∑p
j=1 m j = n.

Now if pk(z) denotes the characteristic polynomial of Bk , then we can use
Rouché’s theorem [191, p. 218] from complex analysis to show that for each
δ > 0 and 1 ≤ j ≤ p there exists an integer k(δ, j) ≥ 1 such that for each
k ≥ k(δ, j) the polynomial pk(z) has precisely m j roots z ∈ C, counting
multiplicity, satisfying |z − ζ j | ≤ δ. From this fact it is easy to deduce that

lim
k→∞ rk = r.

We also see that the corresponding result holds for sequences of bounded
linear maps (Bk)k on finite-dimensional normed spaces V with ‖Bk − B‖ → 0
as k → ∞. In infinite-dimensional Banach spaces, however, it may happen
that ‖Bk − B‖ → 0 but rk does not converge to r . S. Kakutani constructed an
interesting counterexample, which can be found in [185, pp. 282–3]).

Theorem B.2.1 (Kreı̆n–Rutman) Let K be a solid closed cone in a finite-
dimensional real normed space V with dim(V ) ≥ 1. If B : V → V is a linear
map with B(K ) ⊆ K and spectral radius r , then there exists v ∈ K with
B(v) = rv and ‖v‖ = 1.

Proof By Lemma 1.2.4 we know there exists ϕ ∈ K ∗ such that ϕ(x) > 0 for
all x ∈ K \ {0}. Let (εk)k be a sequence of positive reals with εk → 0 as
k → ∞, and fix u ∈ int(K ). For k ≥ 1 and x ∈ V , define

Bk(x) = B(x)+ εkϕ(x)u.

So, Bk is a primitive linear map, as Bk(K \ {0}) ⊆ int(K ).
Let rk denote the spectral radius of Bk for k ≥ 1. Theorem B.1.1 implies

that rk > 0 and there exists vk ∈ int(K ) with Bk(vk) = rkvk and ‖vk‖ = 1 for
all k ≥ 1. By the remarks preceding the theorem, we know that

lim
k→∞ rk = r,
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since ‖Bk − B‖ → 0 as k → ∞. By taking a subsequence we may assume
that vk → v, where v ∈ K and ‖v‖ = 1. It follows that

B(v) = lim
k→∞ B(vk) = lim

k→∞ Bk(vk) = rkvk = rv,

which completes the proof.

B.3 Irreducible linear maps

As we shall see in this section, much of Theorem B.1.1 remains true if L in
Theorem B.1.1 is only assumed to be irreducible in the sense of Definition
1.1.4. See also Proposition 1.1.5.

Theorem B.3.1 Let K be a solid closed cone in a finite-dimensional real
normed space V with dim(V ) ≥ 1. If L : V → V is a linear map with
L(K ) ⊆ K and spectral radius r(L), and L is irreducible, then the following
assertions hold:

(i) r(L) is an algebraically simple eigenvalue of L with an eigenvector v ∈
int(K ). Moreover, r(L) > 0 if L 	= 0.

(ii) Every eigenvector w ∈ K of L is a scalar multiple of v.

Proof First we remark that the assertions are trivial if dim(V ) = 1. So, assume
that dim(V ) ≥ 2. For simplicity write r = r(L). It follows from Proposition
1.1.5 that there exists λ > r such that (λI − L)−1(K \ {0}) ⊆ int(K ). Let
B = (λI − L)−1 and note that Theorem B.1.1 applies to B.

From Theorem B.2.1 we know that there exists v ∈ K , with ‖v‖ = 1, such
that L(v) = rv, and hence (λI − L)(v) = (λ− r)v. This implies that

(λ− r)−1v = (λI − L)−1(v) = B(v),

so we see that v ∈ int(K ). Because v ∈ int(K ), the same argument as in
the proof of Theorem B.1.1 implies that (λ − r)−1 is the spectral radius of
B. It also follows from Theorem B.1.1 that (λ − r)−1 > 0 and (λ − r)−1 is
an algebraically simple eigenvalue of B. Moreover, each eigenvector w ∈ K
of B must be a scalar multiple of v. We shall use these facts to derive the
corresponding results for L .

We first show that r > 0, for which it essential to assume that dim(V ) ≥ 2,
since in our definition the zero 1 × 1 matrix is irreducible. If r = 0, then
L(v) = 0, and since v ∈ int(K ), there exists δ > 0 such that v+ x ∈ K for all
x ∈ V with ‖x‖ < δ. It follows that if ‖x‖ < δ, then L(v + x) = L(x) ∈ K
and L(v − x) = −L(x) ∈ K , from which we deduce that L(x) = 0 for all
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x ∈ V . Thus, (λI − L)−1(x) = λ−1x for all x ∈ V . This contradicts the fact
that (λI − L)−1(K \ {0}) ⊆ int(K ), since K contains at least one proper face
if dim(K ) ≥ 2.

If L(w) = rw for some w ∈ V \ {0}, and w 	= μv for all μ ∈ R, then

(λ− r)−1w = (λI − L)−1(w) = B(w),

which is impossible, as each eigenvector of B with eigenvalue (λ − r)−1 is a
scalar multiple of v.

To prove that r is an algebraically simple eigenvalue, we need to show that
there does not exist u ∈ V with (L − r I )(u) = v. Arguing by contradiction,
assume that (L − r I )(u) = v. Using the fact that B(v) = (λ− r)−1v, a simple
calculation shows that

v = ((λ− r)I − B−1)(u) = (B − (λ− r)−1 I )((λ− r)2u),

which is impossible, as (λ− r)−1 is an algebraically simple eigenvalue of B.
Finally we show that each eigenvector w ∈ K of L is a scalar multiple of

v. Assume that L(w) = ρw for some w ∈ K \ {0} and ρ ≥ 0. This implies
that (L − λI )(w) = (ρ − λ)w, so that B(w) = (ρ − λ)−1w. Since the only
eigenvectors of B in K are scalar multiples of v, we conclude that w must be
a scalar multiple of v.

Notice that the first two statements in the Perron–Frobenius theorem as
stated in Theorem 1.1.2 are a direct consequence of Theorem B.3.1. In the
next section we prove the third statement in Theorem 1.1.2, concerning the
peripheral spectrum. This statement is of a qualitatively different nature and
depends, to a large extent, on special properties of R

n+.

B.4 The peripheral spectrum

We begin the analysis of the peripheral spectrum of an irreducible nonnegative
matrix with an observation that holds for general linear maps that leave a solid
closed cone invariant.

Lemma B.4.1 Let K be a solid closed cone in a finite-dimensional real
normed space V . If L : V → V is a linear map with L(K ) ⊆ K , and there
exist u ∈ K \ {0} and α > 0 such that

L(u)− αu ∈ K ,

then the spectral radius r(L) of L satisfies r(L) ≥ α. If, in addition, L is
irreducible and L(u)− αu 	= 0, then r(L) > α.
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Proof For simplicity write r = r(L). By assumption αu ≤ L(u), so that

αku ≤ Lk(u) for all k ≥ 1.

If α > r , we find that ( 1

α

)k
Lk(u) → 0 as k → ∞,

and ( 1

α

)k
Lk(u)− u ∈ K for all k ≥ 1.

This implies that −u ∈ K , which is impossible, and hence α ≤ r .
If, in addition, L is irreducible, and L(u) 	= αu, then we know from

Proposition 1.1.5 that there exists λ > r such that

(λI − L)−1(K \ {0}) ⊆ int(K ).

Writing w = (λI − L)−1(u), we find that

(λI − L)−1(L(w)− αu) = L(w)− αw ∈ int(K ).

Since L(w) − αw ∈ int(K ), there exists δ > 0 such that L(w) − αw ≥ δw,
and now the first part of the lemma tells us that r ≥ α + δ > α.

To proceed further we shall need an elegant result by Wielandt [225] con-
cerning nonnegative irreducible matrices. (Here we mean irreducible with
respect to R

n+.) Before we state it, we introduce the following notation. Given
a matrix C = (ci j ) with entries from C we write |C | = (|ci j |). Similarly, for
z = (z1, . . . , zn) in C

n we let |z| = (|z1|, . . . , |zn|) ∈ R
n+.

Theorem B.4.2 (Wielandt) Let A = (ai j ) be an n ×n nonnegative irreducible
matrix. If C = (ci j ) is an n × n matrix with entries from C and

|ci j | ≤ ai j for all 1 ≤ i, j ≤ n, (B.8)

then r(C) ≤ r(A). Moreover, if C has an eigenvector z ∈ C
n \ {0} with eigen-

value r(A)eiϑ , then |z| ∈ int(Rn+), |C | = A, and A|z| = r(A)|z|. Furthermore,
the diagonal matrix

D = diag(z1/|z1|, . . . , zn/|zn|)
satisfies

C = eiϑD AD−1. (B.9)
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Proof If Cw = ρw for some w ∈ C
n , then by (B.8) we find that

|ρ||w| = |Cw| ≤ |C ||w| ≤ A|w|.
So, by Lemma B.4.1 we know that ρ ≤ r(A), and hence r(C) ≤ r(A).

For simplicity write r = r(A) and suppose that there exists z ∈ C
n \ {0}

with

Cz = reiϑ z,

so r |z| = |Cz| ≤ |C ||z| ≤ A|z|. If A|z| 	= |C ||z| or |Cz| 	= |C ||z|, then
A|z| 	= r |z|, and because A is irreducible Lemma B.4.1 implies that the spec-
tral radius of A is strictly greater than r , which is impossible. It follows that
A|z| = |C ||z| = r |z|; and since A is irreducible, |z| is the unique, up to scalar
multiples, eigenvector of A in R

n+, and |z| ∈ int(Rn+).
To show that |C | = A, remark that

0 = r |zi | − r |zi | =
n∑

j=1

(ai j − |ci j |)|z j |

for 1 ≤ i ≤ n. Note that |z j | > 0 and ai j − |ci j | ≥ 0 for all i and j . Thus, we
must have that ai j = |ci j | for all i and j .

Now let D = diag(z1/|z1|, . . . , zn/|zn|) and let E = e−iϑD−1C D = (ei j ).
Using the equality D|z| = z, we see that C D|z| = reiϑ z and

E |z| = re−iϑD−1(eiϑ z) = r |z| = A|z|.
As |ei j | = |ci j | = ai j for 1 ≤ i, j ≤ n, we also have that |E ||z| = r |z|. Thus,

0 = r |zi | − r |zi | =
n∑

j=1

(|ei j | − ei j )|z j |,

and hence
n∑

j=1

(|ei j | − Re(ei j ))|z j | = 0,

for all 1 ≤ i ≤ n. Here Re(ξ) denotes the real part of ξ ∈ C. Obviously,
|ei j | ≥ Re(ei j ), so |ei j | = Re(ei j ), as |z j | > 0 for all j . Thus, ei j = |ei j | for
all i and j , which shows that ei j = |ci j | = ai j for all i and j , and hence (B.9)
holds.

We now prove the third part of the Perron–Frobenius Theorem 1.1.2.
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Proposition B.4.3 If A is a nonnegative irreducible n × n matrix, and A
has exactly q eigenvalues λ1, . . . , λq ∈ C with modulus r(A), then these
eigenvalues are precisely the roots of the equation

zq − r(A)q = 0,

and each λi has algebraic multiplicity 1.

Proof By replacing A with r(A)−1 A we may as well assume that r(A) = 1.
Let G = {λ1, . . . , λq} be the set of eigenvalues of A with modulus 1. If eiϑ ∈
G, then it follows from Theorem B.4.2 that there exists a diagonal matrix D
with |D| = I , where I is the identity matrix, such that

A = D(eiϑ A)D−1. (B.10)

This equation implies that σ(A) = σ(eiϑ A), as σ(eiϑ A) = eiϑσ (A). We
conclude that μ ∈ σ(A) if and only if μeiϑ ∈ σ(A).

Now if eiϑ1 and eiϑ2 are in σ(A), we see that ei(ϑ1+ϑ2)μ ∈ σ(A) for all
μ ∈ σ(A). In particular, since 1 ∈ σ(A), we find that ei(ϑ1+ϑ2) ∈ σ(A).
Because A has real entries, if eiϑ ∈ σ(A), we must have that e−iϑ ∈ σ(A). So,
G forms an abelian group with at most n elements.

For μ ∈ G we can write μ = eiϑ , where 0 ≤ ϑ < 2π . If G contains at
least two elements, we let ϑ0 = min{ϑ ∈ (0, 2π) : eiϑ ∈ G}. So, 0 < ϑ0 ≤ π ,
since ei(2π−ϑ0) = e−iϑ0 ∈ G. As G is a group, ekiϑ0 ∈ G for all k ∈ Z.
We claim that, for each eiψ ∈ G, we have that ψ = kϑ0 for some integer k.
Indeed, if ψ 	= mϑ0 for all integers m ≥ 1, then there exists m0 such that
0 < ψ − m0ϑ0 < ϑ0. But ei(ψ−m0ϑ0) ∈ G, which contradicts the choice of ϑ0.
Thus, G is a the cyclic group of order q generated by eiϑ0 , where ϑ0 = 2π/q.

Note that if eiϑ ∈ G, then it follows from (B.9) that

p(λ) = det(λI − A) = einϑdet((λe−iϑ)I − A) = einϑ p(λe−iϑ).

We see that

p′(λ) = einϑe−iϑ p′(λe−iϑ)

and, more generally,

p(m)(λ) = einϑe−imϑ p(m)(λe−iϑ)

for all m ≥ 1. To see that λk = eiϑk ∈ G has algebraic multiplicity 1, remark
that, for each m ≥ 1,

p(m)(λk) = einϑk e−imϑk p(m)(λke−iϑk ) = ei(n−m)ϑk p(m)(1) 	= 0,

as 1 = r(A) ∈ G has algebraic multiplicity 1 by Theorem B.3.1. Thus, each
λk ∈ G has algebraic multiplicity 1, and we are done.
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The number of eigenvalues λ ∈ C of an irreducible linear map L : V → V
with |λ| = r(L) is usually called the index of cyclicity. It is known that if
L : V → V is an irreducible linear map, then L is primitive if and only if its
index of cyclicity is 1; see [117, theorem 6.3] or [22, p. 18].

Proposition B.4.3 can be extended to linear maps that leave a polyhe-
dral cone invariant. This observation goes back to Kreı̆n and Rutman [117,
pp. 303–5]. It can also be found as Exercise 5.25 in the book by Berman
and Plemmons [22, p. 23]. For a solution they refer to a paper by Barker and
Turner [16]. This paper, however, contains a mistake, according to Tam [214,
p. 244], who gave a correct proof in [213]. In our presentation we follow the
original proof by Kreı̆n and Rutman. The main idea is to reduce the gen-
eral case to the case where the linear map leaves the standard positive cone
invariant. We start with an auxiliary lemma.

Lemma B.4.4 Let K ⊆ V be a solid polyhedral cone with N facets and
facet-defining functionals ψ1, . . . , ψN ∈ V ∗. If Q : R

N → V ∗ is defined by

Q(w1, . . . , wN ) =
N∑

j=1

w jψ j for (w1, . . . , wN ) ∈ R
N ,

then

(i) Q is surjective,

(ii) Q∗ : V ∗∗ = V → (RN )∗ is injective, and

(iii) Qw 	= 0 for all w ∈ R
N+ \ {0}.

Proof Suppose that Q is not surjective. By the Hahn–Banach theorem there
exists a non-zero functional ϑ : V ∗ → R such that ϑ(ψ j ) = 0 for all 1 ≤
j ≤ N . We know that there exists x ∈ V \ {0} such that ϑ(ϕ) = ϕ(x) for all
ϕ ∈ V ∗. In particular, ψ j (x) = 0 for all 1 ≤ j ≤ N . It follows from Lemma
1.2.1 that x,−x ∈ K , which is impossible, as x 	= 0.

The second assertion is a simple consequence of the first one. Simply
note that Q∗ : V ∗∗ = V → (RN )∗ is given by (Q∗v)(w) = (Qw)(v) =∑

j w jψ j (v) for all w ∈ R
N . So, Q∗v = 0 implies that 0 = (Qw)(v) for all

w ∈ R
N . As Q is surjective, v = 0.

To prove the final assertion we note that if we take x ∈ int(K ), then for each
w ∈ R

N+ \ {0} we have that (Qw)(x) =∑ j w jψ j (x) > 0.

It is easy to verify that the first two assertions in Lemma B.4.4 also hold for
Q and Q∗ on the complexifications of R

N , (RN )∗, V , and V ∗.
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Theorem B.4.5 If A : V → V is a linear map that leaves a solid polyhedral
cone K with N facets invariant, then for each λ ∈ σ(A) with |λ| = r(A) there
exists an integer 1 ≤ q ≤ N such that λq = r(A)q .

Proof By rescaling A we may assume that r(A) = 1. Let ψ1, . . . , ψN ∈ V ∗
be the facet-defining functionals of K . Define C = {∑N

j=1 a jψ j ∈ V ∗ : a j ≥ 0
for all 1 ≤ j ≤ N }. We first show that K ∗ = C . Obviously C ⊆ K ∗.
Suppose that ϕ ∈ K ∗ \ C . By the Hahn–Banach separation theorem (see [186,
theorem 11.4]), there exists ρ ∈ V ∗∗ such that ρ(ϕ) < 0 and ρ(ψ j ) ≥ 0 for
all 1 ≤ j ≤ N . So there exists a non-zero x ∈ V with ψ j (x) ≥ 0 for all
1 ≤ j ≤ N , and hence x ∈ K by Lemma 1.2.1. Thus, ρ(ϕ) = ϕ(x) ≥ 0,
which is impossible.

Now let Q : R
N → V ∗ be defined as in Lemma B.4.4. We know that

Q(RN+) ⊆ K ∗. It follows that for each 1 ≤ i ≤ N there exist αi j ≥ 0,
1 ≤ j ≤ N , such that

A∗ψi =
N∑

j=1

αi jψ j .

Moreover, for each (w1, . . . , wN ) ∈ R
N ,

A∗( N∑
i=1

wiψi

)
=

N∑
i=1

wi

( N∑
j=1

αi jψ j

)
=

N∑
j=1

( N∑
i=1

wiαi j

)
ψ j .

Now define B : R
N → R

N by B(w1, . . . , wN ) = (v1, . . . , vN ), where

v j =
N∑

i=1

wiαi j for 1 ≤ j ≤ N .

Note that A∗Q = Q B and B(RN+) ⊆ R
N+ . If z ∈ C

N and Bz = λz, then
A∗Qz = λQz. Now let w ∈ R

N+ \ {0} be such that Bw = r(B)w; then
Qw ∈ K ∗ and Qw 	= 0 by Lemma B.4.4. Moreover, A∗Qw = r(B)Qw,
which shows that r(A) = r(A∗) ≥ r(B).

We also have the relation

Q∗ A = B∗Q∗. (B.11)

If Az = λz, where z ∈ Ṽ \ {0} and Ṽ is the complexification of V , then
B∗Q∗z = Q∗ Az = λQ∗z and Q∗z 	= 0, as Q∗ is injective on Ṽ by Lemma
B.4.4. This implies that if λ ∈ σ(A), then λ ∈ σ(B∗) = σ(B) and hence
r(A) ≤ r(B). We conclude that r(A) = r(B).
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If Az = eiϑ z, where z ∈ Ṽ \ {0}, then Q∗z is an eigenvector of B∗ with
eigenvalue eiϑ . The linear map B∗ maps (RN+)∗ into itself, and can be repre-
sented by an N × N nonnegative matrix T . We know that there exists an N × N
permutation matrix P such that PT T P is in Frobenius normal form,

PT T P =

⎡
⎢⎢⎢⎣

D11 0 . . . 0
D21 D22 . . . 0
...

...
. . . 0

Dm1 Dm2 . . . Dmm

⎤
⎥⎥⎥⎦ , (B.12)

where each diagonal block Dii is irreducible; see [148, p. 142]. So, eiϑ is an
eigenvalue of one of the matrices Dii . It now follows from Proposition B.4.3
that there exists 1 ≤ q ≤ N such that (eiϑ)q = 1, and we are done.

If we assume in Theorem B.4.5, in addition, that A is irreducible, then one
may be tempted to believe that one can sharpen the assertion to say that there
exists 1 ≤ q ≤ N such that for each λ ∈ σ(A) with |λ| = r(A) we have
that λq = r(A)q , as in Proposition B.4.3. This turns out to be false. Examples
showing that such an integer 1 ≤ q ≤ N need not exist for irreducible linear
maps that leave a general solid polyhedral cone with N facets invariant were
communicated to the authors by Tam and Lins.

We will now use Theorem B.4.5 to prove the following result concerning
the iterative behavior of linear maps on polyhedral cones.

Theorem B.4.6 If A : V → V is a linear map that leaves a solid polyhedral
cone K ⊆ V with N facets invariant, then there exists an integer p ≥ 1, which
is the order of a permutation on N letters, such that limk→∞ Akpx exists for
all x ∈ K with (‖Ak x‖)k bounded.

The idea is again to reduce it to the case where K = R
N+ , and to apply [171,

theorem 9.1], which says the following.

Theorem B.4.7 If A : R
n → R

n is a linear map which leaves R
n+ invariant

and r(A) ≤ 1, then there exists an integer p ≥ 1, which is the order of a
permutation on n letters, such that limk→∞ Akpx exists for all x ∈ R

n with
(‖Ak x‖)k bounded.

The additional assumption, r(A) ≤ 1, is required to ensure that the limit
exists not only for points in R

n+, but for all points in R
n with a norm-bounded

orbit. In fact, Theorem B.4.7 has the following consequence.

Corollary B.4.8 If A : R
n → R

n is a linear map that leaves R
n+ invariant,

then there exists an integer p ≥ 1, which is the order of a permutation on n
letters, such that limk→∞ Akpx exists for all x ∈ R

n+ with (‖Ak x‖)k bounded.
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Proof Let C be the n × n nonnegative matrix representing the linear map A.
Then there exists a permutation matrix P such that PT C P is in Frobenius
normal form, so

PT C P =

⎡
⎢⎢⎢⎣

D11 0 . . . 0
D21 D22 . . . 0
...

...
. . . 0

Dm1 Dm2 . . . Dmm

⎤
⎥⎥⎥⎦

and each diagonal block Dii is irreducible; see [148, p. 142]. Denote the right-
hand side by D, and the spectral radius of the Dii by ri for 1 ≤ i ≤ m.
Furthermore, let Si ⊆ {1, . . . , n} be the set of indices corresponding to the
diagonal block Dii .

We claim that, for each y ∈ R
n+ with (‖Ck y‖)k bounded, the point PT y

has no support on Si for all i with ri > 1, i.e., there exists no j ∈ S j with
(PT y) j > 0, if ri > 1. To prove this we argue by contradiction. Let z = PT y

and let zi ∈ R
Si+ denote the restriction of z to its coordinates in Si . Suppose

that z has a support on Si and ri > 1. Because zi 	= 0 and Dii is irreducible,
we know from Proposition 1.1.5 that there exists an integer q ≥ 1 such that

v = zi + Dii zi + · · · + (Dii )q zi ∈ int(RSi+ ).

Now let ‖ · ‖1 be the �1-norm, so ‖x‖1 =∑i |xi |. We have that

( q∑
j=0

‖Ck+ j y‖1

)1/k ≥
∥∥∥ q∑

j=0

Ck+ j y
∥∥∥1/k

1
=
∥∥∥ q∑

j=0

PT Ck+ j Pz
∥∥∥1/k

1

=
∥∥∥ q∑

j=0

Dk+ j z
∥∥∥1/k

1
≥
∥∥∥ q∑

j=0

(Dii )k+ j zi
∥∥∥1/k

1
=
∥∥∥(Dii )kv

∥∥∥1/k

1
.

Note that the left-hand side converges to 1 as k → ∞, since y has a norm-
bounded orbit under C . However, the right-hand side converges to ri > 1, by
Proposition 5.3.6, which is impossible.

Let Ŝ =⋃i : ri>1 Si and denote by D̂ the n × n nonnegative matrix obtained

from D by replacing the entry di j in D by 0 if and only if i ∈ Ŝ or j ∈ Ŝ.
Obviously, r(D̂) ≤ 1. So we can apply Theorem B.4.7 to deduce that there
exists an integer p ≥ 1 which is the order of a permutation on n letters, such
that limk→∞ D̂kpw exists for all w ∈ R

n with (‖D̂kw‖)k bounded.
Now let x ∈ R

n+ with (‖Ck x‖)k bounded and let u = PT x . As x and
C px have a norm-bounded orbit under C , we know from the claim that u
and D pu have no support on Ŝ. So, D̂ pu = D pu. More generally, C (k−1)px
and Ckpx have a norm-bounded orbit under C . So, it follows from the claim
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that D̂kpu = Dkpu for all k ≥ 1. This implies that limk→∞ Dkpu exists. As
Ckp = P Dkp PT for all k ≥ 1, we conclude that limk→∞ Ckpx exists.

We can now prove Theorem B.4.6.

Proof of Theorem B.4.6 Recall from the proof of Theorem B.4.5 that Q∗ A =
B∗Q∗; see Equation (B.11). From Lemma B.4.4 we know that Q∗ is injec-
tive. Moreover, for v ∈ K we have that (Q∗v)(w) = ∑

j w jψ j (v) ≥ 0

for all w ∈ R
N+ . Thus, Q∗(K ) ⊆ (RN+)∗. Note that if x ∈ K has a norm-

bounded orbit under A, then Q∗x ∈ (RN+)∗ has a norm-bounded orbit under
B∗, as ‖(B∗)k Q∗x‖ = ‖Q∗ Ak x‖ for all k ≥ 1. We know from Corollary
B.4.8 that there exists an integer p ≥ 1 which is the order of a permuta-
tion on N letters, such that limk→∞(B∗)kpw exists for all w ∈ (RN+)∗ with
(‖(B∗)kw‖)k bounded. Using the relation Ak = (Q∗)−1(B∗)k Q∗ we conclude
that limk→∞ Akpx exists for all x ∈ K with (‖Ak x‖)k bounded.



Notes and comments

Chapter 1

The theory of nonnegative matrices was pioneered by Perron [179, 180] and
Frobenius [70–72] in the early twentieth century. An excellent historical
account of the Perron–Frobenius theorem is given by Hawkins [84]. A thor-
ough overview of the spectral theory of linear maps that leave a cone in a
finite-dimensional vector space invariant can be seen in the survey paper by
Tam [214].

The generalization of the notion of irreducibility of nonnegative matrices to
linear maps that leave a cone in a finite-dimensional vector space invariant as
given in Definition 1.1.4 goes back to Vandergraft [219]. The equivalent notion
of irreducibility given in Proposition 1.1.5 appears in the work of Schaefer
[195].

Early extensions of the general infinite-dimensional Kreı̆n–Rutman theorem
are due to Bonsall [29–32] and Schaefer [193, 195], and have been further
developed by many authors. An extensive list of references can by found in
Mallet-Paret and Nussbaum [139].

The earliest proof of Theorem 1.1.8 is due to Kreı̆n and Rutman [117, pp.
303–5]. It also appears as an exercise in the book by Berman and Plemmons
[22, exercise 5.25, p. 23]. They refer the reader to Barker and Turner [16].
Tam [214, p. 244], however, has noted that there is a mistake in [16] and he
has given a correct proof in [213, theorem 7.6].

Results related to Theorem 1.1.9 can be found in Friedland and Schneider
[69, theorem 3.6], Lins and Nussbaum [133, theorem 2], and in Nussbaum and
Verduyn Lunel [171, theorem 9.1].
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Chapter 2

Hilbert’s metric spaces are also known in the literature as Hilbert’s geometries
and naturally generalize Klein’s model of the hyperbolic plane. They were
introduced by Hilbert in a letter to Klein and play a role in the solution of
Hilbert’s fourth problem; see Álvarez Paiva [9]. Hilbert later published the
contents of the letter [86].

Proposition 2.2.4 stating that Hilbert’s metric on an n-dimensional sim-
plex is isometric to an n-dimensional normed space was proved for n = 2
by Phadke [181], and independently by de la Harpe [83]. The general case
is due to Nussbaum [160]. It was shown by Foertsch and Karlsson [66] that
the n-dimensional simplices are the only domains for which the Hilbert metric
space is isometric to an n-dimensional normed space.

The standard positive cone, the Lorentz cone, and the cone of symmetric
positive semi-definite n × n matrices are all examples of symmetric cones,
which means that the cone is self-dual, and its group of linear automor-
phisms acts transitively on the interior. Symmetric cones carry an additional
algebraic structure known as a Euclidean Jordan algebra. In fact, there is a
one-to-one correspondence between symmetric cones and Euclidean Jordan
algebras. Euclidean Jordan algebras were classified by Jordan, von Neumann,
and Wigner [94]. A detailed exposition of the rich theory of symmetric cones
can be found in the book by Faraut and Korányi [63]. A formula for Hilbert’s
metric on general symmetric cones was obtained by Koufany [108].

The idea that one can combine Hilbert’s metric and Banach’s contraction
theorem to analyze the spectral properties of linear operators that leave a cone
in a Banach space invariant goes back to Birkhoff [25] and Samelson [192],
and was further developed in the setting of nonlinear cone maps by Bushell
[43, 44, 46], Kohlberg [105], Kohlberg and Pratt [107], Krasnosel’skii [109],
Krause [112], Morishima [150], Nussbaum [158, 159], Oshime [174], Potter
[183], Thompson [216–218], and many others.

Sections 2.5 and 2.6 on completeness, convexity, and geodesics in Hilbert’s
and Thompson’s metric spaces is based on the treatment by Nussbaum [158].

Sections 2.7 and 2.8 are based on Crandall and Tartar [54].

Chapter 3

Fixed-point problems for non-expansive maps on infinite-dimensional Banach
spaces are much more subtle than in finite-dimensional spaces, and are not
fully understood. For example, it is unknown if every non-expansive map
f : Y → Y on a convex bounded closed subset Y of a reflexive Banach space V
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has a fixed point. An extensive survey of this problem and many other related
problems has been given by Goebel and Kirk [76]. There exists an exten-
sive literature concerning non-expansive maps and non-expansive retractions
in infinite-dimensional Banach spaces. The interested reader can also consult
Bruck [40,54,55,60,106,114,127] and the further authors and articles in these
references.

The construction of the horofunction boundary C(∞) as given in Section 3.3
is usually attributed to Gromov [78]. Our presentation follows Ballmann [12].
A detailed description of the horofunction boundary for finite-dimensional
normed spaces and Hilbert’s metric spaces can be found in the work of Walsh
[220, 221].

The Denjoy–Wolff-type theorems discussed in Sections 3.3 and 3.4 origi-
nated with Beardon [18,19] and Karlsson [99]. Generalizations of the Denjoy–
Wolf theorem to fixed-point free holomorphic maps on convex domains
D ⊆ C

n exist; see Abate [1] and Hervé [85]. Further generalizations for holo-
morphic maps on complex Banach spaces are due to Kapeluszky, Kuczumow,
and Reich [96, 97] and to Mellon [142]; see also the book by Goebel and
Reich [77].

The material in Section 3.5 is based on Lemmens and van Gaans [126], who
use earlier ideas by Edelstein [60].

Chapter 4

It was first shown by Akcoglu and Krengel [2] that the orbits of �1-norm non-
expansive maps f : X → X , where X is a compact subset of R

n , converge to
periodic orbits. Their methods were of a topological nature and did not yield an
a-priori upper bound for the possible periods of periodic points in terms of the
dimension of the underlying space. In his thesis, Weller [222] generalized the
result of Akcoglu and Krengel to maps that are non-expansive under a polyhe-
dral norm, but he also did not obtain an a-priori upper bound. The first upper
bound for the largest possible period of a periodic point of an �1-norm non-
expansive map goes back to Misiurewicz [149]. Martus derived upper bounds
for maps that are non-expansive under a polyhedral norm in his thesis [140].
Other upper bounds were obtained in [27, 121, 123, 137, 160, 204].

For strictly convex norms, Lemmens and van Gaans [127] proved that if
f : R

n → R
n , with f (0) = 0, is non-expansive under a strictly convex norm

‖ · ‖, and (Rn, ‖ · ‖) contains no two-dimensional plane H such that (H.‖ · ‖)
is Hilbertian and the range of a linear norm-1 projection, then every orbit of f
converges to a periodic orbit. Similar results exist for non-expansive maps on
strictly convex Hilbert’s metric spaces; see Lemmens [119].
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Additional supporting evidence for Nussbaum’s Conjecture 4.2.2 can be
found in [125]. In particular, it was conjectured there that the points in a peri-
odic orbit O of a sup-norm non-expansive map f : R

n → R
n can be perturbed

over an arbitrarily small positive distance so that the set of perturbed points,
O′, has no sup-norm triangle equality; that is to say, there exist no distinct
x ′, y′, z′ ∈ O′ such that ‖x ′ − z′‖∞ = ‖x ′ − y′‖∞ + ‖y′ − z′‖∞. Sets S in
R

n with no sup-norm triangle equalities have at most 2n points by a result of
Blokhuis and Wilbrink [27]. Thus the perturbation conjecture in [125] implies
Nussbaum’s Conjecture 4.2.2. At present there is no counterexample to this
stronger conjecture. In [125] several related conjectures were given. All these
conjectures turn out to be equivalent, which was not proved in [125].

Theorem 4.3.7 and Corollary 4.3.8 were proved by Lemmens and Scheut-
zow [123], and confirmed a conjecture by Gunawardena [79, 80].

Chapter 5

The results in Section 5.1 were found by Burbanks, Nussbaum, and Sparrow
[41]. The results in Sections 5.2 and 5.3 were obtained by Lemmens and
Nussbaum [120].

The material in Sections 5.3 and 5.4 concerning the cone spectral radius and
the corresponding eigenvector is based on Mallet-Paret and Nussbaum [138],
and Nussbaum [156]. For closed cones K in an infinite-dimensional Banach
space V , the problem of finding (close to) optimal conditions on the continuous
order-preserving homogeneous map f : K → K so that f has an eigenvector
v ∈ K \ {0} with f (v) = rK ( f )v is open. Further analysis of this problem
can be found in Mallet-Paret and Nussbaum [139] and in [155]. In particular, it
follows from [155, theorem 2.1] that it is sufficient to assume that rK ( f ) > 0
and f is compact, but this compactness condition is unnecessarily strong.

The question of whether rK ( f ) = r̂K ( f ) for general continuous order-
preserving homogeneous maps f : K → K on a closed cone in an infinite-
dimensional Banach space is open. The equality holds in numerous important
special cases; see [138, theorems 2.2 and 2.3] and [139, theorem 3.4]. In par-
ticular, rC ( f ) = r̂C ( f ) if f m is compact for some integer m. At present no
counterexample to the equality is known

The results in Section 5.6 can be found in Nussbaum [156]; see also [6].

Chapter 6

Semi-differentiability is an intermediate concept, which is stronger than
Gateaux differentiability, but weaker than Fréchet differentiability. The interest
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in semi-differentiability stems from the fact that most nonlinear cone maps
arising in applications in game theory and control theory (see Akian, Gaubert,
and Nussbaum [7]; Shapley [203]; and Sorin [208]), in mathematical eco-
nomics (see Morishima [150] and Oshime [174]), and in mathematical biology
(see chapter 3 of Nussbaum [159] and section 4 of [156]) are not Fréchet differ-
entiable at some point(s) of the closed cone where they are defined. However,
it is frequently the case that the maps are semi-differentiable at points where
Fréchet differentiability fails.

A systematic treatment of semi-differentiability for maps defined on sub-
sets of R

n is given by Rockafellar and Wets [187]. A treatment of semi-
differentiability, concentrating on the class M− of maps f : R

n+ → R
n+,

is given in chapter 3 of [159], though semi-differentiability is not formally
defined in [159]. Semi-differentiability is used there to determine exactly when
certain order-preserving homogeneous maps f : R

4+ → R
4+ which arise as

models in population biology have eigenvectors in int(R4+). A generalization
of the Rockafellar–Wets results to the context of normed linear spaces has been
given by Akian, Gaubert, and Nussbaum [7], and this is the basis for most of
our exposition in Sections 6.1 and 6.4.

If K is a closed cone with non-empty interior in a Banach space X , and
f : int(K ) → int(K ) is continuous, homogeneous, and order-preserving, the
question of whether f has an eigenvector in int(K ) is often quite difficult, even
in finite dimensions. A generalized perturbation method approach, in the spirit
of Section 6.2, is sometimes a useful way to attack the problem and has been
applied, for example, by Nussbaum [163] to prove scaling theorems for integral
kernels. If K = R

n+, Gaubert and Gunawardena [74] have introduced the idea
of associating to f a “digraph” G f and a “recession map" f̂ , and Theorems
6.2.3 and 6.3.2 are due to them. The digraph G f is a direct generalization of
the notion of an incidence matrix defined in Section 6.6, an idea introduced by
Nussbaum [156, section 4].

Generally speaking, if one can establish the existence of a normalized eigen-
vector u in int(K ) for f : K → K , existing results concerning uniqueness of
u and convergence of various normalized iterates to u are satisfactory, at least
for the classes of maps of interest here. Theorem 6.4.1 is a finite-dimensional
version of Theorem 7.5 and Corollary 7.7 in [7]. Theorem 6.4.6 is essentially
a finite-dimensional version of Theorem 2.5 in [158, p. 47], although some
unnecessarily restrictive hypotheses in Theorem 2.5 have been removed.

Variants of the idea of a map being strongly order-preserving play an impor-
tant role in Section 6.5. This is an old concept and has been studied by many
authors: see Brualdi, Parter, and Schneider [39] and, much more recently, Kloe-
den and Rubinov [103]. In a different context, strongly order-preserving maps
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also play a central role in work of Hirsch and Smith [87–89, 207], Krause and
Ranft [113, 115] (see also [114]), and Takác̆ [211, 212].

Chapter 7

There is a large literature concerning D AD theorems and their generalizations
to various kinds of “matrix scaling problems.” Early important work concern-
ing the classic D AD problem, where m = n and αi = βi = 1 for all 1 ≤
i ≤ n, can be found in Sinkhorn [205], Sinkhorn and Knopp [206], Brualdi,
Parter, and Schneider [39], and Menon [143, 144]. In particular, Sinkhorn and
Knopp [206] and Brualdi, Parter, and Schneider [39] independently, and with
different methods, obtained necessary and sufficient conditions for the clas-
sic D AD problem to have a solution. Menon [143] introduced the important
observation that solving the classic D AD problem is equivalent to a fixed-point
problem. Further work in this direction can be found in Menon’s paper [144],
a joint paper by Menon and Schneider [145], and in the previously mentioned
paper by Brualdi, Parter, and Schneider [39]. Somewhat more recent related
work can be found in [14, 59, 67, 199, 200]. There is also considerable interest
(see [65,95,129,178]) in finding efficient methods to compute D, E , and DAE,
and there is an extensive literature of generalizations of DAD problems to more
general “matrix scaling problems,” see, e.g., [188, 189].

The problem of extending some of the results on the matrix scaling prob-
lem to corresponding problems about integral kernels k(s, t) involves many
difficulties which are not present in the finite-dimensional case. The interested
reader is referred to [34, 35, 50, 98, 153, 163].

It was apparently first noted in [157] that the fixed-point approach pioneered
by Menon, combined with facts about Hilbert’s metric and the Birkhoff–Hopf
theorem (see Appendix A), provides a powerful tool in studying D AD prob-
lems. In fact, the arguments presented in Chapter 7 can be extended to the
problem of scaling integral kernels; see [35,163]. The reader should, however,
bear in mind that a variety of other methods exist, notably so-called entropy
minimization methods; see [35, 199, 200] and references therein.

Brualdi [38] has found necessary and sufficient conditions for the row scal-
ing problem, discussed in Section 7.5, to have a solution when the matrix is
symmetric.

Chapter 8

The material in Sections 8.1 and 8.2 is based on Akian, Gaubert, Lemmens, and
Nussbaum [5]. Theorem 8.2.7 was proved by Lemmens and Sparrow [124].
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Related results on the iterative behavior of convex topical maps can be found
in [3, 4].

Denjoy–Wolff type theorems for fixed-point free non-expansive maps on
Hilbert’s metric spaces were first studied by Beardon [19,20], and were further
developed by Karlsson [99]; see also [101]. Applications of this work to the
iterative behavior of order-preserving homogeneous maps on cones go back
to Gunawardena and Walsh [81], and were further investigated by Lins in his
thesis [130] (see also [131]) and by Nussbaum [168] (see also [133, 134]).
Section 8.3 is based on Beardon [19], Karlsson [99], Karlsson and Noskov
[101], and Nussbaum [168]. The results discussed in Section 8.4 were found
by Lins [131]. Related results on the asymptotic behavior of fixed-point free
non-expansive maps can be found in [75, 104, 106, 132].

Chapter 9

The study of the dynamics of �1-norm non-expansive maps was initiated
by Akcoglu and Krengel [2]. The connection with lower semi-lattice homo-
morphisms goes back to Scheutzow [197, 198], and was further developed
by Nussbaum [161]. The notion of an admissible array was introduced by
Nussbaum and Scheutzow [169]. The proof of Theorem 9.3.8 is due to
Nussbaum, Scheutzow, and Verduyn Lunel [170]. An extensive computational
study of the possible periods of admissible arrays can be found in [171],
and detailed number-theoretic analysis of the largest possible period of an
admissible array on n symbols is given in [172].

The results on the periodic points of �1-norm non-expansive maps on R
n

are due to Lemmens and Scheutzow [122]. It should be noted, however, that
the finite set R̃(n) consisting of periods of periodic points of �1-norm non-
expansive maps f : X → X , where X can be an arbitrary subset of R

n , is not
well understood. We know from Corollary 4.2.5 that ψ̃(n) = max{p : p ∈
R̃(n)} satisfies

ψ̃(n) ≤ max
k

2k
(

m

k

)
,

where m = 2n−1. In [121] it was shown that ψ̃(n) ≥ 3 · 2n−1 for all n ≥ 3. It
is conjectured that there exists c > 2 such that ψ̃(n) ≤ cn for all n ≥ 1, but as
yet no proof exists.

Extensions of the results in Chapter 9 to order-preserving maps f : R
n+ →

R
n+ that are non-expansive under a strictly monotone norm and satisfy f (0) =

0 can be found in [126, 165].
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